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Abstract

In this paperwe presenta new conceptof transferfunc-
tions for direct volume rendering. In contrastto previ-
ouswork, we attemptto definea transferfunction in the
domainof principal curvaturemagnitudes. Sucha def-
inition helps the user to suppressor enhancestructures
of a specificshapeclass. It also allows to seta smooth
color or opacity transitionwithin thick surfacesor even
solid objects. From the user’s point of view the attrac-
tivenessof suchtransferfunctionsresidesin their easy,
(semi)automaticspecification.

Keywords: VolumeGraphics,TransferFunction,Curva-
ture

1 Introduction

In directvolumerendering,thetransferfunctionis respon-
siblefor theclassificationof adataset.Its taskis to assign
opticalpropertiesto valuesthedatasetconsistsof. During
the renderingprocess,the sampledand/orreconstructed
datavaluesarepassedthroughthetransferfunctionto de-
terminetheir contribution to thefinal image.

Generally, wecanthink of a transferfunctionasamap-
ping from a cartesianproductof scalarfieldsF to a carte-
sianproductof opticalpropertiesO (Fig. 1):

τ : F1
� F2

��������� Fn � � O1
� O2

�������	� Om

Due to userinteractionproblems,the valuesof n andm
areusuallysmallin practice.Typically, a transferfunction
mapsdensityvalues(n 
 1) to opacityandcolor (m 
 2),
while otheroptical propertiesaredeterminedby an illu-
minationmodel.More sophisticatedtransferfunctionsin-
clude also the magnitudeof the gradient(n 
 2) in the
domainof the transferfunction. From a user’s point of
view, even in this restrictive case(n � m � 2), it is a prob-
lem to specify sucha transferfunction. Thereare sys-
tems which analyzeinput data [2, 6] or output images
[1] to provide the userwith an initial, easyto customize
transfer-function setup. Othersgeneratean initial setof
transferfunctions,passit to an evolution mechanism[3]
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Figure1: Transferfunction: its task,domainandrange.

or arrangepre-renderedresultsto provide the userwith
anoverview of possibilities,henceeasierchoiceof anap-
propriatetransferfunction[9]. Suchanapproachrequires
muchcomputationaltime to provide a preview imagefor
eachgeneratedtransferfunction,which madethesemeth-
odsnon-interactive for a long time. With upcomingren-
deringhardware[12], however, theusefulnessof thesein-
terfaceshasincreasedandthespecificationproblemseems
to besolved.Thisprogressmadeusthink of othertransfer
functiontypes.

According to Lichtenbelt at al [7], the more general
(m Ë 2) transferfunctionsare thosethat assignopacity,
color, andemittance.Other ideasto extendthe range of
transferfunctionscanbe foundby studyingoptical mod-
els [10] (seealsoFig. 1). Our approachattemptsto ex-
tend the domainof a transferfunction. As alreadysaid,
thetypical mappingis definedover densitiesandgradient
magnitudes.The possible,yet not completelist of other
choices,canbe seenin Fig. 1. To track surfaces,for in-



stance,Kindlmann [6] definesthe transferfunction with
thehelpof thefirst andsecondderivativesin thedirection
of thegradient.Althoughnot presentedasa transferfunc-
tion approach,Lürig [8] involvesfrequency informationto
visualizethethicknessof objects.

Thedomainof transferfunctionspresentedin thispaper
is definedby themagnitudesof theprincipal-curvatures.

From differentialgeometryit is known, that the vicinity
of any point on a regularsurfacecanbedescribedby two
tangentvectors- principal directionsandtwo correspond-
ing real numbers- principal curvatures. This description
yieldsanunique,view-independentcharacterization.

Although originally developed for smooth analytic
surfaces, in recent years curvature information is also
usedin a variety of applicationsin the field of volume
visualization. An obvious applicationis to useGaussian
curvature to distinguish among parabolic, elliptic and
hyperbolicpartsof surfaces.Interrante[4, 5] hasusedthe
principal directionsto definea flow field overasurfaceto
accentuateits shape.TruccoandFisher[17] attemptedto
segmentthesampleddatawith thehelpof bothGaussian
and meancurvatures. Recently, Tangand Medioni [15]
extendedthe tensorvoting mechanismby curvature sign
informationto getbetterdensification(i.e. reconstruction)
of sparseinputdata.

