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Fig. 1. We showcase metalog materials exhibiting a diverse range of reflectance behaviors, including an analytic Trowbridge-Reitz (TR) material, measured
materials from the RGL material database [Dupuy and Jakob 2018], and materials acquired via differentiable rendering. Our representation naturally
supports interpolation between materials, enabling applications such as spatially varying bidirectional reflectance distribution functions (SVBRDFs). The
plots on the left and right show bivariate metalogs for selected incident directions of the indicated materials.

A central aspect of modern physically based rendering is the practical yet
realistic modeling of material appearance, which requires efficient and ac-
curate representations of bidirectional reflectance distribution functions
(BRDFs). In this paper, we present a unified material reflectance represen-
tation based on metalog distributions. Introducing quantile-based metalog
interpolation and metalog mixture models, our representation captures a
wide range of complex reflectance behaviors of both analytic models and real-
world materials, while remaining interpretable and efficient. Our approach
achieves competitive runtime performance and a small memory footprint,
while enabling continuous interpolation between fundamentally different
reflectance behaviors. Furthermore, our model is fully differentiable with
respect to the coefficients defining the distributions, thus easily integrates
into existing differentiable rendering pipelines. In summary, metalog materi-
als can effectively represent real-world reflectance data, interpolate between
multiple materials within a unified representation, and be acquired from
real-world images via differentiable rendering.
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1 Introduction

Physically based rendering is crucial in modern computer graphics
for accurately simulating real-world light-material interactions. A
key challenge in this field is efficiently and realistically represent-
ing materials’ optical properties through bidirectional reflectance
distribution functions (BRDFs). Despite extensive research, no uni-
fied framework exists; current methods are often domain-specific,
such as analytic models for parametric materials or data-driven
techniques for measured ones. These disparate approaches require
distinct implementations and thus lack interoperability across ap-
plications. To overcome these limitations, we introduce a novel
material representation building on metalog distributions, initially
proposed by Keelin [2016]. Metalogs are continuous probability
distributions known for their flexibility but, to our knowledge, have
previously been unexplored in the rendering community.

Building on these distributions constitutes the core innovation of
our approach. By leveraging their unique properties, we introduce
smooth metalog interpolation via optimal transport and formulate
metalog mixture models. Integrating linear least-squares (LLSQ)
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tting into an expectation maximization (EM) algorithm enables
joint estimation of the mixture coe cients and component distribu-
tions. With these novel contributions, we signi cantly expand the
expressivity of multivariate metalog models, facilitating their appli-
cation to multidimensional scenarios involving highly multimodal
distributions with diverse shapes. In particular, we create a uni ed,
exible, and compact representation of material re ectance, capable
of modeling a wide range of re ectance behaviors.

In summary, we present the following contributions:

A material re ectance model built on metalog distributions,
therefore consisting of interpretable coe cients that enable
e cient storage, sampling, and editing.

Continuous interpolation between materials with fundamen-
tally di erent re ectance behaviors.

E ective compression of measured materials, leveraging the
compactness and shape exibility of metalogs, while achiev-
ing competitive runtime performance.

Our material model is di erentiable with respect to the distri-
bution coe cients and therefore seamlessly integrates into
di erentiable rendering pipelines, enabling optimization of
material parameters to match real-world images.

Taken together, these contributions make our metalog materials a
powerful foundation for material modeling, appearance representa-
tion, and manipulation. We provide supplementary materials, such
as the source code, at h ps://www.cg.tuwien.ac.at/MM.

2 Related Work

In this section, we provide an overview of material models in ren-
dering and review prior work on unifying these models. Following
the taxonomy introduced by Guarnera et al. [2016], we categorize
existing bidirectional re ectance distribution functions (BRDFs) into
three major groups: phenomenological models, physically based
models, and data-driven models. We then review material represen-
tation and sampling methods before introducing metalogs.

2.1 BRDF Models

transmission and Smith's shadowing masking function. Extending
microfacet models for speci ¢ materials or applications is still an
active eld of research [Bagher et a2012; Hill et al2025; Jakob

et al. 2014; Kurt et al2010; Lee et a2018; Léw et a2012; Rosales
etal 2023; Turquin 2019; Xie and Hanrahan 2018]. The Disney BRDF
[Burley 2012] builds on the generalized Trowbridge Reitz (GTR) dis-
tribution, further popularizing TR-based microfacet models through
artist-friendly controls. Heitz et al. unify masking shadowing with
visible-normal sampling and extend microfacet theory to multiple
scattering and volumetric regimes [Heitz 2014; Heitz and d'Eon 2014;
Heitz et al 2015, 2016]. Dupuy et al. [2015] reconstruct microfacet
BRDFs from measured re ectance data via eigenanalysis.

