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Real-Time Rendering Methods With Adaptive Levels
of Detail for Fast Rendering of Parametric Objects on

Modern GPUs
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and Markus Schütz

Abstract—Parametric functions are an extremely efficient repre-
sentation for 3D geometry, capable of compactly modelling highly
complex objects. Once specified, parametric 3D objects allow for
visualization at arbitrary levels of detail (LOD), at no additional
memory cost, limited only by the amount of evaluated samples.
However, mapping the sample evaluation to the hardware ren-
dering pipelines of modern graphics processing units (GPUs) is
not trivial. In this article, we propose a general method for ef-
ficient rendering of parametrically-defined 3D objects on modern
hardware architectures. Our method adaptively analyzes, allocates
and evaluates parametric function samples to produce high-quality
renderings. Geometric precision can be modulated from few pixels
down to sub-pixel level, enabling real-time frame rates of several
100 frames per second (FPS) for various parametric functions. We
propose a dedicated LOD stage, which outputs patches of similar
geometric detail to a subsequent rendering stage that uses either
a hardware tessellation-based approach or performs point-based
software rasterization. Our method requires neither preprocessing
nor caching, and the proposed LOD mechanism is fast enough to
run each frame. Hence, our approach also lends itself to animated
parametric objects. We demonstrate the benefits of our method
over a state-of-the-art spherical harmonics (SH) glyph rendering
method and over classical LOD approaches, while showing its
flexibility on a range of other demanding shapes.

Index Terms—Parametric functions, adaptive levels of detail
(LOD), real-time rendering, tessellation, point rendering.

I. INTRODUCTION

M ICROPOLYGON rendering techniques such as Epic
Games’ Nanite [6] allow rendering of geometry in such
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high detail that the triangles are approximately pixel-sized with
respect to screen space resolution. Nanite achieves real-time
frame rates by utilizing an elaborate streaming system that
fetches and renders clusters of the base mesh—which have
been prepared in a precomputation step—in suitable geomet-
ric detail. Its main advantage over conventional approaches is
higher rendering quality and continuous LOD transitions, while
the former often suffer from noticeable visual artifacts when
switching a model from one discrete LOD to another [15].
Conventional and modern approaches both suffer from high
storage requirements and memory pressure during rendering due
to dynamically loading clusters or discrete LODs.

In this paper, we propose using parametric objects which can
help to relieve memory pressure in geometry stages of rendering
pipelines, and comes with virtually zero storage requirements:
Parametric functions are entirely defined in code while still pro-
ducing attractive or useful shapes with possibly high geometric
detail, limited only by machine floating point precision. Para-
metric functions are a mathematical description of an object’s
surface. Alternative mathematical descriptions include implicit
functions and signed distance functions (SDF) [19]. However,
rendering such representations efficiently remains challenging,
as no algorithm can render arbitrary implicit surfaces both
quickly and accurately [16]. In recent years progress has been
made for SDF rendering [10], yet peak performance is still
achieved by specialized rendering solutions targeted to specific
mathematical objects, such as Peters et al. [21] for spherical
harmonics (SH) glyph rendering. It uses polynomial root finding
with ray tracing to achieve good rendering performance. SH
glyphs can, however, also be expressed parametrically which—
and this is one of the key features of our approach—does not re-
quire any preprocessing, derivatives, or root finding but instead,
directly evaluates the parametric expression. Our approach is
more general, supporting a wide range of 3-dimensional objects
representable through parametric expressions, and exceeds the
rendering performance for specialized implicit surfaces such as
higher order SH glyphs.

Our proposed technique takes as input only a parametric
function. Compared with previous work, our solution makes
few assumptions about the sampled functions, supporting a wide
range of complex shapes like those shown in Fig. 1: SH glyphs,
seashell models defined as described by Wilson [34], or yarn and
fiber curves as described by Crane [4]. It is applicable to a wide
range of parametric functions that are described according to the
general conditions defined in Fig. 2. We propose a multi-step
pipeline: a dedicated LOD analysis stage adaptively determines
the sampling density to be used by a subsequent rendering stage.
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https://creativecommons.org/licenses/by/4.0/

https://orcid.org/0000-0001-6453-8158
https://orcid.org/0000-0002-1110-0707
https://orcid.org/0000-0002-9370-2663
https://orcid.org/0000-0001-5977-8536
https://orcid.org/0000-0002-5168-8648
https://orcid.org/0000-0002-8166-3089
mailto:junt@cg.tuwien.ac.at
mailto:lukas.lipp@cg.tuwien.ac.at
mailto:wimmer@cg.tuwien.ac.at
mailto:wimmer@cg.tuwien.ac.at
mailto:kerbl@cg.tuwien.ac.at
mailto:mschuetz@cg.tuwien.ac.at
mailto:steinberger@icg.tugraz.at
https://github.com/cg-tuwien/FastRenderingOfParametricObjects
https://github.com/cg-tuwien/FastRenderingOfParametricObjects


4932 IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 32, NO. 7, JULY 2026

Fig. 1. Our technique is able to render a variety of parametrically defined objects with diverse properties in real time. The frames per second for (a) to (e) on
a mid-range previous-generation NVIDIA RTX 3070 GPU are 248 FPS, 270 FPS, 349 FPS, 98 FPS, 138 FPS, respectively (Fig. 1(a) and (b) are rendered at
1440×1440 resolution, (c) to (e) at 1920×1080 with 4×SSAA and 8×MSAA).

Fig. 2. We consider vector-valued parametric functions fp(u, v) with fp :

R2 → R3, mapping independent 2D variables called parameters to 3D positions
in euclidean space. The examples show the construction of a sine wave surface
in R3, a sphere by interpreting R2 as spherical coordinates and R3 as the
corresponding cartesian coordinates, and an SH glyph by further transforming
the sphere using the respective SH functions.

Depending on the chosen sampling resolution, our technique can
render highly tessellated patches (typically producing triangles
which span over one or only a few screen pixels) or directly
render the parametric function point-wise (typically sampling
the function once or multiple times per screen pixel). Our point-
based method draws inspiration from recent advances in point
cloud rendering [25]. Common to both rendering approaches
is their emphasis on utilizing the compute capabilities of GPUs
and their ease of integration into existing rendering applications,
possibly relieving memory pressure within rasterization-based
graphics pipelines, and allowing to improve the overall visual
fidelity of rendered scenes through ultra-detailed geometric ob-
jects. Examples for suitable applications of our technique could
be curtains made of thousands of yarn curves in architectural
pre-visualization in real-time, power-up items or terrains in
video games, or detailed visualizations of medical measure-
ments such as SH glyphs from magnetic resonance imaging
(MRI). Objects rendered with our method can help to fully utilize
GPU resources if compute throughput is not fully saturated, but
memory throughput is already at its limit.

In summary, the contributions of our paper are:
1) We describe a general method to render a wide range of

parametric functions with close to pixel-perfect geometric
accuracy, which is fast enough to be used in conjunction
with super sampling (SS).

2) We describe an efficient compute shader-based LOD
selection algorithm that generates view-dependent param-
eter patches for generic parametric functions, leading to
approximately uniform geometric detail in the rendered
output across the object.

3) We describe different variants to render the patches
from Contribution 2, including point-based rendering,
rasterization using the hardware tessellator, and a hybrid
technique to select the optimal rendering variant per patch.

4) We evaluate our method on a range of demanding para-
metric shapes and compare it to the state of the art in

terms of SH glyph rendering by Peters et al. [21], and
to a conventional LOD approach that switches between
discrete LOD models.

