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Abstract

This thesisintroducesa volume rendering technique that is conceptually basedon the shear-
warp factorization. The novelty in our approad is that we perform the sheartransformation
ertirely in the frequencydomain. A compensationfor the direction dependen samplingdistance
along the viewing rays, which is presern in the standard shear-varp approad, is dewloped.
This compensationis alsocarried out in the frequencydomain and is capableof producing freely
selectablesampling distances. The accurate scaling of the volume slicesis achieved by using
the zero padding interpolation property. Finally, a high quality gradiert estimation scheme
is presetted which usesthe derivative theorem of the Fourier transform. Experimertal trials
have showvn that the preseried method can outperform establishedalgorithms in the quality
of the resulting images. Especially in the casewhen the datasetwas acquiredaccordingto the
sampling theorem, the presened method is capableof a perfect reconstruction of the original
function.

Kurzfassung

In dieserDiplomarbeit wird eineVolumen-RenderingMethode, die konzeptionellauf der Shear-

Warp Faktorisierung basiert, vorgestellt. Die Innovation in unseremAnsatz besteh darin, dass
die Shear-Transformation vollstandig im Fourier-Raumdurchgekihrt wird. Eine Kompensation
fur die richtungsabhangige Abtastrate auf den Blickstrahlen wird vorgestellt. Diese Kompen-
sation wird ebenfalls im Fourier-Raum durchgekihrt und kann beliebige Abtastraten produ-
zieren. HochgenauesSkalieren von Volumen-Saichten erreichen wir durch die Verwendung
der Zero-Padding-Interpolationseigensiaft. Zuletzt wird ein hoch qualitatives Gradienten-
Beredhnungsstiema eingebihrt, welches das Ableitungs-Theoremder Fourier Transformation
berutzt. Experimertelle Versuhe haben gezeigt, dassdie hier prasetierte Methode bereits
etablierte Algorithmen in der Qualitat eiberbieten kann. Speziellim Falle, dassder verwendete
Datensatz unter Einhaltung des Sampling-Theoremsaquiriert wurde, ist die hier prasenierte
Methode fahig, die originale Function perfekt zu rekonstruieren.
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Chapter 1

Intro duction

There is no shamein not knowing;
the shamelies in not nding out.

Russianproverb

Volume rendering has becomea very fruitful area of researt over the last decades. Its
applicationsread from medicalimagingto scieri ¢ visualization of data. Fast and, especially,
accuratedisplay of the data can be crucial for decisionsmadeby surgeonsor researters. The
intention of this thesisis to introduce a rendering technique that provides results in superior
guality comparedto those obtained from existing methods.

1.1 Motiv ation

The basicchallengein volumerenderingis to display data that is given on a three-dimensional
grid from arbitrary directions. The volume rendering algorithms can be classi ed into two
categories,jmageorder and object order basedalgorithms. In this work we focuson the image
order algorithms that cast for eat pixel of the nal imageoneray through the scene. Since
rays coming from an arbitrary direction usually don't hit the sample points exactly, some
form of interpolation is needed,in order to calculate data along the rays. Although a lot of
researt hasbeendonein this area,the interpolation lIters usedin standard methods are only
appraximations to the perfectreconstructionof the sinc Iter kernel. Thereforevisible artifacts
are introducedin the nal images.

The useof the Fourier transform in volume renderingwas rst proposedin 1990by Dunne
et al. [7] followed by Malzbender[21], Levoy [19], Totsuka and Levoy [34]. All theseapproades
focus on the Projection Slice Theorem [3]] that states that slicing in the frequency domain
equals a projection in the spatial domain. Therefore to composite a given volume onto a

1



CHAPTER 1. INTRODUCTION 2

viewing plane a two dimensionalslice is extracted of the three dimensionalfrequencydomain
represemation of the volume. This slicehasto be in the sameorientation asthe chosenviewing
plane. The inverse Fourier transformation of this slice leadsto the resulting image. If the
projected volume is of size N3, the extraction of the slice and the following inverse Fourier
transform has a complexity of O(N2logN) as comparedto the projection in spatial domain
with a complexity of O(N3). The forward Fourier transform, O(N3logN ), of the volume has
to be doneonly once,and is consideredas a preprocessingstep. The gain in rendering speed
comeswith the drawbadk of a low imagequality. Resultingimagesare similar to X-ray imaging.

In our proposedmethod we createregular ray castinglike images[17] that feature occlusion
and use transfer-function speci cation to map the density valuesto optical properties. To
achieve this we had to turn away from the projection slicetheoremand useother properties of
the Fourier transform, that have found wide applicationsin 1D and 2D signal processing.In
particular we exploit the Packing Theorem, which is also known as zero padding, to perform
zooming operations, Shifting Theorem to o set the data along the coordinate axis and the
Derivative Theorem to calculate derivativesof the input signals.

The Shear-Warp Factorization introducedby Lacroute et al. [14] was designedto be one of
the fastest software basedrenderingalgorithms. This method usesthree copiesof the volume,
represered as stads of slices,ead alignedto one of the main coordinate axis. The stak of
sliceswhich is the closestto be perpendicular to the viewing direction is usedin a given ren-
dering pass. The viewing transformation of the volume from the object spaceinto the image
spaceis factorized into a permutation, a shearand a warp transformation. The permutation
transformation is already performed by choosing one of the three stadks. The sheartransfor-
mation uses2D interpolation within the slicesascomparedto computationally more expensiwe
3D interpolation sthemes[17]. Additionally no rotation is appliedto the slices,just shifts par-
allel to the coordinate axis are done. These shearscan be donein the frequencydomain by
applying the time shifting theorem onto both axesof the two-dimensionalslices. To create a
high quality zoom, the slicescanbe scaledby zeropaddingin the frequencydomain. The shear
transforms the volume into the shearedobject space,from which the slicesare projected onto
the intermediate imageplane. The nal imageis createdby performing the remaining warping
transformation on this 2D frame bu er.

