
Interactive Visual Analysis of Multi-Parameter Families of Function Graphs
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Figure 1. Left: an illustrative example of an engine charac-
teristic diagram that shows torque versus engine speed. The
engine’s working point is always within the area shown in
this diagram. The dotted line indicates the motion of the en-
gine’s working point as the car accelerates. Right: gas pres-
sure in one of the cylinders versus crankshaft angle at one
specific point in the engine characteristic diagram.

Abstract

The paper describes a method developed for interactive
data visualization and exploration with applications in the
automotive industry. The input data set contains a large
number of function graphs. Each of the graphs is character-
ized by a set of basic attributes. The technique that is used
for visualization includes two linked views: a map view (or
attribute space view), where all function graphs are rep-
resented as a point or an icon on the map, and a linked
function graph view. The map view provides additional vi-
sualization possibilities and allows user interaction. Addi-
tional features like brushing in both views, graph manage-
ment, and related issues like interpolation of the graphs are
described.
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1. Introduction

The amount of information we are being confronted with
nowadays increases constantly. Effectively exploring and
analyzing huge amounts of data is a challenging problem,
perhaps even more than collecting or processing this data.

Plain data tables or simple 2D charts are not always very
useful when it comes to large data sets. Furthermore, people
often look for various correlations and want to compare spe-
cific data. Information visualization tries to make it easier
for the user to analyze and explore large data sets by clev-
erly and interactively displaying information [5, 3, 12, 13].

Information to be explored can come from various disci-
plines and application areas and there is no universal solu-
tion that can fit all of those areas. In this paper we describe a
method which can be used to analyze and explore data sets
containing families of function graphs, where each of them
corresponds to a point in a 2D domain. The data set looks
like this: we have a 2D domain and for each point in this
domain (or for some of the points) there is a correspond-
ing graph describing an attribute in tw0 other dimensions.

One easily comprehendable example of such a data set
is a diagram of temperature over time measured on a num-
ber of places within a certain geographical area. The geo-
graphical map represents the 2D domain, and the tempera-
ture vs time data at specific points on the map represent ad-
ditional two dimensions of the data set. Figure 2 illustrates
the example.

Another example of a similar data set comes from auto-
motive engine design. An engine characteristic diagram is a
2D diagram that shows engine speed (in rpm) on the X axis
and torque at the crankshaft on the Y axis. At every engine
speed there is a maximum torque that the engine can pro-
duce when the the accelerator is fully depressed. There is
also a minimum torque (with the accelerator not depressed
at all) which is negative and can be used to decelerate the



Figure 2. Left: attribute space view and right: function graph view.

car. While driving a car the working point of the engine fol-
lows a path within the engine characteristic diagram.

An example of the engine characteristic diagram is
shown in Figure 1. For each point of this diagram there
are several interesting properties to be investigated, for in-
stance gas pressure in cylinders or main bearing forces as
functions of crank angle.

Time-series are a special kind of function graph. This
special case has been dealt with before. Time Searcher by
Hochheiser et al. [9] is used to interactively explore time-
series data. Time-boxes are used to specify queries. Time-
boxes can be manipulated to specify various times.

Van Wijk and van Sellow [14] have used calendar view
together with time-series data. The main scope was again
various time series data. Since data was gathered for vari-
ous days, the calendar was used to visualize time-series data
origins. The authors also showed how clusters can help in
finding similar time-series in the data set.

Li Zhang at al. [15] used higher Fourier harmonics to en-
hance the visualization of time series data.

2. Motivation

When users work with large sets of function graphs as-
sociated with points in the attribute space they often want to
explore the data first. They try to find locations in attribute
space that generate function graphs which have some in-
teresting or unusual property, or conversely, ones that ex-
hibit some regularity or follow a pattern. They often have
little a priori knowledge about the data set. They do not ex-
actly know what pattern or property they are looking for, or
where the feature is likely to appear in the attribute space.

This calls for a visualization method that allows quick
and easy, yet accurate exploration of the data. Two simulta-

neous views of the data set should be provided: (1) a good
overall view of all function graphs to support navigation in
the data set as well as (2) a detailed view which offers more
information about specific graphs. Picking graphs from the
attribute space must be made as effortless as possible and
should require minimum user interface action.