This paper extends our previous work [32] with a more
detailed description of rendering setups and configurations in
Sections IV-B and IV-C. We describe how to achieve anti-
aliasing with point-based rendering in Section IV-C, and a hybrid
rendering approach in Section IV-D which can help to achieve
more stable frame rates. The performance of these rendering
variants is analyzed in Section V. Furthermore, we provide sup-
plemental material for more insights into our hybrid rendering
approach, and for guidelines on parametric object construction.

II. RELATED WORK

Most previous work on rendering parametric curves or sur-
faces focuses on specific parametric shapes, such as the efficient
rendering of rational Bézier patches [5], [24], Catmull-Clark
subdivision surfaces [14], [17], [20], [35], or similar patches
such as B-Spline or NURBS curves and surfaces [35]. Poirier
et al. [22] focus on rendering SH glyphs for visualizing mea-
surements from diffusion magnetic resonance imaging (dMRI)
scans. Some of these techniques utilize specialized data struc-
tures [14], [20]. They all rely on a triangulated representation
of a given type of parametric function for rendering. Some
techniques create triangle primitives in software to be rendered
by the hardware rasterizer or perform tessellation in software [5],
[20], [24], [35], while others make use of hardware tessellation
units [17], which are standard features on modern desktop GPUs.
The technique by Kuth et al. [14] uses mesh shaders, which
were first introduced to desktop GPUs with NVIDIA’s Turing
architecture [18] in 2018.

Especially older techniques do not try to produce ultra-
detailed geometry but instead optimize for a visual error metric
to be less than a pixel [5], [20], which is also the approach taken
by the more recent technique by Worchel et al. [35]. Eisenacher
et al. [5] is conceptually similar to our approach, insofar as it
subdivides patches until a certain metric is satisfied. In contrast to
our approach, they use uniform subdivision of patches, and their
technique is tailored to Bézier patches. Their method could be
incorporated into the structure of our method by using the same
error metric from their “oracle” step in our PATCH SUBDIVISION
stage instead of our generally applicable screen distance-based
metric. Our tessellation-based rendering variant would be per-
fectly suitable for rendering Bézier patches, possibly requiring
a crack avoidance procedure between neighboring patches.

The work by Poirier et al. [22] on SH glyph rendering takes
a more pragmatic approach in trying to evaluate and set suit-
able tessellation levels, but fails to prevent visual inaccuracies.
Another recent approach can produce and render ultra-detailed
geometry at real-time frame rates on modern GPUs [14], but



UNTERGUGGENBERGER et al.: ADAPTIVE LEVELS OF DETAIL FOR FAST RENDERING OF PARAMETRIC OBJECTS ON MODERN GPUs 4933

Fig. 3. These images show various parametrically defined objects. Slight variations in the parametric functions can lead to different shapes, as can be seen in (d)
to (f), which all use the same underlying parametric function with slight variations in auxiliary parameter values. (g) shows a possible set of patches produced by
our PATCH SUBDIVISION stage for a parametrically defined sphere.

focuses on Catmull-Clark subdivision surfaces only. In terms
of SH glyph rendering, Peters et al. [21] achieve pixel-perfect
geometric detail by intersecting a ray with the SH glyph through
polynomial root finding for each screen pixel. Their visual
results constitute a significant improvement over the results
from Poirier et al. [22], but suffer from exceedingly decreasing
performance with increasing SH order and visual artifacts with
SHs of orders 10 and higher. In terms of rendering configuration,
our proposed method is more similar to the approach by Poirier
et al. [22] insofar as we also use the graphics pipeline. However,
in terms of rendering quality and in terms of its performance
characteristics, our method is much more similar to the ray
tracing-based approach by Peters et al. [21]: both methods scale
performance-wise relative to the number of rendered pixels:
The method of Peters et al. traces one ray per pixel, while our
solution selects suitable levels of geometric detail using a screen
distance-based metric. Further usages of glyphs in the context of
medical or scientific visualization include comparisons between
healthy and infected persons [36], [37], [38] or comparisons
between ensembles of stress tensor fields [1].

Point rendering can arguably also be described as an ap-
proach to render ultra-detailed geometry, given a sufficient
number of samples. Recent work shows that modern GPUs are
capable of processing and rendering 50 to 144 billion points
per second [25], [26]. Schütz’ earlier work [25] describes
being limited by memory bandwidth. Their more recent work
improves throughput through compression [26]. By sampling
points on parametric functions, we avoid memory fetches as the
bottleneck—potentially trading it for a compute-based bottle-
neck.

Epic Games’ Nanite technology [6] enables rendering of ultra-
detailed 3D meshes. It achieves this with careful preprocessing
of meshes into clusters of 128 triangles each. At runtime, clever
LOD switching enables seamless transitions between different
LODs on a per-cluster basis and ensures that relevant clusters
are streamed to GPU memory on demand. Clusters are selected
so that rendering their triangles for a given camera position
produces approximately pixel-sized triangles if the input mesh
provides enough explicit detail. Nanite employs both hardware
and software rasterization; they report that the latter is up to
3× faster for rendering small triangles [9]. To combine software
rasterization and hardware rasterization into the same render
target, values are written into a single-channel 64-bit integer
image by compute shaders during software rasterization, and
from fragment shaders for hardware-rasterized triangles. Storing
depth in the most significant bits of the written 64-bit integer
values is crucial: this way, it serves as an equivalent to the depth
test. While Nanite can render impressively detailed 3D meshes,
it is still limited to static geometry. Unterguggenberger et al. [31]
extend this approach partially to supporting animated skinned

meshes of high geometric detail. Similar to Nanite, our approach
combines the strengths of the graphics and compute pipelines of
modern GPUs to produce geometry with close-to-pixel detail.
However, we instead target parametric functions, which can
be sampled with virtually arbitrary fidelity. Furthermore, our
solution involves no preprocessing and recomputes the levels
of detail from scratch each frame. Thus, it also lends itself to
animated shapes with erratic changes in appearance.

III. PARAMETRIC FUNCTION DEFINITION

Our method considers parametric functions fp(u, v) that
transform two input parameters (u, v) into Cartesian coordi-
nates (x, y, z) of the three-dimensional euclidean space, i.e.,
R2 → R3, or intuitively a transformation of a quad/rectangle
into a three-dimensional surface as illustrated in Fig. 2. We
illustrate the input to fp(u, v) with parameter patches that range
from lower bound parameter values umin, vmin to upper bound
parameter values umax, vmax, where we use the notations u and
v refer to the whole parameter ranges, namely,u = [umin, umax]
and v = [vmin, vmax]. The arithmetic definition enables a com-
pact representation of geometric shapes with varying complexity
and desirable properties, such as C∞ continuity.

Listing 1. GLSL source code of a parametric function which produces a heart
shape based on two input parameters u and v.

In the context of our method, a parametric function is ex-
pressed directly in source code; in addition to mathematical
elements, it may also contain logical operators and flow control
(conditional statements, loops, and recursions). This facilitates
the intuitive generation of features that are harder to express
mathematically, such as creases or discontinuities. An example
of such a parametric function is given in Listing 1. It uses if
statements to scale parts of a sphere base shape such that the
resulting surface forms the heart shape shown in Fig. 3(a).