We suggesta rendering algorithm basedon the shear-varp factorization carrying out the
sheartransformation in the frequencydomain. To further improve imagequality a modi cation
of the standard shear-varp approad is introducedto calculate intermediate slicesin order to
obtain a selectableand viewing direction independert samplingdistancealongthe viewing rays.
For high quality gradiert estimation three copiesof the volume dataset are created. Each of
them is di erentiated in the direction of one of the three main coordinate axis by applying the
derivative theorem. Thesevolumesare then processedhrough the proposedrenderingpipeline
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to the shearedobject space,where they are combined to form a gradiert vector eld. The
gradiert vector eld is usedfor calculating lighting e ects on the data slicesbeforethey are
blendedinto the intermediate image.

1.2 Goals

The intention of this thesisis to bring high quality signal processingmethods that are based
on the Fourier transform to the volume rendering pipeline. Thereforethe following goalswere
set:

Shov how the Fourier transform and its theoremscan be usedto interpolate and di er-
ertiate functions provided as sampleddata with very high quality.

Combine the approad of the shear-varp factorization with Fourier transform basedmeth-
ods to createa volume rendering method that can perform interpolation with sinc Iter
quality.

Introduce high quality gradiert estimation by exploiting the derivative theorem of the
Fourier Transform.

1.3 Structure
This documen is structured in the following way:

Chapter 2 provides a review of the Related Work on which this thesisis based. This includesan
introduction to volume renderingtechniquesand the role of the Fourier transform in this
area. Additionally a brief overview of the theory of sampling and interpolation is given.

Chapter 3 introducesthe Fourier Transform and its theoremswhich are usedin this work.
Chapter 4 descrikesin detail the algorithm of the Sher-Warp Factorization in the Fourier Domain.

Chapter 5 providesImplementation details to discussissueshat arisewhendealingwith data in the
Fourier domain.

Chapter 6 preserts the rendering Results and provides qualitativ e analysis of the imagesobtained
by the new technique in comparisonto traditional methods.

Chapter 7 givesa Summary of the preseried work.

Chapter 8 nally draws Conclusionsand givessuggestiondor Future Work.
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1.4 Notation

The mathematical notation usedthroughout this thesisis introduced here. The synbols for
the number setsare N for non-negatie integers,Z for integers,R for real and C for complex
numbers. For complexnumbersthe lower casei represems the complexunit, i.e. i2= 1, and
an asterisklike indicatesthe complexconjugate.

Continuoussignalsarerepreseted usingbradcketsasin x(t), while discretesignalsusesquare
brackets as in x[n]. Finite discrete signals have only a nite number of non-zeroelemerts.
Thereforethe signalx[n] haslength N if besidea sequenc®f N elemerts all remaining elemens
of x[n] are zero. The sequencef the N non-zeroelemerts in a nite discretesignalis assumed
to start at the index n = 0, that signi es that x[n] = Oforn< Oandn> N 1.

Periodic signalsare indicated with a circum ex on the top of the function nameasin R(t)
for continuous periodic signalsand R[n] for discrete periodic signals. Unlessotherwise stated,
cortinuous periodic signalshave a period of 2 . To expressthat a signalhasa speci c length,
that length is included as a subscript in capital letters after the signal name. As an example
Xy [N] is a signal with length N and Ry [n] is a signal with period N .

Lower caseletters as signal namesindicate spatial domain signals, capital letters stand
for the frequencydomain signals. Corresponding namesof signalsfrom the spatial and the
frequencydomain indicate transform pairs related through the Fourier transform. Whereasthe
spatial domain signal represeits the signal itself and the frequencydomain signal capturesthe
frequency spectrum represemation of the original signal. The transform pair relation is also
expressediy a two-sidedarrow like f'Tn] () F[1I

Higher dimensionalsignalsare indicated by a number of function argumerns that correspnd
to the dimensionality of the signalasin f [I; m; n] for a three dimensionalsignal. If the signalhas
a speci ¢ length in eadt dimension,that length is included as a subscriptsasin fy n[l; m; n].

Becauseof the separability property of the Fourier transform, multi-dimensional signals
can possibly be transformedto the frequencydomain in only a selectednumber of directions,
where the remaining directions stay in the spatial domain. Theseresulting signals of these
operationsareindicated by a lower casefunction nameand the index variablesof the directions
in the frequencydomain are labeled with Greek letters. For examplethe signal fiy n [I; m; n]
is Fourier transformedin | direction into fiy n [; m;n].

Unlessotherwisestated, it is assumedhat the function valuesof spatial domain signalsare
real and the function valuesof the frequencydomain signalsare complex. Multi-dimensional
signalswhich have someaxesin the spatial domain and someaxesin the frequencydomain are
assumedto be complex.



Chapter 2

State of the Art in Volume Rendering

Inventions reachel their limit long
ago,and | see no hope for further
development.

Julius Frontinus, 1st certury A.D.

The intention of this thesisis to bring new aspects of the Fourier transform to the eld
of volume rendering. Reconstruction of discrete signalsis an important part of many volume
rendering algorithms, therefore a brief introduction to the mathematical basicsof Sampling
and Reconstruction is given. The next section provides an overview of Optical Models for
Direct Volume Rendering followed by an introduction to the most commonVolume Rendering
Techniques The last sectiondealswith the role of the Fourier Transformin Volume Rendering
which is mainly an application of the projection slicetheorem of the Fourier transform.

2.1 Sampling and Reconstruction

The data usedin volume renderingis usually given as samplepoints on a particular grid. In
orderto beableto renderthe volumefrom an arbitrary angle,interpolation within thesesample
points is necessary The basic conceptsand requiremerts of this processare addressedn this
section.

2.1.1 Special Functions

There are se\eral functions usedin samplingtheory to simplify the notation of mathematical
equations. The most common onesthat are necessaryto follow the ideasin this thesis are
briey introducedhere.



CHAPTER 2. STATE OF THE ART IN VOLUME RENDERING

Dirac delta

(t) is the unit impulse function or Dirac delta function, seeFigure 2.1(a), de ned as

t)=0;t6 0
;O

(tdt= 1
1

For discretesignals,also known asthe unit samplesequenceseeFigure 2.1(b),

1 n=0
[n] =
0O n6o
l..
t n

@) (b)

Figure 2.1: (a) The corntinuousimpulse (t) and (b) the discreteimpulse [n].

