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Figure1: CT scansof a lobsteranda tooth,representedonCartesianandbody-centeredcubicgrids(left andright images,respectively). The
representationvia body-centeredcubicgridsrequiresapproximately30%lesssamples.

Abstract

The classificationof volumetricdatasetsaswell as their render-
ing algorithmsaretypically basedon therepresentationof theun-
derlying grid. Grid structuresbasedon a Cartesianlattice arethe
de-factostandardfor regularrepresentationsof volumetricdata.In
this paperwe introducea moregeneralconceptof regulargridsfor
the representationof volumetricdata. We demonstratethata spe-
cific typeof regular lattice- theso-calledbody-centered cubic - is
ableto representthesamedatasetasa Cartesiangrid to thesame
accuracy but with 29.3%lesssamples.This speedsup traditional
volumerenderingalgorithmsby thesameratio, which we demon-
strateby adoptingasplattingimplementationfor thesenew lattices.
We investigatedifferentfiltering methodsrequiredfor computing
thenormalson this lattice.Thelatticerepresentationresultsalsoin
losslesscompressionratiosthatarebetterthanpreviously reported.
Althoughotherregulargrid structuresachievethesamesampleeffi-
ciency, thebody-centeredcubicis particularlyeasyto use.Theonly
assumptionnecessaryis thattheunderlyingvolumeis isotropicand
band-limited- an assumptionthat is valid for mostpracticaldata
sets.

Keywords: volumedata,Cartesiangrid, closepacking,hexagonal
sampling,bodycenteredcubic

1 Introduction

Differentgrid structureshave beenstudiedextensively in various
fields like chemistry[18], solid statephysics[1], condensedmat-
ter physics[10] or crystallography[7]. Researchersin thesefields
have studiedthestructureof atomsandmolecules,which areoften
placedin a regular grid structure. This structureis optimizedfor
energy states1 andresultsin coveringspaceascloselyaspossible.���
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1This is, of course,aseriousoversimplification.However, for almostall
theelementsthelowestenergy stateis crystalline[10].

Results in multi-dimensionalsignal processingshow that a
Cartesiansamplingstructureis not the most efficient one [16].
Efficiency hereis measuredin termsof samplingpoints per unit
hyper-volume. Undertheassumptionthat thesampledfunction is
isotropicandband-limitedthe resultingfrequency supportwould
be a hyper-sphere. Hence the most efficient samplingscheme
would arrangethereplicated(hyper-spherical)frequency response
asdenselyaspossiblein frequency domain.

Theproblemof how to placeasmany (hyper-)spheresaspossi-
ble in a fixed(hyper-)volumeis known asthespherepackingprob-
lem [14]. This hasbeenstudiedby many mathematiciansin up to
quitestaggeringdimensions(ConwayandSloane[3] giveexamples
of dimensionsup to 1048584). The problemof packingspheres
optimally hasbeenstatedin 1900 by Hilbert as his now famous
Problem18 [6]. It is still not solved completely. However, sev-
eral regular grid structuresareknown which areoptimal. Among
theseis the body-centeredcubic (bcc) grid, which turnsout to be
particularlyeasyto use.

In the imageprocessingcommunityit is well known that sam-
pling an image on a Cartesiangrid is not optimal. By using a
hexagonalsamplingschemeonecansave13.4%samples[12]. Re-
searchhasbeendirectedto adaptalgorithmslike straightline gen-
eration [9], distancetransformations[2], or oversampling[8] to
hexagonalgrids. However, the inherentCartesianstructureof dis-
playdeviceslimits theuseof hexagonalgridsfor imageprocessing
sothat2D hexagonalgridsarerarelyused.

In volume visualization, or generallywhen dealing with 3D
functionswe arenot boundto Cartesiangrids. The representation
of thefunctionwe wantto visualizecanbearbitrarily chosensince
typicallyonly two-dimensionalprojectionsof thedatasetareexam-
ined.Sinceit hasbeenshown thatabccgrid canrepresentisotropic,
band-limiteddataasaccuratelyasCartesiangridsusing29.3%less
samples[4], theadvantagesof usinga bccgrid aresignificant.

In thispaperwewill show how wecantake advantageof hexag-
onalsamplingin volumerendering.We outlineandproposesolu-
tions for the inherentissuesof re-samplingof rectangulargridsas
well asinterpolationandgradientestimation.