IV. METHOD

In this section, we describe our approach, which is able to
render a wide variety of parametric functions in real time with
controllable precision. Depending on the current frame’s camera
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Fig. 4. Overview of the stages of our method, and the buffers and textures which are accessed in each stage. Patches are evaluated and subdivided, and then
re-evaluated up to n times in the n LOD steps, before they are stored in the “Patches to be rendered” buffer. The rendering stage reads all the patches from that
buffer and either generates a triangle mesh to render them via hardware tessellation or performs point-based rendering. The latter variant cannot be used with a
renderpass that rasterizes into a framebuffer. Instead, it must perform atomicMin writes into a 64-bit integer buffer or image.

position, orientation, projection, and screen coordinates, a LOD
stage produces patches of similar size in screen space, which
are subsequently rendered with one of two different rendering
variants. Fig. 4 depicts the overview of our method and its major
stages:

1) A compute shader stores one
patch per parametric object in the buffer of patches to
be evaluated, in particular, the parameter ranges ui and
vi, along with some auxiliary data, such as the type of
object—which refers to a particular fpi

(u, v)—and which
material shall be used for shading. For objects that are
known to be very detailed, ui, vi can already be uniformly
subdivided in this stage, which ensures a minimal number
of output patches to be forwarded to the rendering stage.

2) The second stage executes up to a
predefined number of n LOD steps, which subdivide the
parameter ranges ui, vi until their approximated screen-
space extents eui

, evi
when evaluated with fpi

(u, v)
no longer exceed screen-space thresholds tu, tv . This
procedure aims to create patches of similar sizes to be
forwarded to the stage to optimally utilize the GPU.

3) All the patches which have been scheduled
for rendering in one of the preceding LOD steps during
PATCH SUBDIVISION are rendered in one of two manners:
a) TESSELLATION-BASED: Patches are rendered with a

tessellation-enabled graphics pipeline with either fixed
or adaptive tessellation levels. Vertices generated by
the tessellator are positioned according to fpi

(u, v).
b) POINT-BASED: Patches are sampled by fpi

(u, v) at
fixed steps across parameter ranges ui and vi. Results
are projected into screen space and written to a 64-bit
integer target image.

A. Patch Subdivision Stage

To determine whether and how a patch i should be subdivided,
its parameter range ui, vi is sampled and evaluated using its as-
sociated function fpi

(u, v). The evaluated samples are projected
to screen space and analyzed separately to determine the subdivi-
sion pattern. In order to achieve adaptive subdivision, we sample
along lines in u- and v-direction independently. Concretely, we
take 8 samples in u-direction at 4 fixed v-values v1, . . . , v4 (for

Fig. 5. During an LOD step, an input patch can either not be subdivided or
split according to the seven patterns shown in this figure when being scheduled
for re-evaluation.

a total of 32 samples), and the same for the v-direction at 4 fixed
u-values u1, . . . , u4. For each line, we compute the sum euik

or
evik

respectively of screen-space extents between the projected
sample points, and compare them to user-defined thresholds
tu, tv . If for any line, e > t, then the patch half in which the line
is located is split along the direction of the line. For example,
if this happens to at least one of the lines in u-direction at v1
or v2, then the first half of the v-range needs to be split into
two u-intervals and its parts are scheduled for re-evaluation by
the subsequent LOD step. The resulting subdivision patterns are
shown in Fig. 5.

The 32 samples correspond to a typical subgroup size on
NVIDIA and Intel GPUs. After one subgroup has taken 2× 32
samples for the patch splitting decisions, the same subgroup
takes another 25 samples of the parametric function, which
is crucial to prevent false-positive culling decisions for cases
where, e.g., only a small part of a patch corner reaches into the
viewing frustum. Our evaluation scheme is illustrated in Fig. 6,
showing the lines used for patch evaluation in u and v directions,
and the 25 extra samples.

The subdivision shader is executed 24 times, corresponding
to constructing up to 24 levels of detail—sufficient for all setups
analyzed in Section V. After sufficient patch subdivision has
been achieved in a certain LOD step, no further LOD step
will store any more patches into the “Patches to be evaluated”
storage buffer and only store sufficiently subdivided patches into
the “Patches to be rendered” storage buffer—how both buffers
are accessed is shown in Fig. 4. All of the dispatch calls in the
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Fig. 6. Each of our LOD steps analyzes a given ui, vi patch by sampling fpi (u, v) at 89 locations to determine if and which splits are necessary. Samples to
approximate the screen-space extents across ui are drawn in yellow. Samples to approximate the screen-space extents across vi are drawn in orange. The 25 extra
samples to help with the frustum culling decision are indicated by red dots. (c) shows why multiple evaluations across a patch are crucial in many cases: The first
and fourth measurements in v-direction (evi1 and evi4 ) are close to the poles, where the parameters are very condensed. The middle two measurements (evi2 ,
evi3 ) fall into usable positions. (d) to (f) show an example of evaluating a sphere segment. Assuming a resolution of 512×512 pixels and user-defined screen
thresholds of tu = tv = 256, LOD step 1 finds that the patch in (d) does not exceed the thresholds and hence, no subdivisions are required. With the camera closer
to the object in (e), the lower parts of the sphere segment exceed tv . The patch is non-uniformly subdivided and the new parts are scheduled for evaluation in LOD
step 2. (f) shows the evaluation pattern on one of these patches during LOD step 2.

Fig. 7. With the POINT-BASED variant, parameter range ui is processed in
“columns” of 32 samples. Within such a column, subgroups sample the patch to
be rendered “row-wise” in v parameter direction. A subgroup always keeps the
data of two rows in registers, which are marked in green. Data of neighboring u
samples is shared through subgroup operations. The samples that do not write
pixels are marked in red—they take auxiliary samples which are used for tangent
and bitangent calculations.

PATCH SUBDIVISION stage are indirect dispatch calls. For those
LOD steps for which no patches are left to be evaluated this
means that the GPU still has to process the respective dispatch
commands, but will find that the number of workgroups to be
processed is zero, and therefore, no compute invocations will
be executed [29]. The empty dispatch calls did not incur any
noticeable or measurable overhead in our tests. Alternatively, the
number of dispatch calls could be adapted based on the highest
required LOD step from the previous frame, if latencies of a
few frames to reach the appropriate number of dispatch calls are
acceptable by an application.

In many scenarios, the PATCH SUBDIVISION stage is very fast,
often taking less than 10% of the total frame time, which is
typically the case for the tests presented in Figs. 12 and 14(a)
even when the camera is near the parametric objects, so that
many screen pixels are covered. The exact percentage depends
on the particular object and scene setup. In the test presented
in Fig. 13, the LOD stage has to determine patch sizes for
358 k fiber curves (i.e., 358 k initial patches), which leads
to the LOD stage taking up to 50% of the frame time for
this particular rendering configuration. One key factor of the
PATCH SUBDIVISION stage’s low impact on frame times in our
implementation is its heavy use of subgroup operations. They
allow the sharing of data between compute invocations [27]. For
example, to compute the screen distance between two adjacent
samples, we let the two threads that computed the samples share
the results via subgroup communication.

The second key factor for achieving fast rendering perfor-
mance is non-uniform patch subdivision, which is illustrated in
Fig. 5. There are eight possible cases when a patch is evaluated

in the LOD step: If the approximated screen-space extents
euik

, evik
do not exceed thresholds tu, tv across ui, vi of patch i,

no subdivision is performed. In this case, patch i is not scheduled
for re-evaluation but is instead stored in the buffer for patches to
be rendered. If, however, an exceedance of tu, tv was detected
for any euik

or evik
, patch i is split according to the seven

patterns shown in Fig. 5—except in the very last LOD step,
where (possibly split) patches are scheduled for rendering in
any case. Non-uniform patch subdivision has little impact on
the performance of the PATCH SUBDIVISION stage but improves
performance in the stage, as the resulting patches are more
consistent in their screen-space extents. The reduction in total
frame time when comparing non-uniform patch subdivision to
uniform patch subdivision—that is, a constant patch subdivision
scheme of one patch into four—amounts to about 15% for a
simple parametrically defined sphere like shown in Fig. 3(g),
and can be as high as 50% for the close-up view of a SH glyph
like shown in Fig. 12(b).