Impulse Train

2.1)
2.2)

(2.3)

The shah function g (t) is a cortinuousimpulse train, which is usedto relate cortinuousand

discretesignals,Figure 2.2. “

() = (t n

n=1

Unit Step

H (t) is called the unit step function, seeFigure 2.3(a), de ned as

(2.4)

(2.5)



CHAPTER 2. STATE OF THE ART IN VOLUME RENDERING 7

i

Figure 2.2: The shah function o (t).

w—'
N—>

n

in the continuous case,also known as the Heaviside function. The unit step for the discrete

case,seeFigure 2.3(b),
1n O
H[n] = 2.6
n] 0 n<O (26)

t -3 -2 -1 1 2 3 n

(a) (b)

Figure 2.3: (a) Continuousunit step H (t) and (b) discreteunit step H[n].

Box

The rectangle or box function is usedin relating cortinuous and discrete signals, see Fig-
ure 2.4(a). The cortinuousversionis de ned asfollows

1 jtj<

0 jtj> (27)

(1=

NI NI

and the discretebox, seeFigure 2.4(b),

10 n N 1
n) = 2.8
v () 0 otherwise (2.8)
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-1 -1/2 1/2 1t -3 -2 -1 1 2 3 n

(@) (b)
Figure 2.4: (a) The cortinuousbox ( t) and (b) the discretebox 3[n].
Sinc

The sinc function is the Fourier transform pair to the cortinuous box function. It is usedin
relating cortinuous and discrete signals,seeFigure 2.5. It is given by

sin t
t

sinc(t) = (2.9

Figure 2.5: The sinc function sinc(t).

2.1.2 Filter Theory

To make the cortinuousworld around us accessibldo a computer that is only capableof pro-
cessingdiscretenumbers, is it inevitable to convert a given signalinto numbers. The rst step
is to transform the cortinuous-time signal into a discrete-time signal. This meansmeasuring
the signalvalue in a periodic mannerover the domain of the function and storing the obtained
valuesin a list. How many samplesare necessaryto represen a signal perfectly is determined
by its frequencyspectrum. If a function hasa very complexcharacteristics,then more samples
are neededo cover the information. Shannon'ssamplingtheorem,alsoknown asNyquist crite-
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rion givesthe generalanswer to the questionof how many samplesare necessaryto completely
represen the cortinuousfunction by its discretesamples.It statesthat the samplingfrequency
must be at least twice the maximum frequencyin the sampledsignal. If the samplingis done
accordingto the Nyquist criterion, the original signal can be reconstructedby corvolving with

the sinc function. If the samplingrate is smaller, aliasing artifacts occur.

Figure 2.6 gives an overview of how sampling and reconstruction work. The left column
represems the spatial domain and shows all the everts that occur during the process.the right
columndoesthe samefor the frequencydomain. The rst line introducesthe band limited initial
function Figure 2.6(a) and its spectrum Figure 2.6(b). In the secondrow the sampling shah
function Figure 2.6(c) and its Fourier transform pair, alsoa shah function, but with reciprocal
spacingas seenin Figure 2.6(d) are usedto samplethe input signal in spatial domain. The
sampling is donein the spatial domain by multiplication of the input signal with the shah
function which gives Figure 2.6(e) as a result. Multiplication in spatial domain is equivalernt
to a cornvolution in frequencydomain. Therefore Figure 2.6(f) is the result of corvolving the
spectrum of the input signal with the Fourier transform pair of the sampling shah function.

We now have the sampleddata available. In orderto reconstructthe original input function,
the situation of the rst row in Figure 2.6 hasto be restored. This can be doneby multiplying
with a box function in the frequencydomainto cut out the certral replica of the spectrum (see
Figure 2.6(h)). The Fourier transform pair to the box is the sinc function (seeFigure 2.6(Q)).
Multiplication with the box in frequencydomain signi es cornvolution with the sinc function
in spatial domain, to restorethe original function.

If the signal is sampledwith a lower frequency the replicas of the frequency spectrum
move closer. At the point when the samplefrequencygets bellow the Nyquist frequencythe
replicasbeginto overlap, seeFigure 2.7. The overlapping areasof the replicasare summedup,
which makesa reconstructionof the original function impossible. This error introducesaliasing
artefactsin the reconstruction process.

An examplefor signal processingis the human voice, which has frequencycomponerts up
to 20kHz. In order to follow the Nyquist criteria a samplingrate of 44.1kHzhasbeenspeci ed
in the CD audio standard [11].
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Figure 2.6: Sampling and reconstruction. The left column represets the spatial domain,
whereasthe right column displays the equivalert signalsin the frequencydomain. (a) initial
function and (b) its frequencyspectrum. (c) the sampling Shah-functionand (d) its Fourier
transform pair. (e) is the result after a multiplication of (a) and (c). Therefore(f) equalsthe
convolution of (b) and (d). (g) the sinc function is a transform pair to (h) the box function.
The multiplication of (f) with (h) creates(j) the spectrum of the original function. Hencea
convolution of (e) with (g) leadsto (i) the original function.
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@) (b)
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spacing 757
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spacing 1st ‘

(e) (f)

Figure 2.7: Sampling of a function below the Nyquist criteria. (a) and (b) show the same
initial function and its spectrum as in Figure 2.6. (c) is the sampling Shah-function with a
coarserspacingand (d) the Fourier transform pair which hasa proportional ner spacing. The
multiplication of (a) with (c) gives(e). The dual operation to the multiplication in spatial
domain is the corvolution in the frequencydomain. Thereforethe convolution of (b) with (d)
gives(f). The closerspacingof the impulsesin (d) leadsto overlapping of the replicas of the
spectrum in the frequencydomain. The resulting function is indicated by a bold line in (f).
The overlap of the replicas makes a perfect reconstruction of the initial function impossible.
The introducederror is referredto as aliasing.
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2.2 Optical Mo dels for Direct Volume Rendering

The renderingequation (Equation 2.10)introducedby Kajiya [12] descritesa physically based
model of how the light emitted by one or se\eral light sourcespropagatesthrough a scene.lt
takesinto accourt how rays get re ected on surfaces,the scattering of light from one surface
to another, until the rays nally enter the obsenerseye.

h z i

LG XY = g06xY) 06x9+ (6 x%xOF1(x% x%Fdx*® (2.10)
S

| (x; x9 is related to the intensity of light passingfrom point x°to point x, g(x;x9 is a
\geometry" term, (x;x9 is relatedto the intensity of emitted light from x°to x and (x; x% x%
is related to the intensity of light scatteredfrom x%to x via a patch of surfaceat x°.