Theremainderof thispaperis organizedasfollows. Wesumma-
rize theresultsof hexagonalsamplingin 2D andderive anoptimal



samplingschemein 3D in Section2. In Section3 we show how
the splatting� algorithm,including storingof the dataandgradient
estimation,canbe adoptedfor bcc grids. Section4 examinesac-
quisitiontechniquesfor datasampledonbccgrids. In Section5 we
presenttheresultsof our experiments.Someideasfor futurework
arepresentedin Section6, andwederiveconclusionsof ourstudies
in Section7.

2 Baseband Optimal Sampling

Usually, no a priori knowledgeaboutthe (continuous)underlying
functionswe aresamplingis available. Therefore,we assumethat
thesefunctionsareisotropic,i.e., they do not have a preferreddi-
rection.Anothercommonassumptionis thatthey areband-limited.
Both assumptionstogetherresult in the property that their fre-
quency responsesarehyper-spheres(circles in 2D andspheresin
3D, respectively).

Samplingsuchsphericallyband-limitedfunctionswill result in
replicatingtheprimaryspectrumin the frequency domain[15]. In
orderto reconstructtheunderlyingcontinuoussignalperfectly, we
needto ensurethatthesamplesin spatialdomainarecloseenough,
sothat thealiasedspectrain thefrequency domaindo not overlap.
Optimalsamplingwould beachievedif thenumberof samplesthat
fulfill this condition is minimal. In 1D this is alsoknown as the
Nyquistsamplingrate. In orderto optimally samplein higherdi-
mensions(i.e., to useasfew samplesaspossible),aliasedspectrain
thefrequency domainhaveto bepackedascloselyaspossible.This
problemis known asthe sphere packing problem[14], which has
beenextensively studiedand solutionsfor regular packingstruc-
turesin 2D and3D exist.

As a motivation andfor the sake of simplicity we will first de-
scribeour methodto find an optimal samplingpatternin 2D be-
forewedirectlydelve into themysteriousstructureof 3D Euclidian
space.

2.1 Optimal sampling density in 2D

Wewill describesamplingasamappingfrom indicesto actualsam-
plepositionsasintroducedin [4]:�
	�
����������� �

(1)

Herethe integers
��� �

arethe indicesof thesampleand
	�� �

is it’ s
correspondingsamplingposition. The matrix

�
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samplingmatrix, describesthemappingitself, e.g.,��������� �"!# �%$'& (( $ � �
(2)

is thematrix for rectangularsamplingwhich simplifiesto thecom-
monly usedregular (Cartesian)samplingfor

$ &  $ �
. Hexagonal

samplingis mostconvenientlydescribedby thematrix�*) �,+��"!  � $'& &� $'&( $ � �
for
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which virtually just performsa shearof the rectangularsamples
followed by a for-shortening.When

�
describesthe samplingin

spatialdomain,thematrix 2 , satisfying243 �5 17698
(4)

with 2 3 beingthetransposeof 2 and
8

beingtheidentity matrix,
describesthe positionsof the replicasin frequency domain. This

hasbeenprovenby severalpeople[4]. It is thereforecalledperiod-
icity matrix [4]. Applying Eq.4 to Eq. 2 we obtaintheperiodicity
matrix for rectangularsampling2 �:�;�,� �"!  �=<�& (( < � �

(5)

with
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< �  �,>?�B . Theperiodicitymatrix for hexagonal
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whereagain
<�&  �,>?E@ . The2D FourierTransformF of a circularly

band-limitedsignalhasthepropertyGIHKJ &L� J �NM  (
for
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where

S
is themaximumfrequency in thedataset.Thisbaseband

can be inscribed,for example, in a squarewith length U  1 S
(correspondingto rectangularsampling).In otherwords,

<�&
and

< �
in Eq. 5 have to beequalto

1 S
. On theotherhand,thebaseband

can also be inscribedin a hexagonwith side length U  �V W S
(correspondingto hexagonalsampling). This meansthat in Eq. 6< �

hasto be equalto
1 S

(seeFig. 2). Calculatingthe sampling
matricesfrom theseperiodicitymatrices,weendupwith� ������� �"!  � >X (( >X �

(8)
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The samplingdensity is proportionalto
&

det [ [4]. By taking the
ratio

Y
det
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we seethathexagonalsamplingrequires13.4%lesssamplesthan
rectangularsampling.