Datadriven models often rely on separable approximations, ex-
pressing the 4D BRDF as a sum of products of lowtgnensional
terms. Early approaches used singular value decomposition (SVD)
[Press et al2007], including Fournier's [1995] approximation of the
Blinn Phong model from Ward's [1992] measurements. While accu-
rate, SVD is expensive and may yield negative factors [Guarnera et al
2016]; normalized decomposition provides a cheaper,-optimal
alternative [Kautz and McCool 1999]. Other decompositions have
also been investigated [McCool et 2001; Rusinkiewicz 1998]. A
major milestone was Matusik et al's [2003] BRDF database. Their
complementary wavelet analysis also identi es necessary sampling
frequencies. Further research has focused on compact and editable
representations, often employing wavelets or PCA linearization
[Bilgili et al. 2011; Claustres et.@&2004; Lawrence et #2006; Sun
et al. 2007]. While convenient for editing [Serrano et 2016], PCA
imposes a global linear subspace, which may limit expressivity for
data-driven re ectance models. Dupuy and Jakob [2018] generalize
microfacet tting and present a comprehensive database of real-
world material measurements. Fitting our metalog models to their
data achieves comparable visual delity and runtime performance
at much lower memory consumption.

Recently, data-driven material models have also employed neural
networks [Kuznetsov et ak021; Sztrajman et 82021; Zeltner et al
2024; Zhou et aR026] providing compression for o ine rendering
and fast inference for real-time applications. A key advantage of

Phenomenological models describe re ectance using analytic func-our representation is that re ectance and sampling behavior are

tions that are either artist-designed or loosely tted to observed ma-
terials. Early glossy BRDFs include the Blinn Phong model [Blinn
1977; Phong 1975] and the (anisotropic) Ward [1992] model, o ering
e cient Monte Carlo (MC) sampling. These nonphysical models
often lose energy, especially at grazing angles [Guarnera.&@l6].
More recent work includes simpli ed Blinn Phong variants [Neu-
mann et al 1999] and extensions to the Ward model [Diir 2006;
Geisler-Moroder and Dur 2010].

intrinsically linked through metalog distributions, allowing both
BRDF evaluation and importance sampling without intermediate
representations. Compared to the neural BRDF (NBRDF) approach
by Sztrajman et al. [2021], which maps back to parameters of an an-
alytic BRDF model for importance sampling, our metalog approach
achieves lower variance as demonstrated in Y5.4.

While analytic models often provide editable and interpretable
parameters, data-driven or neural models cover a much wider range

Physically based models aim to describe material re ectance ac-of materials, but are often tedious to manipulate or ne-tune. Gen-

cording to physical principles, primarily conservation of energy.
Early work includes self-shadowing [Smith 1967], the Oren Nayar
[1994] model (and its energy-preserving variant [Portsmouth et al
2025]), which remain widely used for their physical realism, as well

as microfacet BRDFs [Blinn 1977; Cook and Torrance 1982; Tor-

rance and Sparrow 1967] for metals and dielectrics, supporting a
broad range of roughness and viedependent color changes. Wal-
ter et al. [2007] used what is now known as the Trowbridge Reitz
(TR) distribution [1975] as GGX in microfacet theory, including
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erally, the main objectives for BRDF models are to represent a wide
range of materials ( exibility), enable artistic expression (editability),
and reduce memory consumption and runtime cost (storage and
sampling e ciency) [Hill et al. 2025; Weidlich 2025].
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2.2 General Representations and Sampling Here, we focus on the case of surface-based re ection, se the
The manifold sampling framework of Herholz et al. [2018] employs ~hemisphere at point x with surface normal n. Combining emission
parametric mixture models (PMMs) to construct e cientimportance ' 4 @nd re ection of incident radianceé from| gvia the bidirectional
samplers for analytic and measured BRDFs. We pursue similar goals '€ ectance distribution function (BRDFj produces the outgoing

of uni ed representation and sampling, but rely on metalog distri-
butions instead. For material interpolation, Herholz et al. [2018]
provide smoothly varying PMMs within the parameter space of
an underlying material model, enabling e cient sampling while
interpolating material parameters. Our representation, on the other
hand, operates directly on the resulting re ectance distributions,
providing a lightweight interpolation scheme using metalogs.
Recent e orts, such as OpenPBR Surface [Andersson.&0&5],

radiance! > in direction| ». Due to its recursive structure and high

dimensionality, rendering commonly relies on Monte Carlo (MC)