The rest of this paper is organizedas follows. In the
next sectionwe will presenta new conceptof transfer-
functionsspecification.The definition involvesprincipal
curvatures,whoseestimationwill bediscussedin section
3. The resultssection4 demonstratesthe applicability
and initial, automaticallygeneratedspecificationsof the
proposedtransferfunction. Theconclusionsandhints for
futurework will begivenin section5.

2 Concept of a Curvature-Based
Transfer Function

For a specificpoint P on a regular surface,the principal
directions Ìs1 and Ìs2 give us an ideaaboutwherethe sur-
facebendsthe mostandthe least,respectively. The cor-
respondingquantitative measure(i.e. how muchdoesthe
normalchangein thesedirections)is expressedby two real
numbersknown asprincipalcurvaturesκ1 andκ2.

With the help of principal directionsandcurvatures,a
surfacecanbelocally approximated,up to ordertwo, by a
quadraticpatch.Accordingto thesignsof κ1, κ2 weknow
immediatelywhetherthe surfaceis locally approximated
by a

(i) plane(if f κ1 
 κ2 
 0),

(ii) paraboliccylinder (if f κ1 Ë κ2 
 0 or 0 
 κ1 Ë κ2)

(iii) paraboloid(if f κ1 Í κ2 Ë 0) or

(iv) hyperbolicparaboloid(if f κ1 Í κ2 Î 0).

The transferfunction we aregoing to designwill map
pairsof principalcurvaturesto opticalproperties,e.g. tra-
ditional color andopacityin theRGBα model:

τ : κ1
� κ2 � � R � G � B � α

Suchadefinitionwill beusefulto:

distinguish amongshapes. In specific applications, it
may be useful to visualizesurfaceswith respectto
theirshape.Thisdoesnotincludeonly differentprop-
ertiesof the four different casesintroducedabove.
Ourapproachallowsalsoto distinguishshapesof the
sameclassemploying curvaturemagnitudes.In engi-
neeringfor instance,it canbedistinguishedbetween
planar(κ1 
 κ2 
 0) andtubular (κ1 Ë κ2 
 0) struc-
tures. In addition,within the classof tubular struc-
tures,different propertiescan be specifiedwith re-
spectto the magnitudeof κ1 (i.e with respectto the
cylinder’s radius).Usingthe sameprinciple, a medi-
cal applicationis ableto suppressregistrationmark-
ers which are typically of tubular (chord) or planar
(landmarker) shape. Surgical tools can also be se-
lected, if they have specificshapeproperties. Last
but not least,severalhumanorgans,like bones,ves-
selsor colonpolypsmight be segmentedbecauseof
their specificshape.

setsmoothtransitions. We can understandthick sur-
facesand solid objectsas a set of coherentlayers.
This,for instance,canbedefinedwith thehelpof iso-
valuesor a distancetransform.Within suchasurface
it might be useful to seehow the curvature(hence
shape)changesinside. To convey this, Interrante[4]
exploits principal directionsto definea texture. In
her approach,however, a maximumof threeor four
such layerscan be visualizedsimultaneouslywith-
out loss of comprehensiveness. Apart of that, this
methodcould be hardly applicablefor small struc-
tures,e.g.bloodvessels.Involving curvaturemagni-
tudes,smoothcolor transitionwithin evensmallsolid
objects(sayfiveor six voxelsin diameter)canbeset,
allowing to understandwhathappensinside. A pos-
sible applicationin medicineis the identificationof
stenose.

setthe transfer function (semi)automatically. To en-
hanceor suppressspecificshapeclass,it is obvious
what combinationof valuesκ1, κ2 has to be cho-
sen. In order to provide flexibility with respectto
shape-by-magnitudedistinction and color transition
for application specific tasks, however, a simple
userinterfaceis necessary. The setupissueswill be
briefly discussedin section4.