2.2 Optimal sampling density in 3D

Analogousto the 2D case,we candescribethe mappingfrom in-
dices

��� � �:^
to coordinates

	_� � ��`
for rectilineargridsusingthefol-

lowing matrix: � �:�;�,� W ! bac $ & ( (( $ � (( ( $ Wedf (13)

whichwill beregular(rectangular)when
$'&  $ �- $ W .

As expected,regular rectangularsamplingin 3D is (as in 2D)
not optimal. It is importantto notethatanoptimalspherepacking
for arbitrarypackingstructuresin 3D is not known. However, sev-
eraloptimalpackingstructures,all with equalsamplingdensity, are
known for thecaseof regularsampling,i.e., structuresthatcanbe
describedby threebasevectors. Fortunately, this is exactly what
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Figure2: 2D regularrectangularandhexagonalsamplingin spatialandfrequency domain.

we need,sincewe do not want to sacrificetheimplicit indexing of
thegrid pointsthatmakesregulargrid representationssoattractive.

Amongtheoptimalregularpackingstructuresarethehexagonal
closepacked(hcp)structureandthefacecenteredcubic(fcc) struc-
ture [3]. In orderto achieve a closepackingin frequency domain
usinganfcc lattice,weusethefollowing matrix:

2hg ���  243g ��� bac < (i<(i< << < ( df (14)

An fcc lattice consistsof simplecubic cells with additionalsam-
pling pointsin thecenterof eachcell face.Onecell of anfcc lattice
is depictedin Fig. 3 with thebasevectorsfrom Eq.14.

By pluggingEq. 14 in Eq. 4 we endup with a samplingmatrix
whichdescribesa bodycenteredcubic(bcc)lattice:��j ��� lk1 ac $ C $ $C $ $ $$ $ C $ df (15)

with
$  �,>m .

A bcclatticealsoconsistsof asimplecubiccell but with onlyone
additionalsamplingpoint, which is right in the centerof the cell.
Fig. 4 depictsonecell of abcclattice.Note,thatthebasevectorsof
Fig. 4 do not correspondto Eq. 15, astheseareratherunintuitive.
Wechoseanothersetof basevectors,which is moreconvenientfor
our purposeof indexing thedatapoints,seeSection3.1. They are
describedby thesamplingmatrix��j ��� bac $ ( &� $( $ &� $( ( &� $ df (16)

u1

u2

u3

Figure3: Onecell of anfcc latticewith basevectors
<*n

. Theblack
dotsmark additionalsamplepoints(in the centerof the faces)as
comparedto a simplecubiccell.



To guaranteethatthereplicasin frequency domaindo notoverlap,
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Figure4: Onecell of abccstructurewith basevectorso n . Theonly
differenceto asimplecubiccell is oneadditionalsamplepointright
in thecenterof thecell, markedwith a blackdot.<

hasto beequalto
1 S

for rectangularsampling.Sincetheperi-
odicity matrix is analogousto the2D periodicitymatrix we endup
with Y

det

� ������� W ! Y  6 WS W (17)

For thefcc lattice,
<

hasto beequalto
. 1 S

, whichyieldsY
det
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(18)

By againtakingtheratioY
det

�������,� W ! YY
det

��j �;� Y  ( Z p ( p (19)

weseethatweneed29.3%lesssamplesthanwith rectangularsam-
pling2. Thismeansthatif wesampleafunctiononaregularrectan-
gulargrid with samplingdistance

$ �
, wecanincreasethesampling

distance
$ j

for a bccgrid to
. 1 $ �

.
In the above examplewe startedwith an fcc lattice in the fre-

quency domainwhichresultedin abcclatticein thespatialdomain.
We couldalsochooseanhcplattice,sinceit hasthesamepacking
densityasan fcc lattice [3]. However, anhcp lattice in frequency
domainis alsoanhcplattice in spatialdomainandhcplatticesare
ratherdifficult to index [7]. Therefore,wepreferto useabccgrid.