integration. A MC estimator of Eq. (1) is

fLixe] 0 =1 4ixe] 20 19 5uelel 2ol @jn 14,
= ea ?U gj xel°

where”denotes an estimatol, g refers here to importance-sampled

directions drawn from the probability density function (PDR) and

@)

also seek to provide a standardized material representation and = is the number of samples. In practicjs chosen using a priori
parameterization across rendering systems. Rather than relying information, such as the BRDF or the distribution of light sources.
on a shared parameter space, our approach operates directly on For BRDF sampling, the main challenge isto nd a distributi@that
the resulting re ectance behavior and thus allows consistent in- is proportional to 5 and can be e ciently sampled and evaluated.
terpretation across material models regardless of their underlying ~ To this end, we build on Keelin's [2016] metalog distributions
parameterization. Our model-agnostic approach increases the gen- ( metalogs ) to construct BRDF representations. In the following, we
erality of the framework and, unlike the parameter-space manifolds summarize their de nition and most relevant properties, deferring
of Herholz et al. [2018], naturally enables interpolation across all details on our material models to Y4. Metalogs are de ned via their
materials represented within our framework. quantile function as a linear combination of C basis functions:
Concurrently, Colom et al. [2026] developed a model-agnostic ©)

n 81~ J a®=a 51~0%
representation of BRDFs based on Gaussian-process regression to

obtain compact re ectance models without assuming a particu-
lar material model. The resulting representation accurately recon-
structs re ectance behavior. For importance sampling, they convert
their model to spherical harmonics and sample using the technique

of Jarosz et al. [2009]. Our work is also related to learned impor-

where a is a vector of coe cients andb1~° is a vector of basis
functions of the same size de ned &'~° = 1]s |nl~el]l ~00
i~ (0"50|ni~el]l ~00s 1~ ("5O 1~ ("50% 1°2 fgrodd; 5e
1~ 075921 |ni~e1] ~00foreven; 6°> with ; C denoting
the basis-function index. Here, 2 10-1° denotes the cumulative

tance sampling approaches such as neural importance sampling by Probability and the quantile functiorG =" ¢*~°returns the corre-

Muller et al. [2019], which employs normalizing- ow-based neural
networks to learn sampling distributions for MC rendering. Our
non-neural approach instead provides a representation with small
memory footprint, exposes interpretable coe cients, and supports
both evaluation and importance sampling.

2.3 Metalog Distributions

The metalog distribution family, introduced by Keelin [2016; 2023],
emerged from e orts to create a exible, analytically tractable alter-
native to traditional parametric distributions in statistical modeling
[Keelin and Powley 2011]. Via smooth quantile functions, meta-
logs capture diverse distribution shapes, including skewness, tail
behavior, and multimodality, and extend naturally to multivariate
marginal conditional distributions. To our knowledge, these distri-
butions have not been used in the rendering literature. Our metalog
materials closely approximate most microfacet distributions, includ-
ing TR, and are capable of capturing a wide variety of physical
re ectance behaviors. They thus provide an alternative basis for
BRDFs, combining e cient storage and sampling with interpolation
and di erentiability.

3 Background and Notation

Light transport s typically formalized by the rendering equation [Ka-
jiya 1986]:

1
!>1X'| >0:!41X’| >0’ 51X'|£f| >0!1X'| 3°jn | 8Jd| 8"

@)

sponding quantile. When a is xed or clear from context, we omit
it for brevity. Note that the corresponding cumulative distribution
function (CDF) is the inverse of the quantile function, % =g'1 .

The metalog probability density function (PR~ as a function
of the cumulative probability- can be derived in closed-form using
<g~o =1g" g-d~°l ; we provide Keelin's result in the supplemen-
tary document for completeness. This result makes metalog-based
BRDFs patrticularly convenient for importance sampling: a sample
is generated via inverse transform sampling using the quantile func-
tion " &1~° where~ is uniformly distributed, while the correspond-
ing PDF value is obtained directly by evaluatirgi'~°. Conversely,
evaluating the PDF at a speci c valugrequires rst numerically
solving" 41~° = Gfor ~, before evaluatingti1G° = <j11" o1 1Goo
This root- nding problem is well-suited for a 1D Newton Raphson
method due to the monotonicity of the CDF. In the context of
metalog-based BRDFs, this case arises for example when using
multiple importance sampling (MIS).