Beingdependenton two real numbersit would beneces-
saryto specifytheproposedtransferfunctionin theentire
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Figure 2: The domainof curvature-basedtransferfunc-
tions

planeR2. Fortunately, thefollowing factsgraduallyallow
usto restrictits domain:

1. For analytically definedpatches,curvaturesare by
definition given suchthat κ1 Ð κ2 (seealsosection
3.1). The convexity or concavity of paraboloidsand
paraboliccylinders is determinedby the curvature
sign(s).

2. For surfacesdefinedimplicitly (as densityvolumes
are), the normalorientationis (at leastlocally) am-
biguous and so is also the convexity/concavity of
paraboloidsand paraboliccylinders. It is impossi-
ble to judgethecasesκ1 Ë κ2 Ð 0 and0 Ð κ1 Ë κ2.
The signsof κ1, κ2 surely identify just the planar
(both are zero) and hyperbolic (they straddlezero)
cases.Thereforewe canrearrangetheprincipal cur-
vaturessuchthat κ1 is nonnegative and reflectsthe
fasterbendingof the surface. This is simply done
by a sign changeanda swap of curvaturesin points
where Ñ κ1 Ñ Î κ2. Sucha rearrangementensures,for
all possiblecases,thatκ1 Ð Ñ κ2 Ñ .

3. The principal curvature,as a curvatureof a planar
curve, is definedasa reciprocalof radiusof its os-
culatingcircle. Sincein unit–distancecartesiangrids
we cansurelyassumea nonpresenceof circleswith
radiussmallerthan1/2,thecurvaturemagnitudeswill
bealwayslessthantwo.

Due to 2) and3) the domainof transferfunction shrinks
from R2 to Ñ κ2 Ñ	� κ1 Ò 2 (1)

Referring to Fig. 2, the origin correspondsto planar
points, the positive κ1 axis to parabolicpoints, and the
areasto the right and the left correspondto elliptic and
hyperbolicpoints,respectively. This layoutwill serveasa
basefor specificationdiscussedin section4.

For analytically defined patches, we could start pre-
sentingresultshere. Curvatureestimation(our concept

relies on) in digital scenes,however, is a nontrivial task
which is discussedin thefollowing section.

3 Curvature Estimation

Despitebig efforts in researchonrecoveryof curvaturein-
formationfrom sampleddata,the resultsarestill at least
disputable. Particular successcan be seenin estimation
of qualitative properties(the principal directionsand the
sign of the Gaussiancurvature) rather than quantitative
(the principal curvaturemagnitudes) [15]. The difficul-
ties of magnitudeestimationarisefrom the propertiesof
digital scenes,mainly noise,anisotropy andrelateddirec-
tionaldependencies.

Methodswhich estimatethecurvatureof a surfacecan
bebasicallydividedinto two groups.Therearealgorithms
which estimatederivativesandapply fundamentalforms
(e.g.[4]). Thesemethodsstronglyrely onaccuratederiva-
tive reconstruction,aresensibleto noiseandrequirelow-
passfiltering with a ratherlargewindow. The alternative
approachis the local fitting of a patch,thecurvaturescan
be analytically computedfrom. McIvor [11] concludes
that fitting of a quadraticpatchgives betterresultsthan
fitting of anarbitrarysurface.

In our implementationwe have, for several reasons,
adoptedan algorithm introducedin [16]. Firstly, in this
papertheauthorscomeupwith aconceptwhichgradually
reducesthesurface-curvatureestimationto findingasetof
planar curves,estimationof their tangentsandcurvatures,
andfitting of a quadraticcurve. Neitherderivativeestima-
tion in 3D nor patchfitting arethereforenecessary. Due
to two-dimensionalityof all thesestepsonecanexpectnot
only easierimplementationbut alsomorereliableresults.
Secondly, the authorsconcludepresentingresultswhich
aresuperiorto thosehighlightedin [11], achievedby fit-
ting of a quadraticinterpolant. Finally, in contrastto the
methodswhich rely on estimationof the surfacenormal,
thenormalis computedfrom theestimatedcurvetangents
asa sideproduct.