3 Implementation Details

In orderto usea bcc grid in practicewe have to addresssomein-
herentimplementationissues.First,we have to think abouthow to
organizethe grid in memory. We presenta schemewhich stores
the samplingpoints in a three-dimensionalarray. The addressing
schemeis of specialimportance,sincewewantto takeadvantageof
theimplicit orderingin regulargrid structures.Next wedescribethe
slight modificationsnecessaryto usesplattingon bcc grids. Here

2DudgeonandMersereau[4] give a ratio of 0.705,i.e.,29.5%lesssam-
ples.This is simplydueto aroundingerror, comparetheresultsof Petersen
andMiddleton[16].

we needto addressissuesof interpolation.In orderto incorporate
shadingin our renderingalgorithm we describetwo methodson
how to estimategradientson grid pointsof a bcclattice.

3.1 Storage scheme

For thesakeof simplicity andclarity of figures,wefirst presentour
storageschemein 2D which is thenextendedto 3D.

In 2D the optimal sampling pattern is hexagonal sampling.
Hexagonalsamplingasdescribedby Eq. 3, resultsin ratherawk-
ward indexing aswe still want to samplea rectangulararea. The
meaningof thematrix in Eq.3 is to shift the

� � )
row by theamount&� $ & �

. Sincethisholdsfor infinite longrows,theresultwouldbethe
sameto shift thesamerow by

&� $ & H � C 1 M  &� $ & � C $ &
. Extending

this ideaandsincewe actuallylike to describea finite, rectangular
area,we shift only rows with odd index which is achieved by the
following matrix:�*) �,+��"!  � $'& &� $'& H �

mod
1 M( $ � �

for
$ � /. 01 $ &

(20)

Theeffect is illustratedin Fig. 5. On theleft, theresultof applying
Eq.3 canbeseenwhereastheeffect of applyingEq.20 is depicted
on theright.

Thesameproblemexistsin 3D. However, thesolutionis assim-
pleasin 2D. Thefollowing matrix��j �;� bac $ ( &� $ H ^

mod
1 M( $ &� $ H ^

mod
1 M( ( &� $ df (21)

shiftsonly planeswith oddz-coordinateshalf a unit in x andy di-
rection. The result is that thesliceswith even z coordinatesmake
upa3D Cartesiangrid, thesliceswith oddz coordinatesalsomake
up a 3D Cartesiangrid which is shiftedto the centersof the first
grid. Fig. 6 shows a bccgrid with the two inter-penetratingCarte-
siangridsmarkeddifferently. In practicewe still storethedatain a
3D arraywith animplicit shift of sliceswith oddz coordinates.

Figure6: A bccgrid interpretedastwo inter-penetratingCartesian
grids.

3.2 Splatting on bcc grids

Theoriginal splattingalgorithm,asdescribedby Westover [19], is
straightforwardly adoptedto bcc grids. This algorithm gains its
power by using sphericalreconstructionkernels. Thesekernels
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Figure5: Differentindexing schemes.Theimageon theleft correspondsto Eq.3. Thefigureon theright correspondsto Eq.20

have sphericalextendin the frequency domain. Hencetheseker-
nelspreserve a sphericalregion during the reconstructionprocess.
Sincethe aliasedspectrafor the hexagonalgrid are redistributed
suchthat they do not overlapwith the primary spectrum,we can
usetheexistingsphericalkernelswithoutany modifications.

Sincethe datais still organizedin a 3D array, we traverseit in
a back to front manner. Carehasto be taken when traversingin
z-directionasplaneswith odd andeven z-coordinateshave to be
separated.Beforeapplyingthetransformationmatrix we applythe
samplingmatrix (Eq.21) to shift thevoxelsto thecorrectposition.
Onemorethinghasto bechangedin existingcode,thatis thecom-
putationof gradientsfor shading. For this purpose,we adopted
centraldifferencesto bccgrids.

3.3 Central Differences on bcc grids

Gradientsareratherimportantin volumevisualization. They are
mostoftenusedfor classificationandshading.Therefore,we need
to beableto computegradientson bccgrids. Themostcommonly
usedmethodto estimategradientsis thecentraldifferencesmethod.
Therearetwo waysto adoptthismethodto bccgrids.

Thefirst ideaexploitsthefactthatwehaveaCartesiangrid struc-
turein all theslicesthatareparallelto amajoraxisdirection.Hence
partialderivativesin eachdirectioncanbecomputedthroughstan-
dardcentraldifferences.However, usingour indexing schemewe
have to adoptthefollowing equationfor computingthecentraldif-
ferencein thez direction:q�rts 	�� � �"`Eu vk1 $ H q�s 	�� � �,` O 1 u C q�s 	�� � ��` C 1 u M

(22)

This methodrequiresexactly asmany operationsascentraldiffer-
encesonCartesiangrids.Theconceptualproblemwith thismethod
is thatwedonotusetheactualclosestpointsin orderto estimatethe
derivatives. Furthermorethedistancesin the

`
directionarewider

thanin the
	

and

�
directions.Hencewe would expectanisotropic

artifactsusingthis method.