As this equation corntains integrals over the whole spaceand in nite recursionsi,it is practi-
cally not possibleto evaluate it analytically. Thereforesimpli cations have to be madeto make
this approad more practical.

Blinn [3] rst introduceda volume density scattering model to computer graphics. Equa-
tion 2.11 givesa form of the low-albedo volume rendering integral (VRI) usedby Mei ner et
al. [29].

Z

L Ry
I (xxr)=  C (s) (s)el s ®dgs (2.11)
0

The VRI analytically computes!| (x;r) the amourt of light of wavelength coming from
ray direction r that is received at location x on the imageplane. L is the length of the ray r, the
volumeis composedof particleswith certain densities which receiwe light from all surrounding
light sourcesand re ect this light towards the obsener accordingto their specularand di use
material properties. Additionally particles may alsoemit light on their own. SoC is the light
of wavelength re ected and/or emitted at location s in the direction of r. To accourt for
the higher re ectance of particles with larger densities,the re ected color is weighted by the
particle density. The light scatteredat s is then attenuated by the densitiesof the particles
betweens and the imageplane. In generalthe VRI cannotbe computedanalytically aspointed
out by Max [24], therefore practical volume rendering algorithms discretize the VRI into a
seriesof intervals s; with constart color C (s;) and opacity (s;). Further the exponertial
function is approximated with the rst two terms of the Taylor seriesexpansion,which leads
to Equation 2.12,known asthe compositing equation [18].

LX s Y1
I (x;r) = C(si) (s) @ (s) (2.12)

i=0 j=0

It is alsopossibleto look at compositing on a per-slice,instead of a per-ray basis. Eac slice
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represeis a certain distanceto the projection plane. The slicesare composited either in a badk
to front (B2F) or a front to badk (F2B) order onto the nal image plane. B2F compositing is
the naive solution, with a blending operator that is referredto asthe \over" operator [28] (see
Equation 2.13).

Sa=850 )+GC (2.13)

S refersto the sum after i slices,and the voxel with the color C; and the opacity ; is
composedover the already accurnulated image.

A more sophisticated method is the F2B compositing which allows early ray termination
that canacceleratethe renderingof datasetswhich have many voxelswith high opacity. During
the F2B compositing the transparency .. of the already compositedvolumeis accunulated for
ead pixel. If the 4 value of a certain pixel reachesan value very closeto 1.0 the compositing
processfor this pixel is stopped and the current color of the pixel is assumedto be the nal
result. Equation 2.14 shows how to add up the color componert, and Equation 2.15computes
the accunulated opacity.

Sa = S+ (1 ag)C (2.14)
acc+1 — acg T (1 acci) i (2-15)

S, refersto the composited color of the rst i slices,while C; and ; are the color and
opacity of the currerntly processedsample. . is the opacity of the composited slice padket
after i slices.

2.3 Volume Rendering Technigues

This section gives an introduction to the main approadesin volume rendering. The eld is
separatedinto subsectionsaccordingto the approad of image creation.

2.3.1 Image Order

Image Order techniques are focusing on the image plane as starting point of the algorithm.
The basic idea is that for ewvery pixel of the nal image a ray is cast into the scene. The
ray is sampledon its courseand the simpli ed volume rendering equation, Equation 2.12,is
evaluated.

Ray casting introduced by Levoy [17] is a very good represemativ e of this approad, Fig-
ure 2.8 illustrates the concept. The computational complexity of thesealgorithms is governed
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by the number of pixelsin the nal image.
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Figure 2.8: In image order techniquesfor ead pixel in the nal imageoneray is castthrough
the scene.The nal pixel color is gatheredby ewaluating the volume rendering integral along
the ray.

2.3.2 Object Order

The volume data is the certer of interest in Object Order methods. A rendering operation is
performedfor ead voxel in the volume dataset. A represerativ e of this approad is Splatting
introducedby Westover [36]. Every voxel is seenasa particle and projectedto the imageplane,
whereit createsa footprint accordingto its color and opacity. Voxelscloserto the imageplane
blend over the footprints left by voxels further away. This adiievesan approximation to the
simpli ed volume renderingequation. The aligned memory accessan gain a signi cant accel-
eration in rendertime, comparedto ray casting. The computational complexity of object order
methods is predeterminedby the number of voxels in the volume to be rendered. Figure 2.9
illustrates the conceptof this method.

2.3.3 Hybrid Order

Image and object order approades have seweral advantages and disadwantages. The aim of
Hybrid Order techniquesis to conbine the advantages and to create a fast and relatively
accurate rendering algorithm. The Sher-Warp Factorization introduced by Lacroute and
Levoy [14] is the fastestknown purely software basedvolume rendering algorithm.