B. Rendering via Hardware Tessellation

Rendering patches that have been scheduled for rendering
with our TESSELLATION-BASED variant is straightforward: Each
scheduled patch i is rendered as a quad with fixed inner and outer
tessellation levels l [28]. Each vertex produced by the tessellator
is set to the position produced by fpi

(ux, vy), where ux and
vy refer to the interpolated parameter locations within ui and
vi ranges, produced by the tessellator. In GLSL, these can be
computed with the help of gl_TessCoord.xy in tessellation
evaluation shaders [13]. The maximum tessellation level sup-
ported on modern GPUs is typically 64, which means that an
edge (of a triangle or quad to be tessellated) is subdivided into
64 parts. A perfectly screen-aligned edge with a screen-space
extent of 64 (which could be the result of using a threshold
value t = 64) would therefore be subdivided such that there is
one segment for each pixel. In many cases, choosing such fine
subdivisions is counter-productive due to the resulting impact
on rendering performance [11], [12]. Therefore, we propose
to use fixed tessellation levels only for parametric functions
which are expected to produce sub-pixel geometric detail or
resort to adaptive tessellation with SS, which might capture
sub-pixel detail even better and produce more uniform geometric
density.

Adaptive tessellation levels are based on the actual approxi-
mated maximum screen-space extents eui

, evi
of a given patch
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Fig. 8. These images show different results of our point rendering variants. (a) and (b) are results from directly rendering into the 64-bit integer image, while (c)
shows a result from first rendering into small, virtual, local framebuffers per 16×16-pixel tile (shown in (d)). Relevant patches are first assigned to each tile. The
corresponding heatmap illustrating the assigned patch counts per tile is shown in (d).

Fig. 9. (a) Shows the positions of the spot-checks for sub-pixel feature detection during the PATCH SUBDIVISION stage. In (b) to (e), the effects of a two-level
sub-pixel feature detection approach are visualized: The patches colored in blue have not been found to have sub-pixel features in native resolution and are
consequently scheduled for rendering with noAA. The patches colored in green have been found to have sub-pixel features with respect to native resolution and
have been scheduled for re-evaluation once, but haven’t been found to have sub-pixel features when tested against a 8xMS framebuffer configuration. The patches
colored in red have been detected to have sub-pixel features also with respect to the increased resolution of 8xMS and have consequently been scheduled for
rendering with a 4xSS+8xMS rendering variant.

i. These extents are measured during PATCH SUBDIVISION by
taking the maximum of the four measurements euik

and the
maximum of the four measurements evik

, as illustrated in Fig. 6.
For example, splitting the parameter rangeu1 with approximated
screen extents eu1

based on threshold tu can lead to split patch
sizes with extents eu2

≈ tu
2 if eu1

is just slightly less than tu.
Adaptive tessellation in that context means to scale a tessellation
level l as follows:

l = clamp

(
eu2

l

min(tu, l)
, lmin, lmax

)
.

The result is clamped to a minimum tessellation level lmin (e.g.,
lmin = 8) and a maximum tessellation level lmax (e.g., lmax =
64).

Render Targets: Since our TESSELLATION-BASED rendering
variants are rendered with classical graphics pipelines, their
outputs are typically rasterized into a framebuffer’s color attach-
ment. This is the only option to profit from hardware-accelerated
multi-sampling (MS) and its resolve operation. MS evaluates
the depth test for multiple sub-samples of one fragment, while
limiting the color samples—or fragment shader invocations—to
one per fragment. I.e., it enables higher depth resolution in a
hardware-accelerated manner, which is especially beneficial for
fine-structured geometry, such as the curtains shown in Fig. 1(d)
and (e), which consist of many small yarn or fiber curves
like those shown in Fig. 3(b) and (c). Rendering those with
SS or MS produces much less Moiré patterns in the rendered
output thanks to the higher geometry sampling density. Eight
sub-samples per pixel are currently the maximum on modern
NVIDIA and AMD GPUs [33]. If more evaluations are desired
for a single fragment, a combination of SS and MS has to be
established. For many of our evaluations presented in Section V,
we utilized a configuration of 4xSS (i.e., resolution doubled in

each dimension) combined with 8xMS framebuffers. In total,
this leads to 32 depth evaluations, and four color evaluations
for each fragment. The final rendering results are produced
by first resolving MS through hardware resolve [29], and then
averaging the resulting four corresponding fragments of the
high-resolution color attachment into one.

We use color attachments as render targets for all our tests
presented in Section V that use a TESSELLATION-BASED ren-
dering variant, which is generally faster than the alternative:
Storing the rendering output into a 64-bit integer image, written
in software through atomic operations from fragment shaders.
By combining depth and color values into a single 64-bit integer,
as illustrated below,atomicMin operations ensure that parallel
writes produce the correct rendering result.

To support more complex material systems, this data format
could be changed from RGB color values to storing a material
ID instead—the same approach as proposed Nanite, which
performs shading for each material in a subsequent step by
rendering a full-screen quad and using hardware depth tests to
make it efficient [9].

Since our POINT-BASED rendering variants operate within
compute shaders, they cannot use the hardware’s depth test-
ing functionality, which is only accessible when rendering via
graphics pipelines into framebuffers with an attached depth
attachment. Hence, using a 64-bit integer image and storing the
rendering results via atomic operations remains the only option.
In general, it is undesirable to leave holes in the rendered result
of a connected parametrically defined surface. Therefore, useful
rendering settings will rather try to oversample a parametric
function to some degree, so that at least one sample is taken
per pixel. This leads to some amount of overdraw—meaning
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multiple atomicMin operations accessing the same fragment
in the 64-bit output image—which is generally a tradeoff that
must be taken to avoid holes with our implementation.

Configuration Options for Tessellation-Based Rendering:
One of the most impactful configuration options for the
TESSELLATION-BASED rendering variant are the screen distance
thresholds tu and tv , which affect output patch sizes from the
PATCH SUBDIVISION stage. Further major configuration options
are different tessellation levels, and the sample count per pixel,
which depends on the framebuffer format: noAA, MS, SS, or a
combination of MS and SS. In combination with the tessellation
levels, patches can be generated that lead to sub-pixel-sized
triangles, or to triangles covering multiple pixels in the result-
ing framebuffer. Adaptive tessellation levels, as described in
Section IV-B, lead to more homogeneous triangle sizes, while
fixed tessellation levels can help with avoiding artifacts on patch
borders and for generating patches with sub-pixel geometric
detail for the stage. The latter is especially useful in combination
with MS or SS framebuffers so that multiple samples can be cap-
tured per pixel, leading to super-sampled and anti-aliased results.
In terms of MS, the typical maximum number of sub-samples on
modern GPUs is eight [33]. SS framebuffers—possibly in com-
bination with MS—can be used to render even more sub-samples
per pixel. For example, combining a 4xSS framebuffer with an
8xMS framebuffer format, gives 32 samples for one pixel. In
Section V we mainly analyze TESSELLATION-BASED with noAA,
and TESSELLATION-BASED with 4xSS+8xMS, which still renders
at high FPS despite SS and MS.