This can be rectified in our secondmethod. For the second
method we follow the philosophy that the eight closestpoints
shouldhave themainimpacton thereconstructedvalue.Hencewe
arecomputingtheaverageof thecentraldifferencesateachedgeof
thecubiccell that thecurrentpoint is locatedin (compareFig. 4).

This resultsin thefollowing formulasfor thepartialderivatives:q + s 	�� � ��`Eu  kw $ xn y z�{}|"~�y &��� {t|�� & y &���� H � M q�s 	 C ��� � C � �"` C ^}u
q7�ts 	�� � ��`Eu  kw $ xn y z�{}|"~�y &��� {t|�� & y &�� � H � M q�s 	 C �"� � C � �:` C ^}u

(23)

q r s 	�� � ��`Eu  kw $ xn y z�{}|"~�y &��� {t|�� & y &�� � H ^ M q�s 	 C �"� � C � �:` C ^tu
with �  � O H `

mod
1 M

and

� H 	 M �� k
if

	  (
or

	  C kC k
if

	  k (24)

The introductionof � and � H 	 M
aredue to the propertiesof our

storagescheme.
This methodrequires8 operationsper partial derivative asop-

posedto onesubtractionper partial derivative for Cartesiangrids.
However, as we are calcualtingthe gradientsin a preprocessing
step,this hasno majorimpacton therenderingperformance.

4 Acquisition of Optimally Regular Sam-
pled Volume Data

After having settledtechnicaldetailsaboutusingoptimallysampled
regularvolumedata,wehave to dealwith thequestionwhereto get
datasetssampledonsuchbccgrids.Thereareseveralpossibilities.

The first possibility is to sampleartificial data sets,given as
3D analytic functions,like a sphereor the Marschner-Lobb func-
tion [11], on a bccgrid. Generally, datasetsobtainedvia voxeliza-
tion [17] canstraightforwardly begeneratedon a bccgrid. This is
especiallyusefulfor evaluatingtheapplicabilityof bccgridsasthe
frequency contentof suchdatacandirectlybecontrolled.

Second,thereis of coursethe possibility to resampledatasets
on Cartesiangrids to a bccgrid. Sincethis resamplingstephasto
beperformedjustoncefor generatingthenew dataset,anarbitrary
goodreconstructionkernel(e.g.,a ratherwide windowedsinc)can
beused.

Thethird andmostinterestingpossibilityis to takeraw datafrom
modalitieslike CT or MRI anddirectly generatebccgrid datasets
from them.Raw datafrom tomographydatasets(CT, PET, SPECT)
is typically given by many 2D or 1D projections.Henceadapting



reconstructionalgorithmfor bccgridshasthepotentialof speeding
up these� typically very costlyoperationsby almost30%. Likewise
imagedataacquiredin the frequency domain(e.g. MRI) couldbe
(re)sampledontoanfcc grid. We couldeasilyacquirethesamples
in the frequency domainon a facecenteredcubic grid andusea
modifiedinverseFFT to generatea bcc grid dataset. That would
allow eitherfasteracquisitiontimesor moreaccurateimageswhen
samplesareacquiredon a bccgrid.

5 Results

Wepeformedseveralteststo evaluatetheapplicabilityof bccgrids.
First,wecomparedourgradientreconstructionschemesto thecom-
monly usedcentraldifferenceson Cartesiangrids.Then,we modi-
fiedanexistingsplatterto operateonbccgrids.Finally, assampling
on bcc grids resultsin a kind of compressionof the data,we also
comparedit to existingcompressiontechniquesfor volumetricdata.