After some interesting locations have been identified in
the attribute space, another typical task is the detailed com-
parison of graphs associated with these areas. In order to
perform this efficiently one must be able to observe the spe-
cific graphs at the same time and still not loose the context
where the graphs belong [4].

Working with static 2D charts is obviously not practical
if the attribute space is large. For example, numerical sim-
ulations where a large number of parameterized cases are
calculated produce large sets of result graphs. These graphs
must be examined in search of model parameters satisfy-
ing a certain criteria. It is clearly impossible to explore a
set of thousand function graphs without the possibility of
navigating the data set interactively. More complex queries
like ”show me points in the attribute space whose function
graphs fulfill this-and-that criteria” are obviously even less
feasible without interactive visualization methods.

Although displaying the data set as a 3D animated se-
quence where the time represents one of the coordinates is
an obvious approach, it can only be useful in some cases. It
is suitable to offer an overview of the data set but it is less
practical for interactive navigation. It is even less suitable to
show detailed and accurate information about graphs of spe-
cific points in the attribute space. In cases when the spatial
distribution of the data at a specific position in time is less
important than the temporal behaviour of a specific point in
the attribute space, this way of displaying the data may even
be inappropriate.



Therefore we suggest a different approach. Naturally,
one must note that there is no perfect solution which could
aid all visualization tasks even for one specific type of data.
Existing methods that show animated views for a better
overview in time domain lack numeric accuracy. Sheets of
numeric data and charts are accurate but lack overview. We
assume that the method suggested in this paper could com-
plement these existing methods and offer an overview and
detailed information simultaneously.

This is a way to explore the data, in particular when
many variants have to be examined, which is a typical sce-
nario in optimization, for example. Interaction opens new
ways of data exploration.

3. Technology content

The main idea is to have two linked views: the attribute
view and the function graph view. The attribute view dis-
plays the domain (map, engine characteristic diagram,...)
while the function graph view displays the data available for
each point of the domain (temperature over time, cylinder
pressure over crank angle,...). The attribute view can con-
tain additional information such as glyphs for points where
actual data is available, or a color-map of some interest-
ing data characteristic (e.g. the maximum, the average, or
mean value of the data). The system is interactive and al-
lows the user to navigate and select points both in the at-
tribute view and in the function graph view. The function
graph view can display more graphs simultaneously in 2D
or, optionally, in 3D.

Furthermore, the function graph view contains an
overview part (showing the actual position of the se-
lected point in the attribute space) and the graph corre-
sponding to that point. Besides multiple selection in the at-
tribute view, a collecting principle is described as well.
The user can collect various graphs during the explo-
ration, and compare them afterwards.

Finally, we describe an application which is imple-
mented based on above mentioned principles. The applica-
tion is used to visualize engine characteristic diagram. It
has been developed together with AVL [2], one of the lead-
ing companies in the field of powertrain simulation, mea-
surement and design.

3.1. Basic idea

We describe a general framework for interactive analy-
sis and exploration of data sets containing a family of func-
tion graphs each of them belonging to a point in 2D do-
main. The main idea is to have an interactive visualization
method, which will make it possible to easily select a point
in the attribute space and get the corresponding graph. Fur-
thermore, the inverse process, selecting a function graph

with a certain characteristic in order to locate similar graphs
in the domain should also be possible.

3.2. Function graphs and interpolation

The data set we concentrate on consists of a number of
function graphs:

fP (x)

Each of the function graphs is characterized by a set of
parameters (or attributes) P = {p1, p2, ..., pN}. In a general
case this gives N -dimensional attribute space. The func-
tion graphs from the input data set are represented as points
in this N -dimensional space and they are scattered non-
uniformly across this space. The complete input data set can
be formalized as:

F = {fP i}

In this paper we focus on a case where 2 out of N param-
eters are visualized in the attribute view. This gives us a 2D
space which can be thought of as a map. The other linked
view displays interactively selected function graphs.

In most cases the function graphs are not defined for
each point in the map view. If the defined points are dense
enough, it might be sufficient to choose the nearest defined
point. However, there might be some applications where
only few points in the 2D domain are available. These points
can be scattered in the parameter domain on an unstructured
grid and just picking the nearest defined graph when per-
forming a selection in the map view is not always satisfac-
tory.

The natural solution is to provide interpolated curves at
all points within the map view for which the data is not
available [11]. Of course, the interpolation can only be done
if the nature of the data allows it. The first requirement is
that the data set is continuous.