C. Point-Based Rendering

With the POINT-BASED variant, a patch i of range ui, vi to be
rendered is sampled point-wise by fpi

(u, v) in equidistant steps
along each parameter direction. The resulting color values are
stored in an image at the respective screen-space coordinates.
Since color attachments are incompatible with this rendering
variant, we use a 64-bit image as the target to receive the ren-
dering output as described in Section IV-B. Samples of an input
patch are produced in the following manner: The screen-space
threshold parameters tu, tv determine the size of a patch. Given
a defined workgroup size of N , we divide the parameter range
ui by the smallest multiple of N that is larger than tu, i.e.,
by � tu

N �, and use that as the total number of samples taken
across ui for each parameter v. Parameter range vi is sampled
in steps of size Δv = vimax−vimin

tv
− ε, where ε can be used to

decrease the step size to prevent holes in the rendered output.
We use N = 31, which is not arbitrary, but rather tied to our
compute shader-based implementation: 32 subgroups—which
is a typical subgroup size on NVIDIA and Intel GPUs, while it
is typically 64 on AMD GPUs—sample the patch “row-wise”
in � tu

31� “columns” (if we call parameter direction u a “row”
and parameter direction v a “column” for the sake of tangible
description) and share data among neighboring subgroups. Our
approach is illustrated in Fig. 7. Each subgroup keeps the data
of two rows in registers so that neighboring values in v param-
eter direction are available. Neighboring values in u parameter
direction are read from neighboring subgroups through sub-
groupShuffle operations. The values of the neighbor-
ing samples in u and v directions are used to calculate the
normal vector for the current sample ux, vy through the cross
product of tangent vector t = fp(ux+1, vy)− fp(ux, vy) and
bitangent vector b = fp(ux, vy+1)− fp(ux, vy). The normal

n = t× b is required for shading computations. We avoid
sampling fp(u, v) multiple times with the same parameters.
The last u column does not produce points since it does not
have a neighbor with a higher subgroup index. Therefore, only
31 subgroups write pixel values, while the last subgroup only
provides its data to the second to last subgroup.

Our POINT-BASED rendering variant also features an adaptive
sampling configuration, where the number of samples in u and
v directions is not calculated based on the threshold parameters
tu, tv , but instead on the approximated screen distance extents
eui

, evi
, which are measured during PATCH SUBDIVISION. The

adaptive sampling configuration processes patch i in � eui

31 �
columns, taking row-wise steps of size Δv = vimax−vimin

evi
− ε.

The adaptive sampling variant assumes fpi
(u, v) to distribute

samples somewhat uniformly across ui, vi, since it takes ap-
proximately one sample across the screen space-based extents
eui

and evi
. This variant often leads to much faster rendering

speeds but runs the danger of producing small holes (often the
size of 1×1 pixel) in the rendered output. In some cases, they
can be prevented by increasing the ε values.

Anti-Aliasing with Point-Based Rendering: The POINT-BASED
rendering approach described in Section IV-C writes its results
into a 64-bit image, as described in Section IV-B. A potential
problem with this approach is that even when a given pixel
is oversampled, one of the samples—the one with the small-
est depth value—overwrites all the other samples, potentially
producing aliased results. In this section, we describe an al-
ternative variant that first gathers samples in small, virtual,
local framebuffers in shared memory and then resolves them in
software, producing anti-aliased results. We refer to this variant
by POINT-BASEDlocal FB, and denote the variant which writes
directly into the 64-bit image as POINT-BASEDdirect.

With the POINT-BASEDlocal FB variant, the render target is
subdivided into 16×16-pixel local framebuffers that reside in
shared memory. Since it would be highly inefficient to render
each patch into each of these tiles, we propose a patch-to-tile
assignment step that selects all the potentially relevant patches
per tile based on each patch’s axis-aligned bounding box
(AABB). Whenever a patch’s AABB intersects a tile’s bounds, it
is assigned to this tile. Dividing the screen into 16×16-pixel tiles
can look like shown in Fig. 8(d). Depending on the chosen screen
distance threshold values tu and tv , a heatmap showing how
many patches have been selected per tile can look like shown
in Fig. 8(e) for the different seashell variations from Fig. 3(d)
to (f).

The patch to tile assignment step must be scheduled after
the PATCH SUBDIVISION stage and, naturally, before the stage
(i.e., between stages 2 and 3 in Fig. 4). It is implemented in a
compute shader with one thread per patch that has been sched-
uled for rendering by the PATCH SUBDIVISION stage. This thread
assigns the patch to all tiles that overlap with the patch’s AABB.
In our tests, 16×16 pixel tiles showed favorable performance
over larger tile sizes. Overall, this intermediate step has a very
low impact on performance: Even in a relatively demanding
scenario—namely 60 k yarn curves, 358 k fiber curves, and six
seashell models, covering the entire screen so that all tiles get
patches assigned—this step does not take longer than 0.14 ms
for a resolution of 1920×1080 on an RTX 3070.

Local framebuffers have the same format as the global ren-
der target: 64-bit integer as described in Section IV-B. For
2×2 super-sampling, 32×32-pixel local framebuffers must be
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allocated; for 3×3 super-sampling they are sized 48×48-pixel
accordingly. For each tile, these steps are performed:

1) Initialize each pixel in the local framebuffer to the clear
color.

2) Point-render each selected patch into the local framebuffer
in the same manner as described in Section IV-C.
� Discard points outside of the local framebuffer bounds
� atomicMin operations now access shared memory

3) Average each 2×2/3×3-pixel region in the local frame-
buffer, producing one output pixel. Write the latter into
the global render target.
� Regard only entries that have been set, i.e., are different

from the clear value
The main benefit of POINT-BASEDlocal FB are super-sampled

results, which are not possible with our POINT-BASEDdirect vari-
ant. The effect can be observed Fig. 8: While just increasing the
sample count succeeds in filling some holes, POINT-BASEDdirect

is unable to get rid of Moiré patterns, which can be seen when
comparing Fig. 8(b) to (a). Only POINT-BASEDlocal FB is able
to reduce them, as can be seen in Fig. 8(c)—most notably on
the blue seashell on the right, which has a lot of tiny geometric
details on the surface.

Configuration Options for Point-Based Rendering: The
screen distance thresholds tu and tv have a big effect for
POINT-BASED rendering variants as well, since they scale the
number of compute workgroups to be spawned for pixel filling.
Additional major configuration options are varying the sample
density per patch, and the choice of using POINT-BASEDdirect

or POINT-BASEDlocal FB. The main differences between these
two are that the former generally leads to better rendering
performance, while only the latter is able to produce anti-aliased
rendering results. Varying tu and tv typically has an impact on
performance: While decreasing them leads to higher computa-
tional load in the PATCH SUBDIVISION stage (more subdivisions,
more LOD steps), it often has a positive impact on rendering
performance since the workload per patch decreases accordingly
so that the overall workload can potentially be distributed better
across the GPU. Increasing the sample density per patch also
affects the computational workload during rendering and leads
to more memory transfers due to overdraw, but is often necessary
to fill holes in the rendered output. For our evaluations presented
in Section V we mainly focus on POINT-BASEDlocal FB with 4xSS
and leave out POINT-BASEDdirect, since it is unable to produce
anti-aliased rendering results.