5.1 Gradient estimation

In order to evaluatethe quality of the gradientapproximationwe
usedthreedifferentanalyticalfunctionsfor comparisonpurposes:� sphericalwith linearfalloff:q & H 	�� � ��` M =� 	 � O � � O ` �

(25)� Sincfunction:q � H 	�� � �"` M ��"��� H � 	 � O � � O ` � M� 	 � O � � O ` �
(26)

� simplifiedMarschner-Lobb:q W H 	_� � �"` M  �"��� H 	 � O � � O ` � M
(27)

We computedtheactualfunctionvaluesat thepositionsdefinedby
thebccgrid sothatno errorswereintroducedduringthesampling
process.We thenappliedour two gradientreconstructionschemes
andcomputedthe differenceof the normalswith the analytically
computednormalsat the samplinggrid. We recordedtwo errors
– the error in the magnitudeof the normalaswell as the angular
error in thenormal. We thenlooked at theseerrorsin onesliceat
a time. Sincein our indexing schemeanxy-slice(z is constant)is
easyto extractwechosexy slices.Furthermore,wewereinterested
in how well theseerrorscompareto errorsintroducedby central
differencesandlinear filtering on regular rectilineargrids. Hence
we computedthenormalsasif theoriginal datasetwasgivenon a
rectangulargrid usingcentraldifferencesandlinearinterpolation.

Theresultsof our experimentcanbeseenin Fig 7 (a) – (c). The
first row shows the relative error in magnitudewherethe second
row shows the angularerror. Columnonedepictstheerrorof our
first gradientreconstructionmethod(Eq. 22) that is basedon cen-
tral differencesat the grid point itself. Column 2 correspondsto
methodtwo (Eq.23),which is theaverageof all centraldifferences
at theof thecubeedgessurroundingthesamplingpoint. In thelast
columnwe computedthe linearly interpolatedcentraldifferences,
assumingthedatasetwasgivenon a regulargrid with correspond-
ing dimensions.

Fig 7(a)shows theerrorimagesfor function
q &

. In this imagean
angularerror of 15 degreesandan amplitudeerror of 30% corre-
spondsto white(255).Fig.7(b)showstheerrorimagesfor functionq �

. Hereanangularerrorof 30 degreesandanamplitudeerrorof
60%correspondsto white (255).Finally theresultsfor function

q W

(a)

(b)

(c)

Figure7: Differenceimagesof analyticallycalculatedgradientsto
our gradientestimationschemes(seeSec.3.3), first two columns,
andcentraldifferenceswith linear interpolation,third column,for
(a) sphere,(b) Sinc, and(c) simplified Marschner-Lobb function.
Thetoprowsshow theerrorin magnitudewhereasthebottomrows
show the angularerror.(a) error in magnitudeby 30% andan an-
gularerrorof 15 degreescorrespondsto white, (b) amplitudeerror
of 60% andan angularerror of 30 degreescorrespondsto white,
(c) amplitudeerrorof 10%andanangularerrorof 5 degreescorre-
spondsto white.



aredisplayedin Fig. 7(c). Here5 degreesfor theangularerrorand
10%for theamplitudeerrorcorrespondto white (255).

From theseimageswe concludethatboth our differencemeth-
ods are quite comparablewith centraldifferencingand linear in-
terpolationon regular grids. Henceoneneednot to worry about
quality lossby usingbcc grids for volumerenderingapplications.
Furthermoresincethereareno large differencesbetweenthe two
introducedmethodsin Section3.3,we don’t find theexpensive op-
erationsof method2 justified.

5.2 Splatting

Fig. 8 shows imagesof the Marschner-Lobb datasetsampledon
a

w (�� w (�� w (
Cartesiangrid (as describedby Marschnerand

Lobb [11]) on the left respectively a
1 \ � 1 \ ��� ] bcc grid on

the right. This dataset is quite demandingfor a straightforward
splatter, however, theresultsof thetwo differentgrid structuresare
comparablein quality.

Thedatasetsthatweusedfor renderingtheimagesin Fig. 9 (see
color plate)wereproducedusinga high-qualityinterpolationfilter.
Weusedthe � W

-4EFfilter asdesignedbyMöller etal [13]. In Fig.9
we show resultsof renderingthelobsterlobsterdataset,aswell as
“neghip” datasetaswell astheHigh PotentialIron Proteindataset
by Louis NoodlemanandDavid Case,of ScrippsClinic, La Jolla,
California.Again,a regularCartesiangrid wasusedon theleft and
a bcc grid on the right. Therearesomesmall visible differences
in theimages,which mostlystemfrom thedifferenttransferfunc-
tions. Sincewe classifydifferentvaluesthat represent2 different
grid positionsonecannotexpect identicalpictures.Hencewe see
somedifferencesresultingfrom the problemof pre-classification
[20].