Let us introduce the interpolation operator Ω :

f̂P (x) = Ω(F , P )

= ΩPF

The unknown function graph f̂P (x) can be interpolated
from the graphs of the neighboring data points with a
method that best fits the data.

To enable efficient interpolation, the Delaunay triangu-
lation is performed as a first step on all the defined points
within the 2D map .

If a graph f̂P at point P̂ needs to be interpolated the fol-
lowing steps are performed:

1. The triangle 4(P1, P2, P3) containing the point P̂ is
located.



2. The homogeneous barycentric coordinates (t1, t2, t3)
of the point P̂ are computed. Homogeneous barycen-
tric coordinates are barycentric coordinates nor-
malized such that they become the actual areas
of the subtriangles 4(P̂ , P2, P3), 4(P1, P̂ , P3),
4(P1, P2, P̂ ) normalized by the area of the origi-
nal triangle 4(P1, P2, P3). These coordinates are also
called areal coordinates [6].

3. The resulting function graph is computed as the
weighted sum of the three related function graphs us-
ing homogeneous barycentric coordinates as weight-
ing factors.

f̂P (x) = t1fP 1(x) + t2fP 2(x) + t3fP 3(x)

Using linear interpolation for interpolating temperature
data on a map is likely to be a valid approach, assuming the
data is not sampled too sparsely. In this case trilinear inter-
polation of the graphs of the three nearest points on the map
is an acceptable way to fill in the missing data.

Interpolating gas pressure curves in an engine charac-
teristic diagram is an interesting example where a more so-
phisticated interpolation method is required. Using a simple
linear interpolation may lead to incorrect results due to the
specific shape of the curve (Figure 3), and possible phase
shifts between the cylinder pressure curves at various en-
gine speeds.

One possible solution to the problem is to align all in-
volved cylinder pressures by cyclic shifting so that the
x - coordinate of the peak value for all involved curves
matches. The phase shift of the resulting graph is interpo-
lated between the phase shifts that were used for the initial
alignment using the same weighting factors (t1, t2, t3) (Fig-
ure 4).

Another solution to this problem is to use interpolation in
frequency domain instead of direct interpolation. The func-
tion graphs are transformed to the frequency domain first,
then the weighted sum using homogeneous barycentric co-
ordinates is calculated for phase and amplitude data before
converting them back to the original domain. Both methods
are specific and usable for cylinder pressure diagrams be-
cause the nature of the diagram allows and requires such in-
terpolation.

3.3. Visual metaphor

Since there is an attribute space and a family of graphs
we propose to use two views for visualization [14].

The attribute space view is used to depict the domain.
Points where function graphs exist are of main interest in
the attribute space. If there are just a few points, all of them
will be depicted. In case of large number of points (maybe
even more points per pixel), only a subset will be shown.
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Figure 3. An erroneous interpolation of cylinder pressure.
There is a phase shift between the pressure graphs (dashed
lines) of different crankshaft angles, thus peaks are at dif-
ferent angles. Simple linear interpolation produces a graph
(plain line) with two local maxima—completely unrealistic of
cylinder pressure.
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Figure 4. The correct interpolation of cylinder pressure.
The peak values of the pressure graphs are aligned be-
fore linear interpolation. The resulting interpolated pressure
graph has a very natural shape. Compare this to Figure 3

Furthermore, one characteristic of the corresponding func-
tion graph, such as maximum value, minimum value, aver-
age, etc. can be shown in the attribute space as well. Trilin-
ear color interpolation will be used to show this character-
istic. If the points are too sparse, additional points have to
be inserted into the triangulation in order to avoid the vi-
sual artifacts of the trilinear interpolation. To create these
additional nodes the interpolation described in Section 3.2
is used–same as when interpolating the data for the func-
tion graph view.

The second view is used to show function graphs. It
shows function graphs in a plane. Besides the current func-
tion graph, all function graphs are shown in light gray in the



Figure 5. A 2D display of function graphs that belong to a line in the attribute space. Note that the overview is depicted as
context and the colors of the seven function graphs match those of the points in the line they are associated with.