Metalogs provide high shape exibility, allowing the representa-
tion of varying degrees of skewness, tailedness, and (to some extent)
multimodality. Coe cients can also be intuitively interpretedd;
corresponds to the median, while the remaining coe cients control
the distribution's shape; in particulaf),, 03, and04 are measures of
scale, skewness, and kurtosis [Keelin 2016]. A larger number of co-
e cients Cyields amore exible distribution. Clearly, the coe cient
vector can be zero-padded to a larger size when needed, without
a ecting the distribution. Figure 2 demonstrates the expressivity of
a metalog tted to heavy-tailed bimodal data.

ACM Trans. Graph., Vol. 45, No. 6, Article 182. Publication date: December 2026.



182:4 " Sakaj Hasbay, Freude, Wimmer, and Hahn

Fig. 2. A single metalog distribution represents highly n@aussian data
with multiple modes: we fit a 1&erm metalog to a Trowbridge Reitz (TR)
distribution with anisotropic roughness parametet$, = 0”2 andUg = 0"3.

Metalog Feasibility. Not all coe cient vectors a yield a valid,
i.e., feasible, metalog distribution. Feasibility requires the metalog
PDF< ¢1~°to be strictly positive ont0-1°, or equivalently, that the
quantile function" #1~°is strictly increasing. Formally, we require
d" ¢i~%d~ j 0in 10+ 1°, leading to the feasibility condition on a:

-~ 05
3 I o>

0,
.—.11

0

— . 8~ 2 10e1°"
(4)

We use this condition to detect and prevent infeasible metalog pa-

rameterizations in our framework.

In 04

1~ -4

i O

Bounded Metalogs. In their original form, Eq. (3), metalogs are
unbounded in their value range. In this paper, we aim to represent
directional distributions, for instance parameterized by elevation
and azimuth angles 2 »0»c+2%q 2 » cec®. For such settings,

Parameter Estimation. Because the (unbounded) metalog quantile
function is linear in its coe cients, estimating these parameters
from input CDF data can be done simply by linear least-squares
(LLSQ) tting. This parameter estimation method can be inter-
preted as the maximum likelihood estimator assuming a Gaussian
noise model [Keelin 2016]. For the bounded case, one rst inverse-
transforms the observed data and ts the unbounded distribution.
Applying the transformation, Eq. (5), then yields the bounded dis-
tribution that ts the original data. We refer to Keelin [2023] for
details and provide the explicit formula and derivations in the sup-
plementary document.

Mixture Models. Beyond tting a speci ¢ distribution to observed
data, mixture models provide a general framework for representing
more complicated, multimodal probability densities as weighted
sums of simpler component distributions [Bishop and Bishop 2024].
Existing methods have primarily focused on mixtures of Gaussians.
When tting a Gaussian mixture model to actual data, the mix-
ture coe cients, component means, and covariance matrices are
typically estimated by maximizing the data likelihood using the
expectation maximization (EM) algorithm. It alternates between
computing responsibilities, which quantify the probability that each
mixture component generated a given data pointgtep), and rees-
timating the mixture coe cients, means, and covariances using
these responsibilities (Mtep), yielding a locally optimal maximum
likelihood solution. In the following sections, we adopt the same
approach, but replace the Gaussian components with metalogs. This
results in metalog mixture models, which retain the exibility of

Keelin introduced bounded metalogs, whose range is restricted to classical mixtures and further improve expressivity through the

given bounds by transforming the original quantile function to

1 ,1p4 <“:“°_

1,4"¢°

"o = ©)
wherel. and1p denote the lower and upper bounds. Note that this
transformation preserves monotonicity, and therefore feasibility, so
Eq. (4) still holds. The PDF of a bounded metalog similarly follows
from the unbounded PDE ¢'~° (see the supplementary document):

1 4-- (lél~0 2

< ~A~0 :<U1~0—
Oy 1A B

” (6)
Multivariate Metalogs. Keelin [2023] provides a marginal condi-
tional construction for extending metalogs to higher dimensions,
where the CDF of a multivariate distributiofiis expressed as the
product of a marginal distribution CDF on the rst variabl# and

subsequent CDF%4” " « %conditioned on prior outcomes:

%1@Q. ”y "';G Z(Vq_lelo O/quj QQ LRI (V&G J Q. ny ".;Q O¢

where the 1D CDF components are inverse metalog quantile func-
tions. This construction ensures that the result is a proper probability
distribution and preserves the sampling e ciency of 1D metalogs.
The multivariate distribution can be sampled by sequentially sam-
pling each conditional component. We also employ this construction
for our BRDFs, but crucially add interpolation between multiple
conditional metalog slices to extend the expressive capabilities of
our material models.
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increased shape exibility of metalog distributions.

4 Our Approach

Having established the necessary background, we now present a
framework for representing material models in rendering using
metalogs. To make metalegased materials practical, we rst ad-
dress the issues of metalog interpolation and constructing metalog
mixtures in general, before focusing on material modeling.

