Curvature-Based Transfer Functions for

Abstract

In this paperwe presenta new conceptof transferfunc-

tions for direct volume rendering. In contrastto previ-

ouswork, we attemptto definea transferfunctionin the
domainof principal curvature magnitudes. Sucha def-
inition helpsthe userto suppressor enhancestructures
of a specificshapeclass. It alsoallows to seta smooth
color or opacity transitionwithin thick surfacesor even
solid objects. From the users point of view the attrac-
tivenessof suchtransferfunctionsresidesin their easy
(semi)automatispecification.

Keywords: VolumeGraphics,TransferFunction,Curva-
ture

1 Introduction

In directvolumerenderingthetransferfunctionis respon-
siblefor theclassificatiorof a dataset. Its taskis to assign
opticalpropertiego valuesthe datasetconsistof. During

the renderingprocess the sampledand/orreconstructed

datavaluesarepassedhroughthetransferfunctionto de-
terminetheir contributionto thefinal image.
Generallywe canthink of atransferfunctionasa map-
ping from a cartesiarproductof scalarfieldsF to a carte-
sianproductof optical propertiesO (Fig. 1):
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Due to userinteractionproblems,the valuesof n andm
areusuallysmallin practice.Typically, atransferfunction
mapsdensityvalues(n = 1) to opacityandcolor (m= 2),
while other optical propertiesare determinedby aniillu-
minationmodel. More sophisticatedransferfunctionsin-
clude also the magnitudeof the gradient(n = 2) in the
domainof the transferfunction. From a users point of
view, evenin this restrictve case(n,m < 2), it is a prob-
lem to specify sucha transferfunction. Thereare sys-
tems which analyzeinput data[2, 6] or outputimages
[1] to provide the userwith aninitial, easyto customize
transferfunction setup. Othersgeneratean initial setof
transferfunctions, passit to an evolution mechanisni3]
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Figurel: Transferfunction: its task,domainandrange.

or arrangepre-renderedesultsto provide the userwith
anoverview of possibilities,henceeasierchoiceof anap-
propriatetransferfunction[9]. Suchanapproactrequires
much computationatime to provide a preview imagefor
eachgeneratedransferfunction, which madethesemeth-
odsnon-interactve for a long time. With upcomingren-
deringhardware[12], however, theusefulnes®f thesein-
terfaceshasincrease@ndthespecificatiorproblemseems
to besolved. This progressnadeusthink of othertransfer
functiontypes.

According to Lichtenbeltat al [7], the more general
(m > 2) transferfunctions are thosethat assignopacity
color, andemittance. Otherideasto extendthe range of
transferfunctionscanbe found by studyingoptical mod-
els[10] (seealsoFig. 1). Our approachattemptsto ex-
tendthe domainof a transferfunction. As alreadysaid,
thetypical mappingis definedover densitiesandgradient
magnitudes.The possible,yet not completelist of other
choices,canbe seenin Fig. 1. To track surfacesfor in-



stance Kindimann[6] definesthe transferfunction with
the helpof thefirst andsecondlerivativesin thedirection
of thegradient.Althoughnot presentecsa transferfunc-
tion approachl.iirig [8] involvesfrequeng informationto
visualizethe thicknesof objects.

Thedomainof transferfunctionspresentedh this paper
is definedby the magnitude®f the principal-cunatures.

From differential geometryit is known, that the vicinity
of any pointon aregularsurfacecanbe describedoy two
tangentvectors- principal directionsandtwo correspond-
ing realnumbers- principal curvatures This description
yieldsanunique,view-independentharacterization.

Although originally developed for smooth analytic
surfaces, in recentyears curvature information is also
usedin a variety of applicationsin the field of volume
visualization. An obvious applicationis to useGaussian
curvatue to distinguish among parabolic, elliptic and
hyperbolicpartsof surfaces.Interrantel4, 5] hasusedthe
principal directionsto defineaflow field overasurfaceto
accentuatéts shape.TruccoandFisher[17] attemptedo
segmentthe sampleddatawith the help of both Gaussian
and meancurvatues Recently Tang and Medioni [15]
extendedthe tensorvoting mechanisnby curvatuee sign
informationto getbetterdensificatior(i.e. reconstruction)
of sparsdnputdata.

The rest of this paperis organizedas follows. In the
next sectionwe will presenta new conceptof transfer
functionsspecification. The definition involves principal
curvatureswhoseestimationwill be discussedn section
3. The resultssection4 demonstrateshe applicability
and initial, automaticallygeneratedspecificationsof the
proposedransferfunction. The conclusionsandhintsfor
futurework will begivenin section5.