Figure 6. A 3D display of function graphs that belong to a
line in the attribute space.

same plane as an overview. Furthermore the 2D attribute
space is depicted perpendicular to the plane, and the ori-
gin point of the highlighted graph is shown as well. This
additional overview information helps the user in seeing a
particular graph in the overall context. Note this graph’s
source is highlighted in attribute space itself as well. This
dual highlighting helps the user to keep concentrated on the
graph view, and still have an overview of the graph’s lo-
cation in the attribute space. Without the overview feature,
the user would have to repeatedly change focus from graph
view to the attribute view. Figure 2 shows the attribute view,
with the maximum value depicted using a color scale, and
the function graph view with overview and one curve high-
lighted. A real map image has been used as background for
the attribute view.

Figure 7. A brushing example. In the function graph view
the user has highlighted a rectangle to select very high tem-
perature in July. All points whose temperature graphs pass
through the highlighted rectangle are marked in the attribute
view to display areas of high July temperature.

3.4. Workflow and interaction

The usual workflow while exploring a data set consisting
of family of function graphs involves two main actions:

• attribute based curve exploration, and

• locating graphs in attribute space based on their prop-
erties.

This means that user usually browses through the at-
tribute space and observes the function graphs, and later se-
lects some characteristics in the function graphs and finds
corresponding positions in the attribute space. The straight-
forward interaction for the first action is ”mouse-over”,
which depicts a function graph corresponding to the point
that is currently under the mouse pointer. Depending on the
mouse pointer position, this can be either an existing func-
tion graph or an interpolated one. This information should
also be displayed to the user.

Seeing only one graph at a time makes it difficult to com-
pare the curves. A method for selection in attribute space is



Figure 8. The typical shape of an injection curve. Two peaks, the smaller pre-injection and the main injection, are clearly
visible.

required. There are numerous possibilities to select multi-
ple points in attribute space. A line selection method which
allows the user to select a line in the attribute space is the
simplest. If we want to have separable, independent axes in
the attribute selection, a rectangle selection with the axes
aligned with the attribute space is needed. With both line
and rectangle selection, the selection can be colored using a
color gradient. The color gradient provides additional infor-
mation about the sources of the function graphs. The color
range for this gradient is chosen to be distinct from the color
coding used in the attribute view.

When the user selects multiple points in the attribute
view, more function graphs are displayed simultaneously.
Each graph is drawn in the color of its selection point. Fig-
ure 5 illustrates a simple line selection, using the tempera-
ture data set. Note that the colors of the function graphs are
the same as that of the corresponding points in the selection
in attribute space. Having multiple function graphs corre-
sponding to a line in the attribute space, the resulting curves
can be extruded to create a 3D surface. 3D surfaces can of-
fer new insights into the data. Figure 6 shows another line
selection depicted as 3D surface. Note that extrusion to 3D
is possible only for line selections in the attribute view.

It is possible to combine more selections using Boolean
algebra, which adds additional possibilities to the data ex-
ploration and analysis. Selections are very powerful for ex-

ploration, but they have a limited lifetime. When the user
makes a new selection the old one is lost. That is why a col-
lection principle is introduced. Collections are actually con-
tainers that hold a number of graphs. As the user browses
the attribute space and finds a graph of interest he can add it
to a collection and continue browsing. Graphs can be added
to existing collections at any later point. Several collections
may be defined and used simultaneously, much like having
multiple clipboards in a text editor. It is also possible to cre-
ate new collections via Boolean operations on other collec-
tions. After the user has created collections he can simply
display and explore them.

Once a selection is made or a collection is displayed, the
user can start working with the function graph view. The
user often wants to locate graphs in the attribute space with
certain characteristics. The use of a rectangular brush [1]
[7] for selection of the interesting areas within the func-
tion graph view provides an excellent way to do this kind
of analysis. The points corresponding to the graphs pass-
ing through the selected rectangle are highlighted in the at-
tribute space. For instance, the use of brushing makes it easy
to find areas on the map that have average temperatures in
July over some threshold. Figure 7 shows such an exam-
ple.



Figure 9. Polyline selection in the attribute space. The data points of the line are drawn in colors ranging from red to green.
Each function graph is drawn in the same color as the point it is associated with to help the user identify which point the graph
belongs to.

Figure 10. A brushing example. The user has highlighted areas where pre-injection ratio is above a certain threshold.