The conceptualidea is to transform the volume into an intermediate coordinate system
which is called the \sheared object space". The de nition of this spaceis that all viewing
rays are parallel to the third coordinate axis. The transformation is illustrated in Figure 2.10
for the parallel projection. The horizorntal lines represen slices of the volume data which
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Figure 2.9: In object order techniques ead voxel of the input volume is projected onto the
imageplane.

are intersectedby the viewing rays. One stadk of theseslicesrepreseting the volume hasto
be stored for ead coordinate axis. The stadk most perpendicular to the viewing direction is
selectedand transformedin order to setthe viewing rays perpendicularto the slices. They can
now be composited into the intermediate image in a badk-to-front order. The nal warping
step eliminates distortions in the intermediate image and performs eventual rotations around
the viewing axis. A summary of these stepscan be seenin Figure 2.11. The reasonwhy this
algorithm is considereda hybrid order techniqueis that voxel slicesof the volume are composed
into the intermediateimage,which is consideredan object order operation. Afterwardsfor eah
pixel in the nal imagethe correspnding position in the intermediateimageis computedwhich
givesthe nal pixel color. This secondwarping step is the image order componert.

viewing rays shear S
A A A
\ \ \ volume
x \\ \ slices project
NN m—>
AN A\ warp
image
plane

Figure 2.10: In the shear-varp factorization approad the volumeis tranformed to the sheared
object spaceby translating ead slicein a way that the viewing rays becomeperpendicular to
the slices.
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Figure 2.11: The three conceptual steps of the shear-varp algorithm: shearand resample
the volume slices, project the resampledslicesonto the intermediate image, and warp the
intermediate imageinto the nal image.

2.3.4 Texture Mapping

Through the availability of very powerful programmablegraphicshardwarethe Texture Mapping
approad has becomevery interesting. Early work was done by Cabral [4]. At the beginning
only 2D textures intended to enhancesurface graphics was supported. The conceptis very
similar to the shear-varp factorization (seeSection2.3.3). The volume is separatedinto one
stak of slicesfor ead main coordinate axis. The stadk which is most perpendicular to the
viewing axis is selectedfor rendering, this is doneby mapping the sliceinformation onto a stadk
of triangles which hasthe samegeometricsetup asthe slicesthey represen Transformation of
the triangles and blendinginto the framebu er is doneon the graphicshardware. This method
is illustrated in Figure 2.12.

Further dewelopmert led to the introduction of graphics cards that feature 3D textures.
The volume data is stored in the memory of the graphicshardware, if a triangle intersectsthe
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[ERZAN

Figure 2.12: The 2D texture approad usesone stadk of texture slicesfor eat of the main
coordinate axes. The one most parallel to the projection plane is displayed in a badk-to-front
order with alpha blending.

3D texture, the cutting plane is projected onto the triangle. To usethis behavior for volume
rendering, a stack of slicesparallel to the projection plane intersecting the volume is drawn.
The geometrictransformation and the compositing is donein hardware again. The setup for
di erent anglescan be seenin Figure 2.13.

[EMAN,

Figure 2.13: The 3D texture mapping method usesone 3D texture, which is mapped onto slices
parallel to the projection plane. Theseslicesare then displayed in a bad-to-front order with
alpha blending.

2.4 Fourier Transform in Volume Rendering

Frequencydomainvolumerendering(FDVR), often alsoreferredto asFourier volumerendering
(FVR), is a volume renderingtechnique rst introducedby Dunne et al. [7]. Malzbender[2]],
Levoy [19 and Totsuka [34] cortributed in establishing this method in the following years.
Recenly Leeet al. [15], Westerbergerand Roederik [35], Entezari et al. [8], Stark [31], Dorn-
hofer [6] cortributed improvemerts to this approad. The main enhancemets wherein adding
shadingand the extertion to non Cartesiangrids.

The FVR method is basedon the Projection Slice Theorem of the Fourier transform, which
statesthat a two-dimensionalslices, passingthe origin of the frequencydomain represemation
of a three-dimensionalvolume, inverse Fourier transformed, equalsa projection of the whole
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volume along the normal vector to s. If the size of the volume is N3, then computational
expenseof this operation is O(N2logN) as comparedto O(N?3) of the pure spatial domain
equivalen.

Unfortunately evenwith the mostrecen improvemeris this method generatesonly \x-ray"
like images,seeFigure 2.14. The lack of occlusionand support of transfer functions are the
major drawbadks of this method.

Figure 2.14: The UNC-brain datasetfrom di erent angles,using Fourier Volume Rendering.

During the work on this thesisa paper by Li et al. [20] was published that usesthe same
principle asour method, i.e., to perform the resamplingof the volumein the frequencydomain.
Their approad is to decommsethe transformation matrix into four shearoperations. These
four shear operations are performed by exploiting various frequency domain techniques and
require multiple forward and backward Fourier transforms. In our approad the transformation
matrix is factored according to the shear-varp factorization which requires only one shear
operation to be executedin the frequency domain. Another issueis that if the volume is
resampledby the application of shearoperationsit is necessaryo add su cien t spatial domain
zeropadding to fully accommalate the rotated volume. The problem that arisesif the spatial
domain zero padding is too small, is that parts of the data volume passover the border of
the volume and through the periodicity of the dataseterter from the other side. This error is
amplied by the consecuti\% shears. To allow arbitrary positions of the volume a symmetric
spatial domain zero pad of -2 times the maximal volume resolution hasto be applied. This
createsan up to three times higher memory consumptionascomparedto our method that does
not require spatial domain zero padding in that dimension. We further introduce a gradiert
estimation sdheme that takes advantage of the derivative theorem of the Fourier transform
which could probably be applied to their work.



Chapter 3

Fourier Transform

In mathematicsyou dorit understand
things. You just get usal to them.

Johannvon Neumann

The aim of this chapter is to provide a collection of equationsand theoremsof the Fourier
transform usedin later sections.In the interest of brevity is it not possibleto give a full intro-
duction into Fourier transformsin this work. A more comprehensie and detailed introduction
to the Fourier transform can be found for examplein Oppenheimand Scafersbook [27].

3.1 Transform Pair

The Fourier transform links a signal with its represemation in the frequencydomain. There
are se\eral forms of the Fourier transform depending whether the input signal is cortinuous,
nite or periodic. We de ne the following transforms accordingly:

Fourier Transform (FT):

Z,,

X() = x(te 2 ' 'dt (3.1)
1z

x(t) = — X()e'd (3.2)
2

Discrete-Time Fourier Transform (DTFT):

R .