3.1 From Surface to Planar Curves

At a fixedpoint P of a regularsurfaceS, anarbitraryunit
tangentvectorÌt togetherwith thesurfacenormal Ìn definea
planewhich in thevicinity of P meetsS in thecurveof in-
tersection.Thecurvatureκn Ó Ìt Ô of this curve is referredto
asnormalcurvature in pointP anddirectionÌt. Thenormal
curvatureasa realfunctionof Ìt beingdefinedon thecom-
pactset of unit tangentvectorsreachesa maximumand
a minimum. Directionsin which this happensareknown
as principal directions Ìs1, Ìs2 and the correspondingcur-
vaturesκ1 
 κn Ó Ìs1 Ô , κ2 
 κn Ó Ìs2 Ô asprincipal curvatures.
Vectors Ìs1, Ìs2 and Ìn makeup theprincipal frame.

Theprincipalcurvaturesκ1 andκ2, weneedto estimate,
canalsobefoundin thedefinitionof theDupin indicatrix.
TheDupin indicatrix is eitheroneor apairof conicsin the



tangentplanedefined,assuminganarbitraryorthonormal
coordinatesystemin thetangentplanewith origin atpoint
P, by thefollowing equation:

Lx2 Õ 2Mxy Õ Ny2 
×Ö 1 (2)

Changingthecoordinatesystemsuchthattheeigenvectors
of the quadraticform (2) becomeits axes, however, the
Dupin indicatrix will beexpressedin themoreconvenient
form:

κ1x2 Õ κ2y2 
×Ö 1 (3)

Therefore,if we know theDupin indicatrix we alsoknow
theprincipalcurvaturesκ1, κ2.

In order to reconstructthe Dupin indicatrix, we need
to know at leastthreeof its points. To computethemwe
definethefollowing map:

D Ó Ìt ÔØ
 Ìt ÙÛÚ ÜÜ κn Ó Ìt ÔNÜÜ (4)

This mapscaleseachgivenunit tangentvectorÌt, in which
thenormalcurvatureκn Ó Ìt Ô is nonzero,to a positionalvec-
tor of a point on theDupin indicatrix. This canbeproven
with thehelpof theEuler theorem, whichestablishesare-
lationbetweenprincipalcurvaturesandanormalcurvature
in anarbitrarydirection Ìt:

κn Ó Ìt ÔØ
 κ1cos2 ϕ Õ κ2sin2 ϕ

whereϕ 
 ϕ Ó Ìt Ô is theanglebetweenÌt and Ìs1. Takingthe
principal frame, unit vector Ìt becomesÓ cosϕ � sinϕ Ô and
for its imageD Ó Ìt Ô5
 Ó Dx � Dy Ô holds:

κ1Dx
2 Õ κ2Dy

2 
 κ1cos2 ϕ Õ κ2sin2 ϕÜÜ κn Ó Ìt Ô ÜÜ 
 κn Ó Ìt ÔÜÜ κn Ó Ìt Ô ÜÜ 

 signκn Ó Ìt ÔØ
EÖ 1

which correspondsto definition(3).
Taking k (k Ð 3) nonzeronormal curvatureestimates

κn Ó Ìti Ô in k distinctunit tangentdirectionsÌti we canthere-
fore reconstructk points Ó xi � yi Ô on the Dupin indicatrix
andsetup asystemof k equations

Lxi
2 Õ 2Mxiyi

Õ Nyi
2 
 signκn Ó Ìti Ô (5)

The coefficientsL � M � N are found asa solutionof a lin-
ear equationssystem(k 
 3) or a leastsquarefitting al-
gorithm (k Ë 3). Principal curvaturesκ1 � κ2 and princi-
paldirections Ìs1 �ªÌs2 areeigenvaluesandeigenvectorsof the
quadraticform (2), i.e. of thematrixÝ

L M
M N Þ

Theestimationof thenormalcurvaturein a giventangent
vector would require firstly a knowledgeof the surface
normal Ìn in P andsecondlya reconstructionof a curve in
thenormal–section.This would of coursecausetheusual
reconstructionproblems.
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Figure3: Towardsprincipalcurvatures