The main building block of our metalog BRDF is the probability
distribution ? such that

5Ugls0cost0 /21 s jl g |5=05eq  (7)

Note that in the following, we adopt the convention of Dupuy and
Jakob [2018], considering the incident light directibg as given,
and the outgoing direction > as sampled, which corresponds to
real-world light transport and therefore measured data acquisition.
Of course, in a path-tracing context, sampling actually constructs
camera-to-light paths in the reverse direction.

We de ne this sampling PDPl 5 j | & implicitly as the proba-
bility density associated with the CDF %d|j | ¢°:

%Us jl & =%NeqO = 95 1,0 o/glq> j\50e (8)

following a marginal conditional construction. Herée\> may be
cosine-transformed to compensate for the non-uniform area distor-
tion across the hemisphere and may be interchanged witlgs in
practice. In the most basic case, we could de ne the marginal and
conditional distributions via metalog quantile functions. In order



to expand the expressive range of our distribution, however, we
instead use 1D metalog mixtures of the general form:
]

% 1G jfc gefage = )

wherefc.  Ogis a sequence of mixture coe cients (I . ¢c =1),
andfa gis a sequence of metalog coe cient vectors (each of length
Q for the individual components. Furthermore, instead of a single
conditional distribution, we use multiple parallel slices at xed

¢ Cl 1Gjads
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Fig. 3. Linearly interpolating the metalog coe icients produces smooth

locations along the marginal axis, see Fig. 7, and interpolate between inermediate metalog distributions, illustrated here by the resulting PDFs

them based on their relative distancg!\ »°. Finally, we de ne the
marginal and conditional distributions:

% 1\ >0
9610 j\s° = interpl_g\ 50

=% 1\ jfc= gefd go
(10)
% 10> j fc 25ge fegg® %1q5 j fc 2 810 fa?8 19%"

Our results, Fig. 13, show that extending the construction to
multiple slices signi cantly enhances the expressive range of mul-
tivariate metalogs. Furthermore, for tting the metalog BRDF to
given re ectance data, we need to determine the coe cients of all
metalog distributionsf a< & g0 together with the mixture coe -
cientsfc =« c? 50 As both interpolation and mixture construction
are problems that apply to metalog distributions independently from
material modeling, we rst address these two issues in a general
framework (Y4.1) before turning to our BRDF formulation in Y4.2.

4.1 Generalized Metalog Framework

Here, we rst de ne metalog interpolation, which enables smooth

transitions between conditional slices and also between di erent
materials. We then address tting our multivariate metalog mixtures

to represent continuous multidimensional data. In the supplemen- —
tary document, we provide details on the tting process and on how

to evaluate the metalog CDF & and associated PDE,

4.1.1 Metalog Interpolation. While linearly blending PDFs, i.e., av
eraging values at xed locations, is a common way to interpolate
distributions, doing so typically introduces arti cial multimodality
when interpolating between unimodal distributions. Instead, we use
quantile interpolation, which moves probability mass continuously
rather than blending densities. In one dimension, this corresponds
to interpolating quantile functions (i.e., inverse CDFs), so that each
guantile shifts smoothly from its initial to its nal location. In the un-
bounded case, this construction coincides with Wasserstein optimal
transport, meaning the transformation minimizes total displacement
of probability mass [Peyré and Cuturi 2019]. As aresult, salient struc-
tural features, such as unimodality, are preserved, and intermediate
distributions show intuitive, structure-preserving deformations.

Recall that the unbounded metalog quantile function is linear in
its coe cients: " ¢~ ja® =a 5~°. Therefore, interpolating two
metalogs with coe cient vectors b and ¢

_"e~ib,1 (11)
results in the quantile function de ned by the coe cient vector
11 2 »00 140 (12)

i.e., quantile interpolation follows directly from linear interpolation
of the metalog coe cients. Instead of directly interpolating bounded

L-ja= o g~jce

a=_b, _Oce

for unbounded (le ) and bounded (right) metalogs.

metalogs as in Eq11) which would be complicated by the non-
linear transformation in Eq(5), we also de ne their interpolation
via the coe cients a, Eq. (12), as

interpt_e " cl~e pOe "cl~e 00 =" (l~e 07 (13)
We thus interpolate their underlying unbounded quantile functions
before transforming to bounds, performing optimal transport in the
distance metric of the unbounded space while preserving smooth
probability-mass transport. Finally, for metalog mixture interpo-
lation, we sort the mixture components by their median and in-
terpolate the corresponding mixture coe cients. The interpolated
conditional in Eq. (10) therefore becomes