X() = x[n]e 21 " (3.3)
n= 1Z .

x[n] = zi X()e ' nd (3.4)

19
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Discrete Fourier Transform (DFT):

X 1 .,

Xul ] = Ry [n]e "W (3.5)
n=0
1 W ! io2n

Rn[n] = M Xul 1€ ™ (3.6)

=0

To get ®x [n] badck exactly from Xy, [ ] weneedM N, but in most applications typically
M = N. The computational e ort for this transform is O(NM), or O(N?) whenN = M.
There are more sophisticatedalgorithms namedFast Fourier Transform (introducedby Cooley
and Tukey [5]); usually denotedas FFT that accomplishegshe transform in O(NlogN) time
complexity. For the FFT, there are no restrictions on N, but the most well known version of
the algorithm is the radix 2 transform, which assumesN = 2 [27].

3.2 Shift Theorem

To obtain the original data samplesfy [n] displacedby an o set a along the coordinate axis,
the frequencydomain represemation Fy[ ] is multiplied with a complexexponertial function
term, given by

fuln & () eR% R[] (3.7)
N () Ful a (3.8)

It is possibleto displacethe frequencydomain represemation Fy[ ] by performing a similar
multiplication in spatial domain, seeEquation 3.8.

3.3 Convolution Theorem

Wolfram [23] statesthat \A convolution is an integral that expresseshe amourt of overlap of
one function g(t) asit is shifted over another function f (t)". The convolution of cortinuous
signalsis indicated by , the symbol for the discreteperiodic corvolution is a ~. The Convolu-
tion Theorem statesthat if a corvolution of two signalsf (t) and g(t) in the spatial domain is
equalto y(t) (Equation 3.9), and the multiplication of their Fourier transform pairs F( ) and
G( ) givesY( ) (Equation 3.10),then y(t) and Y ( ) are transform pairs.
Z,
f(t) oft)= f()ot )d (3.9)

1
F()G() (3.10)

y(t)
Y()
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The corvolution is computedin di erent ways dependingon the form of the involved signals. In
our application we cornvolve only discreteperiodic signalswith the sameperiod length N . In this
casethe periodic convolution asde ned in Equation 3.11for spatial domain and Equation 3.12
for the frequencydomain is used.

X 1
N [n]~ On[n] = N [m]on [N m] (3.11)
m=0

NFy[ 6N ] (3.12)

Y [N]
Wil

The computational complexity of performing the corvolution in spatial domainis O(N2). The
frequencydomain approad includesa forward and inverseFourier transform (eac O(N logN ))
plus the multiplication of the signalsin the frequencydomain (O(N)). Thereforethe cost of
computing the cornvolution in frequencydomain is O(NlogN ), which is substartially faster
than the cornvolution in spatial domain.

3.4 Packing Theorem

The Packing Theorem is usedto changethe number of samplesin one period of a signal f'\ [N]
with period N to fi [n] with period K. The pading operator is applied on the frequencydomain
represemation Fy[ ], of the signal f\ [n], to obtain Fx[ ]. In caseof K > N, the extension
of the signal period is performed by appending zero valued samplesto the frequencydomain
represemation of the signal, seeEquation 3.14. If the resulting period K is smallerthan N,
samplesrepreseting high frequencycomponerts are removed from Fy[ ], seeEquation 3.15.

Pack«fFn[ 19= Fx[ ] (3.13)
i ( KEW[]1 0 modK N 1
Fll= g N  modK K 1 (314)
for 2ZandK N,
Fel 1= KFy[1 0 modK N 1 (3.15)

for 2ZandK N.

The factor % keepsthe valuesof fx [n] at the scaleof f\ [n]. This operation is often also
referredas zero padding. A drawbadk of this method is that arbitrary scalingof signalsis not
possible;the period of a given signal can only be changedin discrete steps.
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3.5 Deriv ativ e Theorem

Taking the derivative of the discrete Fourier transform (Equation 3.6), gives

Ml i2n
X% [n] = Mi Xulle€ & i 2 Ni (3.16)

=0
This leadsto the Derivative Theorem for the DFT which statesthat a discrete periodic signal

Rn [n] with a frequency domain represemation of Xy [ ] can be derived by multiplying with
i 2 Nl in the frequencydomain, seeEquation 3.18.

Al () Rl ] (3.17)
Al () 2 Rul] (3.18)

3.6 Windo wing

If a signal is sampledbelon the Nyquist frequencythe replicas of the fundamertal period in
the frequencydomain overlap. Thus the perfect reconstruction of the original function is not
possible. For moredetails seeSection2.1.2. The errorsintroducedwhenreconstructinga signal
sampledbelow the Nyquist frequencyare called aliasing. Unfortunately in practice it is often
the casethat signalsare not band limited and thereforethe Nyquist frequencyis in nite. Every
discrete sampling of such a not band limited signal introducesaliasing artifacts by de nition.

One possibleappearanceof thesealiasing artifacts is the Gibbs phenomenon[27]. The Gibbs
phenomenonis an overshating of the reconstructedfunction which appearsaround discorti-
nuities of the sampledfunction. It is alsoreferredto asringing. The appearanceof the Gibbs
phenomenoncan be decreasedhrough a multiplication of the Fourier seriesrepresemation of
the signal with a weighting window function.

Somecommonly usedwindows are:

Rectangular (
10 M
Wi 1= 3.19
vl 0 otherwise ( )
Bartlett(triangular) 8
25 0 £
Whil=_2 Z %< M (3.20)
0 otherwise
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Hanning
05 0:5cog%-) O M
Wi 1= codv) . (3.21)
0 otherwise
Hamming
0:54 0:46c04%-) O M
Wi 1= codr) _ (3.22)
0 otherwise

@) (b)

Figure 3.1: (a) The Stanford Bunny renderedwith the new Fourier basedrenderingalgorithm.
Ringing artifacts are esgecially visible parallel to the hind leg. An application of the Hamming
window in all three dimensionsin the frequencydomain represetation of the dataset before
starting the rendering processsmaoths thesee ects. (b) demonstratesthe obtained rendering
result after windowing. The imagesof the rst row wererenderedwith a zoom factor of 4 and
the enlargedsectionswith a zoom factor of 20.