2 Concept of a Curvature-Based
Transfer Function

For a specificpoint P on a regular surface, the principal
directionss; and3, give us anideaaboutwherethe sur
facebendsthe mostandthe least,respectiely. The cor
respondingguantitatve measurgi.e. how muchdoesthe
normalchangen thesedirections)is expressedy tworeal
numbersknown asprincipal curvatures<; andks.

With the help of principal directionsand curvatures,a
surfacecanbelocally approximatedyp to ordertwo, by a
guadratigpatch.Accordingto the signsof K1, K2 we know
immediatelywhetherthe surfaceis locally approximated
by a

() plane(iff k1 = k2 =0),
(if) paraboliccylinder (iff K1 > K2 =00r 0 =K1 > Kp)

(iii) paraboloid(iff k1.k2 > 0) or

(iv) hyperbolicparaboloid(iff k1.k2 < 0).

The transferfunction we are going to designwill map
pairsof principal curvaturesto optical propertiesg.g. tra-
ditional color andopacityin theRGBa model:

T:K1 XK — RxGxBxa

Suchadefinitionwill beusefulto:

distinguish amongshapes.In specific applications, it
may be useful to visualize surfaceswith respectto
theirshape Thisdoesnotincludeonly differentprop-
ertiesof the four different casesintroducedabove.
Ourapproactallows alsoto distinguishshape®f the
sameclassemploying curvaturemagnitudesin engi-
neeringfor instancejt canbe distinguishechetween
planar(k1 = K2 = 0) andtubular (k3 > K2 = 0) struc-
tures. In addition, within the classof tubular struc-
tures, different propertiescan be specifiedwith re-
spectto the magnitudeof k1 (i.e with respectto the
cylinder’s radius).Usingthe sameprinciple, a medi-
cal applicationis ableto suppressegistrationmark-
erswhich are typically of tubular (chord) or planar
(landmarler) shape. Sumical tools can also be se-
lected, if they have specificshapeproperties. Last
but not least,severalhumanorgans like bonesyves-
selsor colon polypsmight be sggmentedbecausef
their specificshape.

setsmoothtransitions. We can understandthick sur
facesand solid objectsas a setof coherentlayers.
This, for instancecanbedefinedwith thehelpof iso-
valuesor a distanceransform.Within sucha surface
it might be usefulto seehow the curvature (hence
shapexhangesnside. To corvey this, Interrante[4]
exploits principal directionsto definea texture. In
herapproachhowever, a maximumof threeor four
suchlayers can be visualized simultaneouslywith-
out loss of comprehensieness. Apart of that, this
methodcould be hardly applicablefor small struc-
tures,e.g. blood vesselslnvolving curvaturemagni-
tudes smoothcolor transitionwithin evensmallsolid
objects(sayfive or six voxelsin diameter)canbeset,
allowing to understandvhat happensnside. A pos-
sible applicationin medicineis the identificationof
stenose.

setthe transfer function (semi)automatically To en-
hanceor suppresspecificshapeclass,it is obvious
what combinationof valueski, K2 hasto be cho-
sen. In orderto provide flexibility with respectto
shape-by-magnituddistinction and color transition
for application specific tasks, however, a simple
userinterfaceis necessaryThe setupissueswill be
briefly discussedn section4.

Being dependenbn two real numberst would be neces-
saryto specifythe proposedransferfunctionin the entire



Figure 2: The domainof curvature-basedransferfunc-
tions

planeR?. Fortunately thefollowing factsgraduallyallow
usto restrictits domain:

1. For analytically defined patches,curvaturesare by
definition given suchthatk; > K2 (seealsosection
3.1). The corvexity or concaity of paraboloidsand
paraboliccylinders is determinedby the curvature

sign(s).

2. For surfacesdefinedimplicitly (as densityvolumes
are), the normal orientationis (at leastlocally) am-
biguous and so is also the convexity/concavity of
paraboloidsand paraboliccylinders. It is impossi-
ble to judgethecasex; > k2 > 0and0 > K1 > Ka.
The signsof K1, K2 surely identify just the planar
(both are zero) and hyperbolic (they straddlezero)
cases.Thereforewe canrearrangehe principal cur-
vaturessuchthat K, is nonngative and reflectsthe
fasterbendingof the surface. This is simply done
by a sign changeanda swap of curvaturesin points
where|Ki| < K2. Sucha rearrangemengnsuresfor
all possiblecasesthatky > |K2|.