%10 j\5° =% 105 j fe?ge ff g

where all ef are interpolated from adjacent sllceéga a2,8 , basedon

g\ >0 following Eq.(12)and analogouslg? = gC..,> 1 _ C.g1”

Feasibility of Interpolated Metalogs. For mterpolatlon to be robust,
it is essential that interpolating between two feasible metalog distri-
butions yields another feasible metalog. Recall that the feasibility
condition, Eq(4), applies to both unbounded and bounded metalog
distributions and is linear in the coe cients. Therefore, (linearly)
interpolating the coe cients of two feasible metalogs yields an-
other feasible metalog. Figure 3 illustrates interpolation results for
both unbounded and bounded metalogs, demonstrating smooth and
feasible intermediate distributions across _

4.1.2 Metalog Mixture Models. While metalogs exhibit consider-
able shape exibility, highly complex distributions with multiple
modes or pronounced skewness and kurtosis may lie beyond the ex-
pressive power of the standard framework. In practice, we observed
a limit of approximately three modes, largely independent of the
number of coe cients. To overcome this limitation and achieve ef-
fectively unbounded expressiveness, we introduce metalog mixtures
in this section, building upon the well-established concept of para-
metric mixture models (PMMs). Our metalog mixture models allow
usto thighly multimodal data, as shown in |:|g 4. The PDF of a met-
alog mixture, Eq(9),is?1G jfecgefa g° = . c. <G ja °"We
estimate the mixture parameteffs . g« fa g by maX|m|zmg the data
log-likelihood using the common EM algorithm. Given observed
data - = fG-g, the log-likelihood is
O
In?1-jfc.gefag®= _In?'G jfc.gefag® (14)

ACM Trans. Graph., Vol. 45, No. 6, Article 182. Publication date: December 2026.



182:6 " Sakaj Hasbay, Freude, Wimmer, and Hahn

Fig. 4. Fiing luminance data over elevation and azimuth (in the data's di-
rectional parameter space) for two materials from the RGL database [Dupuy
and Jakob 2018]: insets report the Wasserstein-1 distance to the empirical
distribution. For an equal number of components, metalog mixtures are no-
ticeably more expressive than Gaussian and von Mises mixtures, even when
using just three metalog coe icients (the other component distributions
use two parameters).

In the E-step, we compute the responsibilitisfor all components
:and samples G

CLdGja°

130 =
et = eesaTar

(15)
In the M-step, we then update the mixture coe qienns_ by aver-
aging the responsibilities for each component = - W1G.%j-j ,
where j-j is the number of data points, and the metalog coe -
cients a with a LLSQ t, solving'Y?Y , °a . =Y>¢ . Here,
is a diagonal regularizer, and the design matrix Y contains the
metalog basis function valuesi~¢° for a preselected sequence
of representatiye quantile levels- og. Using normalized weights
F-. = WG WIGP°, we compute the empirical CDF value
for each data poin®1G.° = 3_,Fg.. From the sorted input data
fG-g and their corresponding empirical probabiliti€% 1G.°, we
then build the right-hand side vector.gby interpolating the data

values at the preselected quantiles, i.e., considering piecewise linear

% 1G9 we setq = G : %1&° = ~¢°>. For bounded metalogs
(with boundsl. « 1), we transform the quantiles component-wise
to @ =6%q ° where6!G° =IntliG 1°11p G°°, see also Keelin
[2016]. (In the unbounded cage = q. .) Because this LLSQ tting
corresponds to the maximum likelihood estimate of the metalog pa-
rameters [Keelin 2016], the EM approach maximizes#&4)(up to
regularization). For multivariate mixtures, the LLSQ tting applies
independently to the marginal and conditional slices, updating their
respective coe cient vectors sequentially. Please also refer to the
supplementary document (YS2) for details on multivariate metalog
mixture tting.
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Fig. 5. Overview of our metalog material fi ing and rendering pipeline.

Samqling Metalog Mixtures. In the 1D case, the mixture CDF is
%1G° = .c." & 1G ja° We can sample from this mixture ef-
ciently using the standard two-stage mixture sampling strategy:
rst, choosing a random component according fo. g, and then
drawing a sample from the corresponding metalog via its quantile
function. In the multivariate case, we represent a joint distribution
by a marginal distribution for the rst variable and a sequence
of nested conditional distributions for the remaining variables. In
particular, our material models rely on bivariate metalog mixtures,
Eq.(10) This hierarchical structure naturally induces a sequential
sampling procedure: drawing the rst variable from the marginal
metalog distribution and then successively evaluating the corre-
sponding conditional metalog quantiles. Each step is driven by an
independent uniform random variable, enabling direct and e cient
sampling from the full multivariate distribution. Additionally, with
this random variable, we can directly evaluate-l~°in closed form
(no further root nding required in this case).

