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Solids

� Set of material points �xed with respect to a local frame

O1 P

O

S1

� Projections

op= oo1 + o1p

op0 = oo1
0+R0S1o1p
S

R is a rotation matrix. Rotations can also be modeled using Euler

angles or quaternions.
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Solids

� Kinematics

O1 P

O

v1

vp

ω1

S1

_p= _o1+ !1 � o1p

�p= �o1+ _!1 � o1p+ !1 � (!1 � o1p)
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Dynamic actions

� A dynamic action (f ; tp) applied at a given point p is composed

of:
{ a force f (kg:m:s�2)

{ a torque tp (kg:m2:s�2)

� This action is equivalent with (f ; to) applied at point o, with:

to = tp+ op� f

o p

� Dynamic actions can be summed if they are expressed at the same

point:

(f ; to) + (f 0; t0o) = (f + f 0; to+ t0o)
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Constraints vs. Degrees of freedom (dof)

� constraints+ dof = 6

� Example: cylindrical joint. 2 dof, 4 constraints

{ 2 dof: trans x, rot x

{ 4 constraints: trans y,z =0 rot y,z =0
x
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Modeling geometric constraints

� Projections of the relative translation and rotation of the joint

frames allow us to model geometric constraints.

� Example: geometric constraints in a plane joint:

{ T :i = 0

{ R:j = 0

{ R:k = 0

T
R

i

jk
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Constraint forces

� Constraint forces are necessary to maintain the constraints met.

f ext

f int

f int

f int

f int f int

� Writing and solving an equation system is necessary for the com-

putation of the constraint forces.
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Constraint derivative

� Relative velocity along a constraint direction

O1 O2
P2P1

n

_p1 = _o1 + !1 � o1p1

n: _p1 = n: _o1 + (o1p1 � n):!1

let |1 � (nT
; (o1p1 � n)T)

let |2 � (nT
; (o2p2 � n)T )

n:( _p1 � _p2) = |1 _v1 � |2 _v2
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Constraint derivative

� Matrix expression of the constraint derivative:

_g = Jv

J is the Jacobian of the constraints. It is sparse.

1
2

3
4

5
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3 3534
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(a) (b) (c)
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Dynamic actions applied by the constraint

forces

� The constraint forces act along the constraint directions

O1 O2
P2P1

n

� Action applied by a unit constraint force along n:

f1 = |T1

f2 = �|T2

� Actions applied by the constraint forces �:

f = JT�
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Contact forces

� Bodies in contact can not interpenetrate but are free to move

away from each other

�n � 0 contact force along the normal

an � 0 relative acceleration along the normal

anfn = 0 n

� Formulation as a linear complementarity problem

A�+ b � 0; � � 0; �T (A�+ b)= 0

� Formulation as a quadratic programming problem

min
�

�T(A�+ b) subject to

(
A�+ b � 0

� � 0
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Friction

� Static friction (null tangential motion)

�
2

t + �
2

u � �
2

s�
2

n

n

friction cone

λ

t

u

� Dynamic friction (opposed to tangential motion)

�
2

t = �
2

s�
2

n
n

friction cone

λ

t

u

vrel
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Collision

� Collision detection t+dt

� Backtracking t+ γdt

� Impulsion t+ γdt

{ dynamic solution with � (kg:m:s�1) and b (m:s�1)

{ bouncing: use (1 + �)b or apply (1 + �)�

� Bottlenecks

{ collision detection

{ small time steps due to multiple collisions
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Trading-o� accuracy for computation time

� The need for accuracy depends on the type of application

high accuracy

fast computation

mechanical design

simulation, prediction

fiction, interactivity
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Constraint propagation within the

conjugate gradient solution

� Two examples

gravity
gravity
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Iterative structured solid dynamics

� Apply linear-time solutions to the acyclic subgraph

� Solve the closed loops iteratively
... ...

(a) (b) (c) (d)
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E�ciency

� Compared e�ciencies
efficiency

highly
cyclic
scene

acyclic
scene

our method

Featherstone 87, Baraff 96

conjugate gradient (Gleicher 94)

cubic-time solution
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Modeling the errors

� Velocity errors

_g = Jv

� Position errors: project the relative positions to the axes of the

joints.

Example: errors within a plane joint

{ T :i

{ R:j

{ R:k T
R

i

jk
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Animation loop with error control

� Accelerations, velocities as well as positions are re�ned

correct
accelerations

correct
velocities

input positions

input forces

integrate time

correct
positions
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Collision processing

� Collision backtracking is unnecessary due to position correction

(a) (b) (c)
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Collision processing

� Bouncing is applied at the end of the time step

(a) (b)

2
3

1
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Animation loop

correct
accelerations

correct
velocities

input positions

input forces

integrate time

correct
positions

model collisions
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