Figure 11. Rectangle selection in attribute space. The curves in this example depict pressure in cylinders versus crankshaft
rotation angle. The attribute space is defined with load signal (which is proportional to the pressure on the accelerator) and
engine speed in rpm.

4. Application

We have applied the above described principles in the
KennfeldView tool developed together with AVL. The ap-
plication is implemented in C++ using OpenGL [10] and
FOX Toolkit [8]. The tool is available on several platforms,
including MS Windows and Linux. Primary application of
the tool is the exploration and analysis of engine character-
istic diagrams. After the data is gathered either by simula-
tion or measurement on real engines, the user loads the data,
and starts exploration. The attribute view can display maxi-
mum, minimum, average and mean value of the correspond-
ing graphs as underlying color map. The KennfeldView sup-
ports three types of interpolation: linear, modified linear and
interpolation in Fourier space. A proper interpolation has to
be selected based on the input data. In order to perform the
interpolation the input points in the attribute view are tessel-
lated. The user can choose to display the tessellation of the
attribute view, or the icons on the points where graph data
is available, or both.

Once the data is loaded and interpolation type, color
scale and an underlying map are chosen, the user can start
data exploration. While moving the mouse pointer over the
attribute view the corresponding graphs are instantly dis-
played in the graph view. Single or multiple selections, as

described in Section 3.4 are supported. If the user chooses
to display multiple selections as a 3D surface (possible only
for line selection) the surface can be displayed either as a
surface or a wire-frame. The camera can be freely moved
in this mode. A 2D display of multiple selections does not
allow camera movement, but allows brushing in the graph
view, which is a very important feature for engineers.

Let us show how an actual data exploration might look
like: we have two data sets, the first describing the rate of
injection as a function of a crankangle. Rate of injection in-
dicates how fuel mixture is injected into the cylinder. Fig-
ure 8 shows a characteristic injection curve. Two peaks are
clearly visible, the first one, so called pre-injection, and the
second one, the main injection. Note that this form of in-
jection curve is desired and engine designers try to achieve
such engine characteristics. On the left hand side in the fig-
ure 8 the corresponding attribute space is shown, which de-
picts injected fuel mass and engine speed in rpm. The de-
picted attribute space represents the working range of the
engine. The working point of the engine can be only be lo-
cated within the depicted area in the attribute view. The en-
gineers can use the tool to explore injection curves at var-
ious working points and to quickly see if there are some
areas where the curve has only one peak (undesired curve
shape), or has too low pre-injection ratio. Figure 9 shows an



example of a polyline selection in attribute space. Note how
the color changing from red to green aids the user in identi-
fying areas that have an undesired (single) peak curve shape
in the selection.

An inverse kind of exploration is shown in Figure 10. In
this case we have selected the area where the pre-injection
amount exceeds certain value. We can clearly see all the ar-
eas in the attribute space where function graphs having this
property are located.

Finally, Figure 11 shows the cylinder pressure in the
function graph view and the working area of the engine in
the attribute view described by the load signal and engine
speed. The attribute space determines the domain where the
operating point of the engine may be while the engine is
running. The load signal is directly proportional to the pres-
sure on the accelerator. A rectangle selection with gradient
brush is shown, which is a good way to explore tendencies
with this kind of data.

The KennfeldView tool has been recently demonstrated
to a group of mechanical engineers at AVL List GmbH.
They had a good initial impression about the application
and are interested in integrating it into one of AVL’s soft-
ware products.

5. Summary and conclusion

We have presented a method to visualize a family of
function graphs where each of them is associated with point
in a 2D domain. Such data sets are ubiquitous, from all
kinds of data bound to the map of an area (meteorologi-
cal data, population, pollution, etc.), to special cases in en-
gineering, like the working domain of the car engine linked
to various crank angle dependent attributes at each oper-
ating point. We have described an interactive, dual linked
view solution consisting of an attribute view and a graph
view. Users can browse through the data by simply mov-
ing the mouse pointer over the attribute view and explore
related function graphs in the graph view. Brushing in the
graph view adds additional dimension to the exploration by
highlighting the locations of graphs with certain character-
istics on the 2D map. The engineers at AVL dealing with
engine design are pleased with the new interactive solution.
It has many advantages over the previously used static 2D
charts. KennfeldView may evolve to become a component
of AVL’s software suite.

Additional color images are available for download at
http://www.vrvis.at/scivis/kennfeld.
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