3. The principal curvature, as a curvature of a planar
curve, is definedas a reciprocalof radiusof its os-
culatingcircle. Sincein unit—distanceartesiargrids
we cansurelyassumea nonpresencef circleswith
radiussmallerthan1/2,thecurvaturemagnitudesvill
be alwayslessthantwo.

Dueto 2) and 3) the domainof transferfunction shrinks
fromR? to
|K2| <K1 K2 Q)

Referring to Fig. 2, the origin correspondsto planar
points, the positive k1 axis to parabolicpoints, and the
areasto the right and the left correspondo elliptic and
hyperbolicpoints,respectiely. This layoutwill seneasa
basefor specificationdiscussedn section4.

For analytically defined patches,we could start pre-
sentingresultshere. Curvature estimation(our concept

relieson) in digital sceneshowever, is a nontrivial task
whichis discussedn thefollowing section.

3 Curvature Estimation

Despitebig effortsin researclonrecovery of curvaturein-
formationfrom sampleddata,the resultsare still at least
disputable. Particular successan be seenin estimation
of qualitative properties(the principal directionsand the
sign of the Gaussiancurvature) ratherthan quantitatve
(the principal curvaturemagnitudes) [15]. The difficul-
ties of magnitudeestimationarisefrom the propertiesof
digital scenesmainly noise,anisotrojy andrelateddirec-
tional dependencies.

Methodswhich estimatethe curvatureof a surfacecan
bebasicallydividedinto two groups.Therearealgorithms
which estimatederivatives and apply fundamentaforms
(e.g.[4]). Thesemethodsstronglyrely onaccurateleriva-
tive reconstructionare sensibleto noiseandrequirelow-
passfiltering with a ratherlarge window. The alternatve
approachs thelocal fitting of a patch,the curvaturescan
be analytically computedfrom. Mclvor [11] concludes
that fitting of a quadraticpatch gives betterresultsthan
fitting of anarbitrarysurface.

In our implementationwe have, for several reasons,
adoptedan algorithmintroducedin [16]. Firstly, in this
papertheauthorscomeup with aconceptwvhich gradually
reduceghesurface-cunatureestimatiorto finding a setof
planar curves,estimationof their tangentandcurvatures,
andfitting of a quadraticcurve. Neitherderivative estima-
tion in 3D nor patchfitting arethereforenecessaryDue
to two-dimensionalityof all thesestepsonecanexpectnot
only easierimplementatiorbut alsomorereliableresults.
Secondly the authorsconcludepresentingresultswhich
aresuperiorto thosehighlightedin [11], achiesed by fit-
ting of a quadraticinterpolant. Finally, in contrastto the
methodswhich rely on estimationof the surfacenormal,
thenormalis computedrom the estimatecturve tangents
asasideproduct.

3.1 From Surface to Planar Curves

At afixedpoint P of aregularsurfaceS, anarbitraryunit
tangenwectorf togethemith thesurfacenormalii definea
planewhichin thevicinity of P meetsSin thecurve of in-
tersection.The curvaturekn(T) of this curve is referredto
asnormalcurvaturein pointP anddirectionf. Thenormal
cunatureasa realfunctionof T beingdefinedon thecom-
pactsetof unit tangentvectorsreachesa maximumand
a minimum. Directionsin which this happensareknown
asprincipal directionss;, & andthe correspondingcur-
vaturesks = Kn(31), K2 = Kp(%) asprincipal curvatures.
Vectorss;, & andi make up the principal frame
Theprincipalcurvaturex; andkz, we needto estimate,
canalsobefoundin thedefinitionof the Dupin indicatrix.
TheDupinindicatrixis eitheroneor apair of conicsin the



tangentplanedefined,assumingan arbitraryorthonormal
coordinatesystemin thetangentplanewith origin atpoint
P, by thefollowing equation:

Lx? + 2Mxy+ Ny? = +1 2)

Changinghecoordinatesystemsuchthattheeigervectors
of the quadraticform (2) becomeits axes, however, the
Dupinindicatrix will beexpressedn themorecorvenient
form:

KX + Koy = +1 (3)

Therefore jf we know the Dupin indicatrix we alsoknow
theprincipal curvatures<, K.