Instead,dueto anotherresult from differentialgeome-
try, we just needto reconstructk arbitraryplanar(i.e. not
necessarilynormal–section)curves γi passingthroughP
andestimatetheir tangentvectorsÌti andcurvaturesκ Ó Ìti Ô .
AveragingthecrossproductsÌti � Ìt j of tangentvectorsal-
lows us to computethe surfacenormal Ìn. Normal curva-
turesκn Ó Ìti Ô canthenbe enumerateddueto the Meusnier
theorem:

κn Ó Ìti Ô_
 κ Ó Ìti Ô cosψ (6)

whereψ denotestheanglebetweentheplaneof thenormal
section(givenby vectorsÌn � Ìti ) andtheplaneof curveγi .

In this sectionwe have shown how to reducetheprob-
lemof principal–curvatureestimationto thatof estimating
of planecurvatures1. Theentireprocedureis summarized
in Fig. 3.

3.2 Plane Curvature Estimation

The computationof curvaturefrom a digitized curve is
a non-trivial task which shouldbe consideredwith care
[18]. In researchon shapeanalysisof digital curves,Wor-
ring andSmeulders[19] identify five essentiallydifferent
methodsfor measuringcurvaturesof digital curves.These
methodsarebasedon threedifferentformulationsof cur-
vature: tangentorientationchange,secondderivative of
thecurveconsideredasapath,andosculatingcircletouch-
ing thecurve. In theirwork theauthorsconclude,thatnone
of the presentedmethodsis robust andapplicablefor all
curve types.They advice,however, which methodoutper-
formstheothersfor aspecificapplication.

1planecurvature refersto thecurvatureof aplanarcurve
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Figure4: Reconstructionof neighborhoodisopoints

The very first aim of this work was to comeup with
a transferfunction for visualizationof tubular structures,
whichfeaturenearlyconstantandlargeradii. For thiscase,
the conclusionof [19] recommendsto formulatethe cur-
vaturewith thehelpof osculatingcircles.In thefollowing
we describeour implementationfor grid datasets.

To approximatecurvaturesκ i of planarcurvesγi pass-
ing throughP, we reconstructpointsin theneighborhood
of P from theisosurfacedefinedby thedensityvalueof P.
Thetripletsconsistingof P andtwo isosurfacepointswill
approximatethe osculatingcircles. To avoid anisotropy
typical for rectilineardatasets,thesepointsshouldlie ona
unit spherewith thecenterin P. In orderto reducerecon-
structionerrorswe adviceto reconstructthesepointsvia
bilinear interpolationin four planespassingthroughgrid
points(Fig. 4). As a resultwe have eight surfacepoints
P1 � Í�Í�Í � P8 in a small neighborhoodof P. For u H
 v, each
triplet of pointsP� Pu � Pv lie on someplanarcurve passing
throughP. Therearetwo cases:

A) P� Pu � Pv arecolinearanddefinea tangentvector Ìti to
the surfaceat P. The correspondingnormal curva-
ture κn Ó Ìti Ô is zeroand can thereforenot be usedto
computeapointon theDupin indicatrixaccordingto
the mapdefinedin equation(4). This caseprovides
us,however, with a tangentvectorandcontributesas
suchto a betterestimationof normal Ìn which is nec-
essaryfor theuseof equation(6).

B) P� Pu � Pv approximateanosculatingcirclewith thecen-
ter C. In order to usethe Meusniertheorem(6) we
needto compute,in addition,a tangentvector Ìti asa
crossproduct Ó�Ó Pu � PÔ � Ó Pv � PÔ�Ô � Ó C � PÔ andthe
curvatureκ Ó Ìti Ô asa reciprocalof the circle’s radius,
i.e. 1 Ù Ñ Ó C � PÔªÑ .