4.2 Metalog Materials

Having described metalog interpolation and mixtures, we continue
with building our re ectance model, which is capable of represent-
ing a wide range of surface scattering behaviors in a uni ed BRDF
framework, as demonstrated in Fig. 1. Speci cally, we rst address
model construction by tting re ectance data from either analytic
BRDFs or measured real-world materials. This tting is carried out
0 ine as a one-time precomputation, resulting in reusable material
models that can be employed across multiple renderings. We then
address rendering of our metalog materials, where we need to per-
form two essential operations: e cient sampling and evaluation of
the material response; Fig. 5 summarizes this process.

4.2.1 Model Construction. The BRBH g | ° (for a xed surface
point) is a fourdimensional function describing directional scatter-
ing density for outgoing direction$ » given an incident direction
| g (each direction represented by elevatibrand azimuthq). By
Helmbholtz reciprocity, the roles of fand | > are interchangeable.

Model Structure. When querying the BRDF during rendering, the
incident direction is known and can therefore be treated as a xed
parameter rather than a random variable subject to sampling. Con-
sequently, representing the full 4D BRDF with a single multivariate
metalog would be impractical, as it would require recovering the
corresponding distribution for a given incident direction using the
Newton Raphson solver described in the supplementary document.
Instead, we discretize the incident-direction domain into a regular
grid parameterized byos\g andqs, and store a bivariate metalog,
Eq.(10) describing the distribution of outgoing directions at each
grid node, Fig. 7. This choice is purely conventional, as incident and
outgoing directions are interchangeable without loss of generality.
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Fig. 6. Overview of our metalog material sampling process: Given an incident direction, we interpolate the metalog distributions stored at adjacent grid nodes,
producing a bivariate distribution from which we sample the outgoing direction. We first sample the marginal (red), then interpolate the conditional slices
adjacent to the marginal sample, and finally sample the resulting conditional distribution.

Fig. 7. lllustration of our sampling data structure: we store a bivariate meta-
log distribution per incident direction on a hemispherical grid, modeling out-
going directions via a marginal conditional construction of ordimensional
metalogs. This representation enables e icient path sampling and weighting
during MC rendering.

The overall resolution of our model is determined by the number
of (1) points in the incident direction grid, (2) conditional slices
per bivariate metalog, (3) mixture components, and (4) metalog
coe cients. Following prior work [Dupuy and Jakob 2018], we
choose a grid resolution @ bins in cos\g and 17 bins inqg, and
use6 conditional slices as a reasonable default, which we found
to provide a good overall trade-o . This grid setup is therefore
directly compatible with the data of Dupuy and Jakob, allowing
us to ttheir distributions using the same incident resolution. We
leave the investigation of alternative parameterizations such as
HEALPix [GO6rski et al. 2005] for future work.

Regarding the number of mixture components and metalog co-
e cients, multiple combinations can yield an adequate t; both
higher-order metalogs and more mixture components enhance the
expressive range of the model. As the optimal parameterization de-
pends on the characteristics of the underlying distribution and varies
across materials, we determine these parameters in a-datgen
manner during tting rather than xing them a priori.

Fitting. Given BRDF sample data, we aim to t an importance-
sampling distribution proportional to5 g | 5° cos\s, Eq.(7), at
each incident direction. Given bounded candidate sets for the dis-
crete parameters, our tting procedure evaluates all admissible con-
gurations and selects the one minimizing a normalized Wasserstein
distance [Bishop and Bishop 2024] between the tted model and the
data. For each con guration and at each grid point, we estimate the
metalog and mixture coe cients with the EM procedure described
in Y4.1.2. Please refer to the supplementary document for details.

Having thus de ned the distribution such tha®l > j | & /
51 g1 °cos\s, we now complete the re ectance model by deriving

the factor required to recover the BROB: The normalization factor
for the PDF ? is the direcltional-hemispherical re ectance:

dantl = 5gls°coshdl 5" (16)
Therefore, for our metalog BRDF, we use
51gl0 =21l £dgnll g°scos\s” a7)

Consequently, when importance sampling according?td -°, the
associated MC weight i§ 1 go| 5° cos\se? 5° = dgntl &, which
only depends on the incident direction. This observation allows
us to precomputelgntl ¢° for each grid cell, storing the resulting
values in a texture. Thus, our entire re ectance model is represented
by this texture and the corresponding sampling distribution.