In order to reconstructthe Dupin indicatrix, we need
to know at leastthreeof its points. To computethemwe
definethefollowing map:

D@ =t/ /|kn(®)] (4)

This mapscaleseachgivenunit tangentvectorf, in which
the normalcurvaturek, () is nonzerofo a positionalvec-
tor of a pointon the Dupin indicatrix. This canbe proven
with thehelpof the Eulertheolem which establishegre-
lation betweerprincipalcurvaturesandanormalcurvature
in anarbitrarydirectionf’

Kn(®) = K1coL d + k2SI’ ¢

whered = ¢(T) is theanglebetweerf ands;. Takingthe
principal frame, unit vectort becomes(cosp,sin$) and
for its imageD(f) = (Dx,Dy) holds:

chos°-¢+Kzsin2¢= Kn(®) _
[kn(®)| [kn(D)|

= signkn(f) =+1

which correspondso definition (3).

Taking k (k > 3) nonzeronormal curvature estimates
Kn(T) in k distinctunit tangentdirectionsf we canthere-
fore reconstructk points (x;,y;) on the Dupin indicatrix
andsetup asystemof k equations

Lx% 4+ 2Mxiy; + Ny;? = signkn () (5)

The coeficientsL,M,N arefound asa solutionof alin-
ear equationssystem(k = 3) or a leastsquarefitting al-
gorithm (k > 3). Principal curvatureski,k2 and princi-
paldirectionss; , & areeigervaluesandeigervectorsof the
guadratidorm (2), i.e. of the matrix

[ ]

The estimationof the normalcurvaturein a giventangent
vector would requirefirstly a knowledge of the surface
normalf in P andsecondlya reconstructiorof acurvein
the normal—sectionThis would of coursecausethe usual
reconstructiorproblems.
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Figure3: Towardsprincipalcurvatures

Instead,dueto anotherresultfrom differentialgeome-
try, we just needto reconstruck arbitraryplanar(i.e. not
necessarilynormal—-sectionurvesy; passingthroughP
and estimatetheir tangentvectorsfi and curvaturesk(f).
Averagingthe crossproductsfi x fj of tangentvectorsal-
lows usto computethe surfacenormalf. Normal curva-
tureskn(fi) canthenbe enumeratediue to the Meusnier
theoem

kn(§) = k() cosy (6)

wherey denotegheanglebetweertheplaneof thenormal
section(givenby vectorsi, f) andthe planeof curvey;.

In this sectionwe have shavn how to reducethe prob-
lem of principal—-cunatureestimatiorto thatof estimating
of planecurvatured. Theentireprocedurdés summarized
in Fig. 3.

3.2 Plane Curvature Estimation

The computationof curvaturefrom a digitized curve is

a non-trivial task which should be consideredwith care
[18]. In researcton shapeanalysisof digital curves,Wor-

ring and Smeulderg19] identify five essentiallydifferent
methoddor measuringurvaturesof digital curves.These
methodsarebasedon threedifferentformulationsof cur-

vature: tangentorientationchange,secondderiative of

thecurve consideredsa path,andosculatingircle touch-
ingthecurve. In theirwork theauthorsconcludethatnone
of the presentednethodsis robust and applicablefor all

curvetypes.They advice,however, which methodoutper

formsthe othersfor a specificapplication.

Iplanecurvatue refersto the cunatureof a planarcurve



Figure4: Reconstructiomf neighborhoodsopoints

The very first aim of this work wasto comeup with
a transferfunction for visualizationof tubular structures,
whichfeaturenearlyconstantindlargeradii. Forthiscase,
the conclusionof [19] recommendso formulatethe cur-
vaturewith the helpof osculatingeircles. In thefollowing
we describeour implementatiorfor grid datasets.

To approximatecurvaturesk; of planarcurvesy; pass-
ing throughP, we reconstrucpointsin the neighborhood
of P from theisosurficedefinedby thedensityvalueof P.
Thetriplets consistingof P andtwo isosurficepointswill
approximatethe osculatingcircles. To avoid anisotroy
typical for rectilineardatasets thesepointsshouldlie ona
unit spherewith the centerin P. In orderto reducerecon-
structionerrorswe adviceto reconstructhesepointsvia
bilinear interpolationin four planespassingthroughgrid
points (Fig. 4). As aresultwe have eight surfacepoints
P1,...,Pg in asmallneighborhoof P. For u # v, each
triplet of pointsP, R, R, lie on someplanarcurve passing
throughP. Therearetwo cases:

A) P,P,,P, arecolinearand definea tangentvectorf to
the surfaceat P. The correspondingnormal curva-
ture Ky (%) is zeroand canthereforenot be usedto
computea pointon the Dupin indicatrix accordingto
the mapdefinedin equation(4). This caseprovides
us, however, with atangentvectorandcontributesas
suchto a betterestimationof normalf which is nec-
essanyfor theuseof equation(6).