D. Hybrid Rendering

Depending on the underlying parametric function of a para-
metric object, super-sampled rendering might be required to
accurately render a surface, while for smooth surfaces noAA
configurations are sufficient. In terms of performance it would
be desirable to render with only those patches with super
sampling that require it. In this section, we describe a hybrid
rendering variant that performs spot checks, which sample a
small part of a parametric surface in order to determine whether
a surface has sub-pixel detail and adapts the rendering variant ac-
cordingly. We chose this approach because such spot checks are
a very general approach, supporting a wide variety of parametric
functions. Whether or not an object shows sub-pixel features not
only depends on the parametric function, but also on the distance
to the camera and the framebuffer resolution. The curtains
consisting of several thousands of yarn or fiber curves shown
in Fig. 1(d) and (e) would be an example of parametric objects
leading to sub-pixel detail. Some of the seashell variants (shown

Fig. 10. Different rendering variants require different render targets.
TESSELLATION-BASED performs best in conjunction with framebuffers with color
and depth attachments, and they enable MS, providing multiple sub-samples per
pixel (e.g., eight depth and color samples). POINT-BASED rendering targets 64-bit
integer images which store both color and depth in one pixel as described in
Section IV-B. The order of rendering variants indicated in this figure is important
to not lose any detail: Render variants targeting lower resolution targets are
rendered first, the highest resolution comes last. Depth and color data must be
transferred between the different render target formats.

in Fig. 3(d) to (f)) produce sub-pixel detail on the surface—
but maybe not everywhere: Being self-repeating shapes, their
geometric features get scaled smaller towards their top regions,
eventually leading to sub-pixel geometric detail at some point.
Such a situation is shown in Fig. 8(a) to (c): This is most obvious
with the blue seashell model on the right, which has small
bumps across its surface. Pixel-level sampling in Fig. 8(a) and
(b) leads to noticeable aliasing, while sub-pixel-level sampling
and averaging leads to an anti-aliased result in Fig. 8(c).

If our proposed spot-check detects sub-pixel variations, the
following actions are performed:

1) Do not schedule the patch in question for rendering.
2) Mark the patch to indicate that it has sub-pixel details shall

be rendered in an anti-aliased manner.
3) Re-schedule the patch for evaluation in the next LOD step.
At each of the 21 locations in the middle of a patch, our im-

plementation of detecting subpixel features takes nine additional
samples from all combinations of three different u and v offsets
at 1

2 , 1
3 , 1

5 , uses them to compute normals, and compares them
with the bi-linearly interpolated normals from a ≈1-pixel-sized
region. The sub-sample offsets were chosen to be fractions of
the first three prime numbers, so that they capture a wide range
of different frequencies of the parametric object’s surface. The
effect of our hybrid rendering approach can be observed in
Fig. 9: It shows a three-tier hybrid approach, first evaluating
patches against the native resolution with noAA, then against
an 8xMS increased resolution, and finally rendering the patch
with 4xSS+8xMS if evaluation at the 8xMS-level still shows
sub-pixel variations.

Care must be taken when creating an application that shall
be able to dynamically use different rendering variants since
they might require different render target formats and the ap-
plication needs to switch between them during a frame. While
TESSELLATION-BASED render variants preferably render into a
framebuffer’s color attachment (as described in Section IV-B),
POINT-BASED render variants write into 64-bit integer images (as
described in Section IV-C). Depth and color information must
be transferred between these two formats. Compute shaders
must be used to read and extract color and depth values from
64-bit integer images, or to combine and write them to 64-
bit integer images. For MS framebuffers, transferring color
and depth values from previous rendering variants into all the
relevant samples must be ensured as well. Fig. 10 shows a setup
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supporting different render variants and indicates the order of
rendering them within the stage: It is important to start with the
render variants that use the coarsest render targets and progress
to render targets that provide finer detail. Failing to follow this
order will have the effect of losing previously rendered detail.
Keeping this order is essential to get correct rendering results
at the geometry borders since framebuffers of higher resolution
capture more depth samples. In our implementation, we transfer
the the previously rendered noAA results into an 8xMS frame-
buffer by rendering a full-screen quad. Writing color and depth
values in a fragment shader ensures that all the sub-samples
get the already rendered color and depth values assigned. Also,
color and depth transfer from the 8xMS framebuffer into the
4xSS+8xMS framebuffer attachments is performed through a
full-screen quad for the same reason. We show in Section V
that such a hybrid rendering setup can help to keep frame rates
constant, but it must be noted that our implementation also incurs
some significant overhead from transferring the data between the
different render targets as shown in the following table:

The first line refers to the number of color or depth values
that have to be written by the render output units for a res-
olution of 1920×1080. Color values of 8 bits per channel +
32-bit depth values amount to the stated bytes transferred. The
milliseconds have been measured on an NVIDIA RTX 3070
using GPU timestamp queries, without rendering any patches.
It shall be noted that timestamp queries synchronize between
measurements and that in an actual usage scenario, the actual
data transfer overhead might be less severe since a GPU might be
able to schedule other work in parallel. However, the overhead is
not insignificant—especially the data transfer of the 8xMS data
into the 4xSS+8xMS framebuffer.

V. RESULTS

We evaluate our method and its rendering variants based
on the following parametric functions, which have different
characteristics and therefore pose different challenges to a
rendering method: SH glyphs, parametric plain-knit yarn curves,
and parametric seashells.

One challenge when rendering SH glyphs—especially such
of higher order—is that each sample is computationally expen-
sive. Furthermore, parameters are distorted very non-uniformly
across the entire parameter range. These partly extreme distor-
tions can lead to parameter patches being extremely stretched.
Our method’s PATCH SUBDIVISION stage identifies such cases
and ensures similar geometric density during rendering across
all patches. The challenge with rendering plain-knit yarn curves
is the vast amount that is required for a typical scene. Knit yarns
and parametric seashell models produce very small-scale surface
features, leading to sub-pixel geometric detail for most of our
test setups.

All results were gathered after a GPU warm-up phase of
two seconds from multiple camera positions. The camera is
positioned at a certain distance to the object(s) for the first

Fig. 11. These diagrams shows the performance impact of using different SH
orders for rendering a single SH glyph, measured on an NVIDIA RTX 3070.
tu = tv = 84, noAA, adaptive tessellation, and lmax = 64 have been used as
the configuration for our method.

measurement and moves either away or closer with every further
measurement. Each measurement result (e.g., FPS, number of
pixels written, number of render patches) represents the aver-
aged data over a five-second period, during which the camera
moved around the center of the object or dataset in one full circle,
requiring the PATCH SUBDIVISION stage to generate and forward
a different set of patches to the stage every frame.

SH Glyph Rendering and Comparison with Previous Work:
Spherical harmonics are mathematical functions defined on the
surface of a sphere and are parameterized using spherical coor-
dinates (θ, ϕ) with θ ∈ [0, π] and ϕ ∈ [0, 2π]. These functions
result from a linear combination of a set of orthonormal basis
functions, an important property that makes them useful in a
wide range of fields. They are described via band index � and
parameter m. � also states the order of an SH. Higher orders
allow the representation of higher frequencies but also involve
increased computational complexity, making them expensive to
evaluate and challenging to visualize. Thanks to their spherical
parametrization, one way of representing them is by using a
sphere with the distance from its surface to its center set to the
result of the evaluated SH at the corresponding location (θ, ϕ),
which aligns them with the definition of parametric functions.

The SH glyphs we use represent measurements from a so-
called high angular resolution diffusion imaging (HARDI) [30]
dataset of a brain scan [8], captured via dMRI and shown in
Fig. 1(b). We compare our method with the state-of-the-art
ray tracing-based SH glyph rendering method by Peters et
al. [21]: Fig. 11 shows the effect of using different SH orders for
rendering. Our method shows remarkably consistent perfor-
mance for varying SH orders, while the ray-traced approach
suffers from a strongly decreasing performance with each SH
order increase due to increased complexity from root finding.
While it renders more than 2000 FPS on an NVIDIA RTX 3070
for SH order 2, our method outperforms it for SH orders 8 and
higher in single SH glyph rendering and already for SH orders
4 and higher for the brain scan dataset, for which we provide
a diagram in our previous work [32]. Since higher SH orders
reveal more detail about the measured data they represent, we
have focused further tests on SH order 12: For single glyph ren-
dering of SH order 12, Fig. 12(f) shows that our method shows
better performance across all GPUs. The TESSELLATION-BASED
variant is optimal for rendering SH glyphs due to their smooth
surface. Our recommended configurations for close-up and dis-
tant rendering are described in Fig. 12(f) and (g), respectively,
and produce almost pixel-perfect geometric detail. With fixed
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tessellation factors, our method still outperforms the method by
Peters et al. across all GPUs, but does not improve rendering
quality despite the higher geometric detail. Our method avoids
the artifacts shown in Fig. 12(a), which emerge due to numerical
issues [21]. However, it also introduces small, less noticeable
artifacts near the poles of the scaled sphere. An example is
shown in Fig. 17(a) and (b).