Figure 3.1 displays two imageswhich where renderedwith the rendering algorithm intro-
ducedin this work. Figure 3.1(a) shows the rendering result obtained by direct application of



CHAPTER 3. FOURIER TRANSFORM 24

the proposedalgorithm. Strongringing artifacts are visible parallel to the hind leg. The image
in Figure 3.1(b) was renderedafter an application of the Hamming window in all three space
directionsin the frequencydomain represemation of the dataset. The ringing artifacts are very
much reduced,but alsosomedetail in the imageis smoothed out. This new volume rendering
algorithm is preserted in detail in the following section. The Fourier transforms, theoriesand
methods introduced in this section are put together to perform important parts of this new
method.



Chapter 4

Shear-W arp Factorization in the
Fourier Domain

Do not worry alout your di culties
in Mathematics.

| can assue you mine are still
greater.

Albert Einstein

Displaying data sampledon a three-dimensionalgrid is the general purpose of a volume
rendering algorithm. Other requiremerts can vary depending on a given application. Some
application might favor high frame rates over very accurate imagesrenderedfrom the input
volumes.

The focusof the algorithm preserted in this chapter is to provide very high renderingquality
by usingtheoremsof the Fourier transform that arewidely usedin 1D and 2D signalprocessing.

4.1 Intro duction

Our method is conceptually basedon the shear-varp factorization introducedby Lacroute and
Levoy [14]. This algorithm factorizesthe viewing transformation of the volume from the object
spaceinto the image spaceinto a permutation, a shear,and a warp transformation. The shear
transformation, where most of the critical interpolation takes place, only usestranslation of
volume slicesalong the coordinate axes. In this work we proposea new method performing
the shear transformation in the frequency domain. To further improve the quality of the
resulting images,two modi cations of the standard shear-varp approad are introduced. First,

a method is proposedfor calculating intermediate slicesbeforethe shearoperation is applied.

25
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This ensuresthat we obtain a steerableand viewing direction independent sampling distance
alongthe viewing rays. Second,we introduce a technique to perform zooming in the standard
object coordinate systemas comparedto zooming in the warping stage,which improvesimage
quality signi cantly. Additionally a high quality gradiert estimation scheme basedon the
derivative theorem of the Fourier transform is presered.

The advantage of performing theseoperationsin the frequencydomain is that the Fourier
transform o ers theoremsthat allow to shift, scaleand di erentiate signalswith very high
precision. This section builds the mathematical badkground for the shear-varp factorization
and introducesthe modi ed renderingpipeline. It descritesead rendering stageand explains
which theoremsof the Fourier transform are applied.

4.2 Coordinate Systems

The naming convertions for the coordinate systemsand axesusedin this work correspnd with
the original mathematical groundwork doneby Lacroute [13]. Figure 4.1displaysthe coordinate
systemsusedduring the derivation of the shear-varp factorization. All four coordinate systems
are right handed.

intermediate Z
image '
Kk u X
. v Yy
. |
J
voxel slices
object coordinates standard object sheared object image
coordinates coordinates coordinates

Figure 4.1: Coordinate systemsusedwhen deriving the shear-varp factorization.

The object coordinate systemis the initial coordinate systemof the volume. The origin of
the coordinate systemis located at the corner of the volume. The unit distanceon ead axis
equalsonevoxel length along the correspnding axis. The three axesare labeledx,, y, and z,.

The standard object coordinate system is created by permuting the axes of the object
coordinate system,in suc a way that the principal viewing axis becomesghe third coordinate
axis, which is the axis that is the closestto be parallel to the viewing direction. The axesare
labeledi, j and k whereask is the principal viewing axis.

We construct the shearedobject coordinate system by shearingthe standard object co-
ordinate system with the shear coe cien ts obtained from the shear-varp factorization, see
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Section4.3.3. This coordinate systemis alsothe coordinate systemof the intermediate image,
and its origin is located at the upper left corner. The axesare labeledu, v and w.

The image coordinate system is created by transforming the shearedobject coordinate
systemwith the warp matrix from the shear-varp factorization, seeSection4.3.5. This is the
coordinate systemof the nal image. The origin of the image coordinate systemis located
at the upper-left corner of the nal image. The axesnamesare X;, y; and z;, whereasz; is
perpendicular to the image plane.

4.3 Mathematics of the Shear-W arp Factorization

In this sectiona summary of the equationsneededto perform the shear-varp factorization is
provided. For derivation and more detailed introduction seeLacroute's thesis[13.

4.3.1 The Viewing Transformation Matrix

The viewing transformation matrix M e, is a four-by-four matrix that transformshomogeneous
points from object spaceto image space:

2 3 2
X| Xo
§ yl % ) MVieW g yo %
Zi Zo
W| Wo

The standard shear-varp factorization supports a ne and perspective factorization. Exact
scalingof volumeslicesby arbitrary factorsis necessaryor perspective projection. Our method
useszero padding to perform zooming of volume slices. Therefore the size of slicescan only
be increasedin discrete steps (see Section 3.4). This limitation is the reasonthat at the
current state our rendering method only supports parallel projection. Howewer, we can do
perspective projection if we acceptthe introduction of small errors. A computational very
expensive conmbination of the shifting theorem and an inverseFourier transform for eat grid
row and column would allow it to achieve arbitrary scalingfactors. This solution hasnot been
investigatedyet and is referredto Section8 for future researd.