B) PRy, R, approximateanosculatingecircle with thecen-
ter C. In orderto usethe Meusniertheorem(6) we
needto compute,in addition,atangentvectorf; asa
crossproduct((P, — P) x (R,— P)) x (C— P) andthe
curvaturek (fi) asa reciprocalof the circle’s radius,
i.e.1/|(C—P)].

3.3

The definition of map (4) presumesa nonzeronormal
curvaturek,. This is not fulfilled, however, for caseA

mentionedn the previous section.Here,sucha triplet of

pointsis of no usefor the computationof a point on the

Dupin indicatrix, and consequentlydoesnot contribute
to the total numberk of equationsn system(5). In the

worst case,e.g., for planarpointswhereall the possible
triplets are colinear the total numberk of equationscan
be lessthanthree,which is not sufficient for finding the

coeficients L,M,N. To circumwent this difficulty and,
at the sametime, to handleall the casesuniformly, we

reassigrthe zero cunvaturek, to somesmall constante.

In orderto avoid numericalproblemsthis constanshould
not be too small. On the otherhandit shouldsuficiently

reflect the planarity of the neighborhoodof P. For low

resolution (e.g. 128%) volumeswe have successfully
(Fig. 9) sete = 10~*. This correspondgo curves of

sufficiently largeradii of 20000voxels.

Implementation Issues

The algorithm describedin this section is computa-
tionally expensive. A possibleplaceto speed—upvould
be the reconstructionof neighborhoodpoints. As we
shaw, the curvatureestimations very sensitve to how this
reconstructiors done thereforethis shouldbe considered
with care.Having a 3x 3 densitymatrix with the centerin
P in the reconstructiorplane,a first simplification might
be achiesedinterpolatingjust from the 4-neighbors.The
secondonewould be to find the isovalueson a diamond
(x| + |y| = 1) ratherthanon the unit circle with centerin
P.

To demonstratethe influence of improper interpola-
tion on curvature estimation,we presenta middle slice
of the first principal curvaturesk; reconstructedrom a
361x361x 3 volume of concentriccylinders (Fig. 5). In
orderto seethe curvatureisolineswe depicttheintensities
of 1/k1 mod 32. Whereconcentriccircles are expected,
theleft imageexhibitsananisotrogy with themaximumin
diagonaldirections.Thisis aconsequencef interpolating
just from four neighbors.The situationimprovesconsid-
erablyusingall eightneighbordor bilinearinterpolation.
Theremainingartifactsappearingn diagonaldirectionof
theright imagehave beencausedy anapproximationof
thecircle by adiamond.

4 Results

To demonstrateour new conceptwe refer to the color
plate? . Fig. 6 depictsan exampleof a transferfunction
specificationschemewith respectto the definition (1) of
its domain(seealsoFig. 2).

Recallingthe distinctionof thefour shapeclassesntro-
ducedin section2 onewould expectan exact sggmenta-
tion of the transferfunctiondomain. For practicalappli-

2Also availablevia http://wwwcg.tuwien.ac.at/resezvis/vismed
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Figure5: Influenceof interpolationon curvatureestima-
tion

cations hawever, wefind it usefulto provide theuserwith
acertaindegreeof tolerance Consequentlythesharpbor-
dersbetweershapeclasseshangeo transitionareas

Thegreenareain the vicinity of the origin corresponds
to planarpoints. The blue—yellav transitionareaspeci-
fiesthecurvaturechangeansideparabolicstructuresandis
intendedto reflectthe diameterchangewithin solid cylin-
derspresentedn the datasets. The red areacorresponds
to elliptic points.

Slightalterationsof this specificatiorareusedto render
thefollowing densityvolumes.generatedby [13]:

A wir eframe cube(Fig. 7). This is a demonstrationof
the curvature changeinside solid cylinders (k1 >
K2 = 0) of a 38x38x38 cube. Note, that the diam-
eterof cylindersin thedatasetis lessthansix voxels.
In orderto attractthe users attention,the high val-
uesof k1 (i.e. small diametershave beenmapped
to bright yellow. The smoothtransitionto blue to-
wardslower valuesof k1 correspond$o diameterfin-
crease.As the cylinder axesdo not definea surface,
they have beenexcludedfrom curvaturecomputation
andthereforedo not affect the final image. Thered
partscorrespondo elliptic points(ky > K2 > 0).