Our PATCH SUBDIVISION stage creates a suitable number of
patches to be rendered from a single initial patch. Fig. 12(f)
shows that up to 30 k patches are created if the camera is close
to the SH glyph, while only a few hundred are required when
the camera is further away. With super-sampled rendering, the
number of patches increases according to the effectively higher
resolution, as shown in Fig. 12(g). In some cases it might be
beneficial to already subdivide the initial patch into a constant
number of patches, e.g., 2×2, in order to evaluate more initial
samples of the parametric object with the pattern shown in
Fig. 6(a). Sticking to one single initial patch might lead to
premature frustum culling for very distant camera positions.

Structural similarity index measure (SSIM), peak signal-to-
noise ratio (PSNR), and root mean squared error (RMSE) values
of our results and those by Peters et al. with respect to the
reference rendered in 16xSS+8xMS are listed in the following
table:

While our method produces better SSIM, PSNR, and RMSE
numbers when viewing a SH glyph from up close (single
glyph) even in the non-anti aliased configuration, our noAA
configuration produces slightly worse numbers for the brain scan
dataset, when the glyphs are rendered from a distance. How-
ever, our method provides plenty of headroom for rendering in
4xSS and 8xMS. This configuration not only produces superior
quality—as shown by SSIM, PSNR, and RMSE numbers and
in Fig. 12(d) and (e), which were generated with NVIDIA’s
difference image evaluator FLIP [3]—but also significantly
outperforms the method by Peters et al. (in non-anti aliased
configuration) across all tested GPUs. We provide further eval-
uations in our previous work [32].

Plain-Knit Yarn: Gröller et al. [7] provided an early parametric
description of knitwear, but we use the more recent parametric
plain-knit yarn curves described by Crane [4]. Its fundamental
shapes of yarn curves and fiber curves are shown in Fig. 3(b)
and (c), respectively. We use an extruded version of them for
our evaluations by taking the yarn direction (“tangent”) as
parameter u, and constructing circles around it via param-
eter v. We get an orthogonal vector (“normal”) to the tan-
gent and rotate it using Rodrigues’ rotation formula [23]
around the tangent by an angle θ, which is parameter v in
the range [0, 2π). The source code repository containing the
code for Crane’s plain-knit yarn curves lists several imple-
mentations, none of which is able to render a large number

Fig. 12. Comparing (a) with (b) reveals that our method avoids the artifacts
near the center of the SH glyph. (f) and (g) show the performance of our variants
in comparison to the method by Peters et al. For the first measurement, the
camera starts at the view producing (a) and (b) and moves away for subsequent
measurements. (c) shows a part of our reference image of the brain scan dataset,
rendered with 16xSS+8xMS. (d) and (e) show the results of the FLIP image
difference evaluator for images produced with our method and with the method
by Peters et al., respectively.

of yarn curves in real time with good rendering quality—
which our method enables for at least 358 k curves, as
our results in Fig. 13(a) show. We show the performance
comparisons of three different variants of our method on the
example of a blue curtain composed of 60 k yarn curves or
358 k fiber curves in Fig. 13. The configurations compared
are a TESSELLATION-BASED variant with adaptive tessellation,
tu = tv = 62, lmax = 19, and no anti-aliasing (noAA), the
same configuration with 4xSS and 8xMS, and a POINT-BASED
variant with 4xSS. The noAA configuration suffers from se-
vere aliasing artifacts such as Moiré patterns, which emerge
due to the high numbers of fiber curves and the sub-pixel
geometric detail produced by them. The artifacts get more
severe with increasing camera distances. The configurations
with SS produce visually satisfying results like those shown
in Fig. 1(d) and (e). In most situations, the TESSELLATION-
BASED rendering variant shows better performance numbers,
but there’s also a noticeable sweet spot for the POINT-BASED
variant, where it outperforms the former—namely when ren-
dering a limited number of yarn curves or fiber curves at
a relatively small scale. However, our implementation of the
POINT-BASED variant suffers from the problem that it produces a
rendering result equivalent to that of conservative rasterization,
which can impair visual quality, especially when rendering thin
geometry.
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Fig. 13. (a) shows performance results and numbers of patches to be rendered
for 358 k fiber curves, arranged as a curtain as shown in Fig. 1(d) (rendered
without the “Sponza” 3D model for these evaluations). (b) to (e) show the
numbers of patches generated by the PATCH SUBDIVISION stage for the noAA
and point rendering variants during each LOD step, while (f) to (i) show the
corresponding numbers for the 4xSS configuration.

In contrast to the results of single SH glyph rendering, where
all the geometry is raised from one single initial patch, Fig. 13(b)
to (i) show different subdivision characteristics since PATCH
INITIALIZATION already creates 358 k patches. Many of them
are culled for near-camera positions. Hence, only ≈12 k remain
after the first LOD step in Fig. 13(b), all of which need to be
subdivided due to the camera distance and screen resolution. As
the camera moves away, more fiber curves become visible but
relatively fewer patches need to be subdivided. The SS variants
in Fig. 13(f) to (i) generally require more patch subdivisions due
to the higher effective resolution.

Parametric Seashells, Hybrid Method, and Discrete LODs:
The parametric seashell model follows roughly the construc-
tion guidelines by Wilson [34], which allows creating a vir-
tually unlimited number of seashell variants by altering con-
stant parameters. Some variants are shown in Fig. 3(d) to (f).
Achieving satisfying rendering results for the variant shown
in Fig. 3(f) is challenging since its parametric function creates
many tiny bumps on the surface, leading to sub-pixel geomet-
ric detail when viewed from a distance or rendered in low
resolution.

The subpixel features produced by this seashell variant make
it a great test candidate for our hybrid rendering approach. Its
performance results are presented in Fig. 14, showing that a
hybrid approach can lead to much more stable frame rates as
PATCH SUBDIVISION selects a suitable render method which ulti-
mately keeps render load more consistent. In contrast, rendering
the whole scene with 4xSS+8xMS shows varying frame rates
and leads to severe FPS drops when the camera is near to the
parametric objects. Notably, the LOD stage takes less time for

Fig. 14. These diagrams show performance results achieved with a three-tier
hybrid rendering technique, which dynamically schedules patches for rendering
with Tess. noAA, Tess. 8xMS, or Tess 4xSS+8xMS rendering variants The x
axis in (a) shows the number of pixels covered on the screen as the camera
moves from a distance towards the parametric objects. The dashed lines show
the milliseconds for rendering all the patches, and the dotted lines represent the
milliseconds how long all the LOD steps of the PATCH SUBDIVISION took. (b) to
(e) put the numbers of output patches after each LOD step in perspective to (f)
to (i), showing an effect of the hybrid technique.

the hybrid approach, which is a result of fewer patch subdivisions
being required with the hybrid approach. The fixed 4xSS+8xMS
configuration unconditionally aims for much smaller patch sizes.
This behavior can be observed well in Fig. 14(h) and (i): As the
camera is close to the parametric objects, they get subdivided
into relatively large numbers of small patches. In contrast, the hy-
brid approach determines that super-sampled rendering is not re-
quired for many patches and hence, stops subdividing earlier, as
can be seen in Fig. 14(d) and (e), scheduling much fewer patches
for rendering. Overall, this leads to a much less pronounced FPS
drop when the camera moves closer to the parametric seashells.
However, the chart also shows the fixed overhead of a hybrid
rendering setup, as described in Section IV-D. This leads to the
hybrid rendering technique not being able to outperform the
fixed 4xSS+8xMS configuration in all cases. Evaluations with
yarn curves are provided in our supplementary material.