We alsodid sometimings which arereportedin Table1. It is
interestingto notethat thespeedupfor somedatasetswerebigger
thanexpected.Thiscouldhavebeencausedby thedecreasedmem-
ory cachingnecessary. For a very small dataset(lobster)we saw
expectedspeedupsnear30%.

5.3 Compression

Our resultsindicatethat the resampleddatahave the potentialto
leadto bettercompression.Wewereableto show thatourcompres-
sionratiosfor practicaldatasetsarebetterthanwhatwasachieved
using the gzip utility. Also, our overall compressionratioswere
betterthenpreviously reported[5]. Table2 shows compressionra-
tios of variousvolumedatasets. Note, that the last two columns
give percentagesascomparedto the original datasize indicating
the overall compressionratio, which is what we areinterestedin.
However, thecompressionof syntheticdatasetsis a rathersurpris-
ing resultandneedsto befurtherinvestigated.

6 Future Work

We would like to adoptothervolumerenderingalgorithmsto body
centeredcubicgridsandseehow they perform.As thebccgrid ac-
tually consistsof two Cartesiangridswhichareshiftedwith respect
to eachother, it shouldbepossibleto designa shear-warp like al-
gorithmfor bccgrids. For thesamereasonit shouldbepossibleto
acceleratevolumerenderingby theuseof graphicshardware.

It would alsobe necessaryto comeup with a ray-castingalgo-
rithm. For this purposeit would be interestingto investigatethe
effectsof interpolatingwithin bccgrids. Therefore,we would like
to adoptour filter analysisand designmethod[13] to bcc grids.
Sinceeachsamplingpoint in a bcc grid haseight nearestneigh-
bors(asopposedto a Cartesiangrid), sphericallysymmetricfilters
would deserve a morethoroughinvestigation.

7 Conclusions

We have presenteda samplingschemeof volumedatawhich saves
29.3%samplesas comparedto Cartesiangrids. We assumethat
the functionswe aredealingwith are isotropicandband-limited,
i.e., their frequency spectraarespheres.Therefore,a samplingpat-
tern can be usedin a way that the replicasin frequency domain
(introducedby thesamplingprocess)arepacked closely. Thereis
no uniquesamplingpatternwhich achievesthis,however, we have
showedthatabodycenteredcubicgrid resultsin aclosepackingin
frequency domainandis easyto use.With thissamplingpatternwe
reducedatasizeandthereforeimprove renderingrateswithout loss
of quality.

To demonstratethe applicabilty in volume rendering,we have
adoptedthe splattingalgorithmto bcc grids. This requiresjust a
few changesof an existing codeand is straightforward to imple-
ment.In orderto performclassificationandshadingof thedatawe
developedtwo gradientreconstructionschemes.Empiricalexperi-
mentswith analytical3D functionsshow thatthesearecomparable
with centraldifferencescommonlyusedonCartesiangrids.Webe-
lieve that significantgainscanbe achieved by usingbcc grids in
volumevisualizationandvolumegraphicsin general.
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[13] T. Möller, K. Mueller, Y. Kurzion,R.Machiraju,andR.Yagel.
Designof accurateandsmoothfilters for functionandderiva-
tive reconstruction.In 1998SymposiumonVolumeVisualiza-
tion, pages143–151.ACM SIGGRAPH,October1998.ISBN
0-8186-9180-8.Held in ResearchTrianglePark, North Car-
olina.

[14] N.J.A.Sloane.Thespherepackingproblem.In ICM: Proceed-
ingsof theInternationalCongressof Mathematicians, 1998.

[15] A.V. OppenheimandR.W. Schafer. Discrete-TimeSignalPro-
cessing. PrenticeHall Inc., Englewood Clif fs, 2nd edition,
1989.

[16] D. P. PetersenandD. Middleton. Samplingandreconstruc-
tion of wave-number-limited functionsin � -dimensionalEu-
clideanspaces.InformationandControl, 5(4):279–323,De-
cember1962.
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Figure9: Imagesgeneratedvia splattingonaCartesiangrid ontheleft respectively abody-centeredcubicgrid ontheright. Thebody-centered
cubicgridsrequireapproximately30%lesssamples.Only smallqualitydifferencesarevisible, thatlikely arecausedby pre-classification.