4.2.2 Rendering. When rendering metalog materials, we perform
two core operations: (1) importance sampling of outgoing directions,
also providing the PDF values and MC weights, or (2) evaluation of
the PDF and BRDF in arbitrary directions for MIS.

Sampling. Given an incident direction, we rst interpolate the
metalog mixture coe cients for this direction from the data stored
at the four adjacent grid nodes. From the resulting bivariate metalog
mixture, we then draw an outgoing direction by sequential sampling
of the mixture component, followed by the marginal and conditional
quantile functions; see also Fig. 6. (Note that evaluating the exact
PDF of the generated direction requires computing the full mixture
density.) This approach is closely related to the anisotropic sampling
framework of Dupuy and Jakob [2018]; however, instead of sam-
pling luminance or visible-normal distribution slices, we directly
sample directions from our tted metalog material. The associated
MC weight follows analogously from bilinearly interpolating the
precomputed grid values of @l & for the incident direction.

PDF and BRDF Evaluation for MIS. For multiple importance sam-
pling (MIS), we need to evaluate both the PDF and the BRDF in-
cluding the cosine terni5 gl .° cos\.°. For the PDF, we inter-
polate the metalog mixture coe cients for the incident direction
as above and then compu®!| »° via root nding (see also the
supplementary document). Finally, interpolatirign?l ¢° from the
incident-direction grid yields 5 1 5° cos\s =21 5°dyntl &°.

5 Results

We implement metalog material tting in PyTorch [Paszke et al
2019] and employ Mitsuba 3 with theuda_ad_rghbvariant, built on
the Dr.Jit framework [Jakob et 82022], for (di erentiable) rendering.
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Fig. 8. Metalog fi ing to some of the isotropic materials in the RGL mate-
rial database. We also compare to neural BRDF (NBRDF) fi ing using the
publicly available implementation of Sztrajman et al. [2021].

Fig. 9. Metalog fi ing to some of the anisotropic materials in the RGL ma-
terial database. Note that Reference always refers to the original material
model rendered with the same se ings as ours.

Fig. 10. Comparison of image variance (MSE) for various materials: we
render high-SPP ground-truth images independently for both our metalog

materials and the reference materials, then compare how quickly images for
each reflectance model approach the true solution with increasing samples.

Please also refer to the supplementary document for additional im-
plementation details. All results are obtained on an AMD EPYC 7413
CPU and a NVIDIA A40 GPU. We evaluate our material model on
a range of representative scenarios, including approximating Mit-
suba's analytic TR-basadughconductor BRDF (Fig. 15), tting

Fig. 11. Error and timing comparison plots for the results in Figs. 8 and 9.

Fig. 12. Sampling and PDF evaluation times for metalog materials fi ing
aniso_sari_silk_2color  with varying number of marginal mixture com-
ponents, metalog coe icients, and conditional slices. Each plot shows two
of these dimensions, while the third is set to the maximal value within the
dataset (top: 11 coe icients per metalog, bo om: 8 mixture components).

materials. We restrict our evaluation to BRDFs (surface re ectance)
and report both tting quality and rendered appearance, with di-
rect comparisons to corresponding analytic and measured reference
models. Note that the memory footprint of our sampling distribution
is fully determined by the number of coe cients of our metalog
mixture representation. In particular, the total memory footprint
scales linearly with the number of bivariate metalog slices; please
refer to the supplementary document (Tables S1 and S2) for details.
Fitting a metalog material to existing BRDF data, either from
analytic models or real-world measurements is the most natural
starting point for most of our results. We show metalog materials
closely approximating various real-world materials (Figs. 8 and 9)
from the RGL measured material database [Dupuy and Jakob 2018].
In Fig. 10, we compare the equal-sample variance of our metalog ma-
terials against the corresponding reference materials. Our approach
achieves equal or slightly lower variance, which is expected, as the
PDF values produced by our method are exactly proportional to the

measured BRDF data (Figs. 8 and 9), smoothly interpolating between cosine-weighted BRDF values. Render times remain comparable to

various materials (Fig. 17), manual editing through parametric ad-
justments (Fig. 19), and appearance capture via optimization with
di erentiable rendering (Fig. 16). Together, these scenarios illustrate
the expressiveness, exibility, and practical usability of metalog

ACM Trans. Graph., Vol. 45, No. 6, Article 182. Publication date: December 2026.

the reference models, demonstrating that metalog BRDFs integrate
e ciently into the rendering pipeline, Fig. 11. In Fig. 12, we addi-
tionally report timings separately for sampling and PDF evaluation,
quantifying the impact of our material model on MIS performance.
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