We compare the performance of our TESSELLATION-BASED
configurations to another baseline, namely to the conventional
approach of discrete LODs [15]. It selects one of several
pre-computed 3D meshes of different geometric detail. We use
a total of eight different resolutions of the seashell model shown
in Figs. 1(c) and 3(f). The first three are shown in Fig. 15(a),
each level quadrupling the previous level’s number of triangles.
Level eight suffices for pixel-perfect geometric precision for
camera distances as in Fig. 15(c) or further away. We refrain
from including more detailed LOD models since level nine
would require 2.5 GB of video memory (for uncompressed
vertex data), with the FBX file being ≈ 900 MB in size, pos-
sibly leading to long loading times. The combined rendering
performance of rendering both, parametric seashell objects and
the corresponding discrete LOD models, in the same frame is
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Fig. 15. The plot in (e) shows performance comparisons between rendering
parametrically-defined seashells to a classical LOD system that switches be-
tween different discrete 3D model versions of the seashell. The coarsest three
3D models are shown in (a). (b) shows that the decision of switching to a more
detailed LOD is made based on edge lengths in screen space: tLOD=4px in
this example. (c) and (d) show the initial and third (of seven) camera distances
during our tests.

better than rendering both types sequentially in our tests. This is
represented by the dotted line in Fig. 15(e) and shows rendering
performance improvements between 2% and 29% across the
different measurements from different camera distances. Ren-
dering parametric functions mainly demands computational load
from shading units, while rendering discrete LOD models is typ-
ically limited by memory transfer—the different GPU utilization
characteristics give leeway for performance optimization in an
application. The following table lists SSIM, PSNR, and RMSE
values of different rendering configurations for the performance
evaluations in Fig. 15. References were rendered in 32xSS using
parametric seashells.

The decision of when to switch to a more detailed LOD is
made based on a value tLOD, which refers to the longest edge’s
length projected into screen space as shown in Fig. 15(b). Values
between 4px and 2px lead to approximately the same geomet-
ric density as rendering the corresponding parametric object
through our technique. Comparing noAA configurations shows
favorable SSIM, PSNR, and RMSE numbers for our method
in almost all cases. Additionally, the discrete LOD switches
are much more noticeable than the continuous changes of our
technique, which is performed on patch level, not on model

Fig. 16. Some selected results from rendering 5 k seashells, along with their
FLIP image comparisons to a parametric 32xSS reference

level. 8xSS configurations generally lead to greatly improved
visual quality. Our technique shows favorable results over using
discrete LOD models, like noticeably higher rendering speeds
for close-up views. Fig. 16 shows some selected evaluations,
revealing different patterns of visual artifacts in the FLIP image
comparisons. Our hybrid rendering technique again manages
to keep frame times relatively consistent. Unfortunately, it
produces noticeable seams between some neighboring patches
rendered with different configurations, which we were unable
to fully resolve.

Point-based Rendering Results and Performance: In our
tests about seashell rendering, configurations with SS and MS
produce much more satisfying visual results. Performance of
POINT-BASED rendering generally trails behind TESSELLATION-
BASED configurations. Performance results are included in our
previous work [32] and in our supplemental material. The
POINT-BASEDlocal FB variant writes its results into small, virtual,
super-sampled local framebuffers first. The overdraw with this
variant is absorbed on local framebuffer-level (in contrast to the
global framebuffer with other configurations). The single result-
ing color value after the software-resolve operation leads to only
one single atomicMin operation into the global 64-bit integer
target. While it would be reasonable to expect some perfor-
mance improvement from this approach—due to the atomic
operations targeting shared memory instead of global memory—
this did not show in our measurements. We attribute the perfor-
mance decline of POINT-BASEDlocal FB over configurations with-
out local framebuffers to increased computational load within
the point rendering shaders, requiring the additional clearing and
resolve steps (as described in Section IV-C). The additionally
required patch-to-tile assignment step never took more than
0.4 ms in our measurements.

VI. CONCLUSION AND FUTURE WORK

We have presented a general method for sampling and ren-
dering parametric functions in real time. Although a general
method, it outperforms recent solutions for rendering individ-
ual, high-detail SH glyphs and large glyph datasets in terms
of rendering speed and quality. For large datasets, our noAA
configuration achieves higher frame rates on a mobile AMD
680 M GPU than the method by Peters et al. [21] on a dedicated
desktop NVIDIA RTX 4090 GPU. Even at the higher-quality
4xSS and 8xMS configurations, our method running on the
much weaker RTX 3050 Laptop is competitive with theirs on
an RTX 4090. We found non-uniform patch subdivision to be
a key factor for our method’s good rendering performance,
contrary to the recommendation of Eisenacher et al. [5] to always
split patches 1:4. Additional experiments for organic shapes
and fabric yield several hundred FPS while avoiding prominent
artifacts. A parametric object description rendered with our
technique not only produces generally favorable visual results
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Fig. 17. Current limitations of our method.

when compared to a conventional discrete LOD approach, but
also has the potential to save hundreds of megabytes of video
memory and to reduce the initial loading time significantly. Our
hybrid rendering approach is a tool that can help to keep frame
rates stable by super sampling only those patches that have been
found to show subpixel variations.

There are multiple avenues for future work: Currently, our
PATCH SUBDIVISION ignores the concept of holes and subdivides
patches strongly near discontinuities as illustrated in Fig. 17(c).
An early exit criterion could improve performance in such cases.
While the sampling pattern shown in Fig. 6 works well even
for challenging objects like shown in Fig. 17(f), it might fail
to capture extremely fine geometric details. Future work might
investigate more dense and irregular sampling during the PATCH
SUBDIVISION stage. With our proposed approach, a fixed patch
subdivision during PATCH INITIALIZATION can help to better eval-
uate challenging surfaces. Another area of improvement would
be gaps that are left open with POINT-BASED rendering, while
TESSELLATION-BASED closes them with the triangles created
by the tessellator, as shown in Fig. 17(d) and (e). Besides the
proposed screen distance-based metric for deciding whether to
subdivide a patch, we hope to explore further metrics based, e.g.,
on the derivatives of fp(u, v). We also plan to investigate rele-
vant performance factors for our POINT-BASED variant. A more
optimized implementation might be able to increase the perfor-
mance of POINT-BASEDdirect and POINT-BASEDlocal FB rendering
variants. This would make the latter perfectly suitable for the
super sampling path in a hybrid rendering approach, avoiding
the expensive data transfers between different framebuffer for-
mats. It is thinkable to extend our hybrid rendering approach
by rendering not only parametrically-described objects but also
discrete LOD models, which might be beneficial for controlling
overall rendering performance and utilizing a GPU’s different
hardware units in a more balanced manner. Work Graphs [2] are
a new feature of modern GPUs and would allow the number of
dispatch calls for the PATCH SUBDIVISION stage to be determined
and scheduled within a frame, eliminating the latency of an
adaptive approach like described in Section IV-A.

Since PATCH SUBDIVISION is fast enough to run every frame,
our method is well-suited for use with animated objects. In this
work we have only scratched the surface. We believe that our
general method can unlock a wide range of elaborate, animated
parametric functions, enable glyph-based visualization of time-
varying medical data with high frame rates, or allow for smooth
morphing between data sets in real time.
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