3.3 Implementation Issues

The definition of map (4) presumesa nonzeronormal
curvatureκn. This is not fulfilled, however, for caseA
mentionedin theprevioussection.Here,sucha triplet of
points is of no usefor the computationof a point on the
Dupin indicatrix, and consequentlydoesnot contribute
to the total numberk of equationsin system(5). In the
worst case,e.g., for planarpointswhereall the possible
triplets arecolinear, the total numberk of equationscan
be lessthan three,which is not sufficient for finding the
coefficients L � M � N. To circumvent this difficulty and,
at the sametime, to handleall the casesuniformly, we
reassignthe zerocurvatureκn to somesmall constantε.
In orderto avoid numericalproblems,thisconstantshould
not be too small. On theotherhandit shouldsufficiently
reflect the planarity of the neighborhoodof P. For low
resolution (e.g. 1283) volumes we have successfully
(Fig. 9) set ε 
 10I 4. This correspondsto curves of
sufficiently largeradii of 10000voxels.

The algorithm described in this section is computa-
tionally expensive. A possibleplaceto speed–upwould
be the reconstructionof neighborhoodpoints. As we
show, thecurvatureestimationis verysensitiveto how this
reconstructionis done,thereforethisshouldbeconsidered
with care.Having a 3 � 3 densitymatrix with thecenterin
P in the reconstructionplane,a first simplificationmight
be achieved interpolatingjust from the 4-neighbors.The
secondonewould be to find the isovalueson a diamond
( Ñ x Ñ Õ Ñ y Ñ�
 1) ratherthanon theunit circle with centerin
P.

To demonstratethe influence of improper interpola-
tion on curvatureestimation,we presenta middle slice
of the first principal curvaturesκ1 reconstructedfrom a
361� 361� 3 volumeof concentriccylinders(Fig. 5). In
orderto seethecurvatureisolineswedepicttheintensities
of 1Ù κ1 mod 32. Whereconcentriccirclesareexpected,
theleft imageexhibitsananisotropy with themaximumin
diagonaldirections.This is aconsequenceof interpolating
just from four neighbors.The situationimprovesconsid-
erablyusingall eightneighborsfor bilinear interpolation.
Theremainingartifactsappearingin diagonaldirectionof
theright imagehave beencausedby anapproximationof
thecircleby a diamond.

4 Results

To demonstrateour new conceptwe refer to the color
plate2 . Fig. 6 depictsan exampleof a transfer–function
specificationschemewith respectto the definition (1) of
its domain(seealsoFig. 2).

Recallingthedistinctionof thefour shapeclassesintro-
ducedin section2 onewould expectan exact segmenta-
tion of the transfer–functiondomain. For practicalappli-

2Also availablevia http://www.cg.tuwien.ac.at/research/vis/vismed



Figure5: Influenceof interpolationon curvatureestima-
tion

cations,however, wefind it usefulto providetheuserwith
acertaindegreeof tolerance.Consequently, thesharpbor-
dersbetweenshapeclasseschangeto transitionareas.

Thegreenareain thevicinity of theorigin corresponds
to planarpoints. The blue–yellow transitionareaspeci-
fiesthecurvaturechangeinsideparabolicstructuresandis
intendedto reflectthediameterchangewithin solid cylin-
derspresentedin the datasets.The red areacorresponds
to elliptic points.

Slightalterationsof thisspecificationareusedto render
thefollowing densityvolumes,generatedby [13]:

A wir e frame cube(Fig. 7). This is a demonstrationof
the curvature changeinside solid cylinders (κ1 Ë
κ2 J 0) of a 38 � 38 � 38 cube. Note, that the diam-
eterof cylindersin thedatasetis lessthansix voxels.
In order to attractthe user’s attention,the high val-
uesof κ1 (i.e. small diameters)have beenmapped
to bright yellow. The smoothtransitionto blue to-
wardslowervaluesof κ1 correspondsto diameterin-
crease.As thecylinder axesdo not definea surface,
they havebeenexcludedfrom curvaturecomputation
andthereforedo not affect the final image. The red
partscorrespondto elliptic points(κ1 Ð κ2 Ë 0).

A wir e frame octahedron (Fig. 8). Thetransferfunction
hasbeenspecifiedin thesamewayasfor Fig. 7, with
moreemphasison smallercylinders(depictedin yel-
low). A staircaseeffect in diagonaldirectionscanbe
noticed.Theresolutionof thedatasetis 59 � 59 � 59
voxels.