A wir e frame octahedron (Fig. 8). Thetransferfunction
hasbeenspecifiedn the sameway asfor Fig. 7, with
moreemphasi®n smallercylinders(depictedn yel-
low). A staircasesffectin diagonaldirectionscanbe
noticed. Theresolutionof the datasetis 59x59x59
voxels.

A facetcube(Fig. 9). A 38x38x38 data set similar to
that usedin Fig. 7 with attachedfaces. The trans-
fer function mapsthe correspondindi.e. zero)cur
vaturesto transparengreen. The joint of faceswith
cylinderswasnot smoothandexhibits thereforehigh
cunvaturedepictedin yellow. Similarly asin Fig. 7,
theredareascorrespondo elliptical points.

Transferfunctionsusedfor renderingof figures10 and
11 additionallyrequirethe specificatioralsoin the areaof
hyperbolicpoints(k, < 0):

A torus (Fig. 10). The transferfunction hasbeensetto
distinguish among elliptic (red), parabolic (green)

and hyperbolic (blue) points of a 59x59x 20 torus.
The greenpoints on the outer side areidentified as
planardueto a volumecrop.

The Mobiusstrip (Fig. 11). Visualizationof low (green)
andhigh curvature(red)pointsof a50x52x 16thick-
enedMobiusstrip.

The reconstructionof curvature using the method de-
scribedn section3 involvesmary steps.lts timecomple-
ity dependsmainly on how mary plane curvatures(i.e.,
equationsof system(5)) are reconstructedand how the
pointson theisosurbcearereconstructedIn the discus-
sionin section3.3we gavereasonsvhy thereconstruction
of curve pointsshouldbe doneasaccuratelyaspossible.
Thereforewe donotencouragéo savetimethere.Instead,
time shouldbe sared adoptingthe numberk of the equa-
tionsin thesystem(5). To demonstrat¢hetiming we have
usedthe extremevaluesof k. For k = 3, thecurvaturehas
beenreconstructed approximately500voxels persec-
ondwhile for k = 28 the speedvasabout2000voxelsper
second.Thetime hasbeenmeasuredn a PCwith a 400
MHz PentiumlICPUand512MB of RAM.

5 Conclusion and Future Work

We have proposeda new classof transferfunctionswhich
assignoptical propertiesto principal curvaturesrecon-
structedfrom the input data. Suchtransferfunctionsal-
low to set(atleastlocally) theoptical propertiedo objects
with respectto their shape. Moreover, within one shape
classtheobjectscanbedistinguishedy curvaturemagni-
tudes.As opposedo densitytransferfunctions,curvature
transferfunctionsallow to seethestructurakchangesnside
solid objectsevenif thedensitychangesresmall. In con-
trastto the densitytransferfunctions,moreaver, both the
domainandthe significanceof its partsareapplicationin-
dependentThisyieldsanautomatidnitial setupandeasy
specificatiorby theuser

On the otherhand,thereare several factswhich make
the implementationof the presentedconcept difficult.
Firstly, it is an absenceof a robustalgorithmfor estima-
tion of principal curvaturemagnitudesThe algorithmwe
have usedreducesthis problemto curvature estimation
of planarcurves and is thus only dependenbn the ac-
curag/ of methodswhich dealwith this two-dimensional
sub-problem.Thesemethods however, are not supposed
to berobustandaspecificalgorithmshouldbechoserwith
carefor a particularapplication. Our implementationof
the osculatingecircle method for instancetendsto exhibit
staircasartifactsin areasvherethesurfaces principaldi-
rectionsare not alignedto the grid axis of the input vol-
ume. Secondlythe curvatureestimationcanbe time de-
manding,which canmake the conceptunsuitablefor on-
line rendering.The curvaturescanbe, hawever, computed
in apreprocessingtepandstoredin separateolumes.



Futureresearchshouldprimarily concentraten a bet-
ter estimationof curvature.For the presenteanethod,for
instancethe useof alargerneighborhooar betterrecon-
structionfilters for the descriptionof planarcurvescanbe
takeninto considerationA quantitatve erroranalysisand
a comparatie studywith otheralgorithmswould helpto
find outthe methodusablefor visualizationof realdata.
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Figure6: Specificatiorfor Figures7, 8, and9 Figure9: Facetcube

Figure7: Wire framecube Figurel10: Torus

Figure8: Wire frameoctahedron Figurell1: Mobiusstrip