A facetcube(Fig. 9). A 38 � 38 � 38 data set similar to
that usedin Fig. 7 with attachedfaces. The trans-
fer function mapsthe corresponding(i.e. zero)cur-
vaturesto transparentgreen.The joint of faceswith
cylinderswasnot smoothandexhibits thereforehigh
curvaturedepictedin yellow. Similarly asin Fig. 7,
theredareascorrespondto elliptical points.

Transferfunctionsusedfor renderingof figures10 and
11 additionallyrequirethespecificationalsoin theareaof
hyperbolicpoints(κ2 Î 0):

A torus (Fig. 10). The transferfunction hasbeenset to
distinguish among elliptic (red), parabolic (green)

andhyperbolic(blue) pointsof a 59 � 59 � 20 torus.
The greenpointson the outerside are identified as
planardueto a volumecrop.

The Möbiusstrip (Fig. 11). Visualizationof low (green)
andhighcurvature(red)pointsof a50 � 52 � 16thick-
enedMöbiusstrip.

The reconstructionof curvature using the method de-
scribedin section3 involvesmany steps.Its timecomplex-
ity dependsmainly on how many planecurvatures(i.e.,
equationsof system(5)) are reconstructed,and how the
pointson the isosurfacearereconstructed.In the discus-
sionin section3.3wegavereasonswhy thereconstruction
of curve pointsshouldbe doneasaccuratelyaspossible.
Thereforewedonotencourageto savetimethere.Instead,
time shouldbesaved adoptingthe numberk of the equa-
tionsin thesystem(5). To demonstratethetiming wehave
usedtheextremevaluesof k. For k 
 3, thecurvaturehas
beenreconstructedin approximately4500voxelspersec-
ondwhile for k 
 28 thespeedwasabout2000voxelsper
second.The time hasbeenmeasuredon a PCwith a 400
MHz PentiumIICPUand512MB of RAM.

5 Conclusion and Future Work

We haveproposeda new classof transferfunctionswhich
assignoptical propertiesto principal curvaturesrecon-
structedfrom the input data. Suchtransferfunctionsal-
low to set(at leastlocally) theopticalpropertiesto objects
with respectto their shape.Moreover, within oneshape
class,theobjectscanbedistinguishedby curvaturemagni-
tudes.As opposedto densitytransferfunctions,curvature
transferfunctionsallow to seethestructuralchangesinside
solidobjectsevenif thedensitychangesaresmall. In con-
trastto the densitytransferfunctions,moreover, both the
domainandthesignificanceof its partsareapplicationin-
dependent.This yieldsanautomaticinitial setupandeasy
specificationby theuser.

On the otherhand,thereareseveral factswhich make
the implementationof the presentedconcept difficult.
Firstly, it is an absenceof a robust algorithmfor estima-
tion of principalcurvaturemagnitudes.Thealgorithmwe
have usedreducesthis problem to curvatureestimation
of planarcurves and is thus only dependenton the ac-
curacy of methodswhich dealwith this two-dimensional
sub-problem.Thesemethods,however, arenot supposed
to berobustandaspecificalgorithmshouldbechosenwith
carefor a particularapplication. Our implementationof
theosculatingcircle method,for instance,tendsto exhibit
staircaseartifactsin areaswherethesurface’sprincipaldi-
rectionsarenot alignedto the grid axis of the input vol-
ume. Secondly, the curvatureestimationcanbe time de-
manding,which canmake the conceptunsuitablefor on-
line rendering.Thecurvaturescanbe,however, computed
in a preprocessingstepandstoredin separatevolumes.



Futureresearchshouldprimarily concentrateon a bet-
ter estimationof curvature.For thepresentedmethod,for
instance,theuseof a largerneighborhoodor betterrecon-
structionfilters for thedescriptionof planarcurvescanbe
takeninto consideration.A quantitativeerroranalysisand
a comparative studywith otheralgorithmswould help to
find out themethodusablefor visualizationof realdata.
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Figure6: Specificationfor Figures7, 8, and9

Figure7: Wire framecube

Figure8: Wire frameoctahedron

Figure9: Facetcube

Figure10: Torus

Figure11: Möbiusstrip