4.3.2 Finding the principal viewing axis

The principal viewing axis is the axis that is closestto be parallel to the viewing direction. Let
¥, be the viewing direction vector transformedto object space,and let m; be the elemetts of
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the viewing transform matrix Miew. Then v, is calculatedfrom M e, in the following way:

2 3
M12M23 M22My13

Yo = M21M13  My1Mo3
M11M2  M21My12

Ead line computes one componert of the viewing vector ¥,. The componert with the
biggestabsolute value indicates the principal viewing axis. After the principal viewing axis is
found a permutation matrix P is selectedfrom one of the following:

2 2 3 2 3

TN

The subscriptt of P, (with t 2 fXo,;Yo; Zog) indicates for which principal viewing axis a
permutation matrix is intended. After a P; is selectedit is referredto asP.

o » O O
o O O Bk
O O ~» O
I—‘OOO
o O+ O
o O O
o O O Bk
R O O O
o O O k-
o O+ O
o » O O
R O O O

2 3 2 3
i Xo
k Zo
0 W

The matrix P transformsobject coordinatesinto standard object coordinates. The viewing
vector ¥, transformed by P is called #s,. The actual volume data (that should be displayed
during the renderingprocess)is transformedfrom the object coordinate systemto the standard
object coordinate systemby moving ead voxel from its position (Xo,Y0,Zo) in Object coordinates,
to the target position (i,j ,k) in standard object coordinates. This rearrangemen of data is a
time consumingprocess. Therefore, in the standard shear-varp factorization three copiesof
the input volume are stored, eat one of them rotated with one of the permutation matrices.
After nding the principal viewing axis and selectinga permutation matrix, the correspnding
volumeis usedfor further processing.This alleviatesthe burden of computation at the expense
of extra storagespace.

4.3.3 The Shear Coecien ts

The next stepin the renderingprocesss to perform a shearin the | and J direction. The shear
operation transforms the volume into the shearedobject spacewhere the viewing direction is
perpendicular to the (u,v) plane.



CHAPTER 4. SHEAR-WARP FACTORIZATION IN THE FOURIER DOMAIN 29

Thereforelet M2, be a permuted viewing transformation matrix that transforms standard
object coordinatesto image spacecoordinates:
M 0

view

= Myiew P !
The shearingcoe cien ts s; and s; for the | and J axis are calculatedfrom M, , wherem?
are the elemers of M2, in the following manner:

0 M0 0 m0
MooMys My,Mog
mi Mz M3 My,

Si

0 mO 0 mO
M Ma3 Mo Mg

Sj =
! MMz My My,

This shear operation transforms the standard object coordinate systeminto a \sheared"
coordinate system. The resulting coordinate systemis not advantageousbecausethe origin
is not located at a corner of the intermediate image. The origin of this shearedcoordinate
systemis therefore translated to the upper-left corner of the intermediate image. There are
four di erent casesfor this translation depending on the signsof the shearcoe cien ts s; and
Sj, seeTable 4.1.

Si S t; h

Si 0 S O(t=0 tj: 0

S 0 S < O|t;=0 tj = § Kimax
55<0 Sj O|ti= Sikmax tj =0
SS<0 5<0|ti= SkKnax 1= SKnax

Table 4.1: The translation (t;,t;) givesthe displacemen from the origin of the standard object
coordinate systemto the origin of the shearedobject coordinate system. The signsof s; and s;
distinguish four di erent casesjn order to position the origin of the shearedobject coordinate
systemat the upper-left corner of the intermediate image. knax is the highestcoordinate value
of a slicein K direction in the standard object space.

The slicesof the volume in standard object spaceare displacedby ccs; + t; in | direction
and ¢cs; + tj in J direction, wherecy is the k coordinate of ead slicein standard object space.
The sheartransformation followed by the translation, transforms standard object coordinates
to shearedobject coordinates.

4.3.4 Projection onto the Intermediate Image

The voxel slicesin the shearedobject spaceare composited along the w axis, which is the
viewing direction as well, into the slice located at w = 0. The slicesare sorted by their K
coordinate in standard object spacebefore compositing. The sign of the k componert of the
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viewing direction vector ¥, (Vsok) in the standard object coordinate system determinesthe
stadking order. If vg.« IS positive then the slice with the coordinate k = 0 is the front slice;
otherwisethe sliceat the other end of the stadk, with the coordinate k = knax IS the front slice.

4.3.5 Warping Matrix

The matrix Myarpp is calculatedfrom M, (m? are elemers of M, ), and the translators
t and tj .

0 0 0 0 0
my; mi, (my, timy;  tymj,)
Mwarpzp = 2 md; m9, (mY, timd; t;m3,) g
0 0 1

The warping matrix Myap2p Nally corverts the 2D intermediate image from the sheared
object spaceto the image space. Linear interpolation or higher order ltering is usedin this
step to resamplethe intermediate imageinto the warped nal image.

4.4 The Rendering Pip eline

As already mertioned the algorithm proposedin this thesisis basedon the shear-varp factor-
ization introduced by Lacroute and Levoy [14]. The shear-varp factorization was created to
be one of the fastest software basedrendering algorithms. It gainsits performanceby factor-
ing the projection matrix, that transforms the volume from the object spaceinto the image
space,into seeral submatrices. The transformation described by ead of these submatrices
can be computedvery e ectiv ely and through that an immanert increasein rendering speedis
possible.

In our method we usethe samesubmatricesas in the shear-varp factorization, the main
focus howewer is to aim for highest possiblequality. The shear-varp factorization has four
rendering stages: permutation, shearing,compositing and warping. The permutation stageis
a movemer of voxels from one position to another accordingto a certain permutation matrix.
This procedure createsno lossin quality of the represemation of the data. In the shearing
stagethe volume s dismartled into sliceswhich are resampledon a shearedgrid. The quality
of this resampling processdependsvery much on the Iter usedfor the reconstruction of the
signal. In the proposedmethod we presen a way of how to perform the shearwith frequency
domain methods, which leadsto an interpolation result in the theoretically best, sinc- Itered,
quality. The next stage, i.e., the compositing, is equal to a numeric integration along the
viewing rays. A major drawbad of the standard shear-varp is that in this stagethe numeric
integration can only be calculatedwith one certain sampling distance. This sampling distance
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is very coarse(> 1.0) and additionally viewing direction dependen. In our rendering pipeline
we proposea resamplingstep that allows to perform the numerical integration along the rays
with an arbitrary samplingdistance,independen of the viewing direction. The last stage,i.e.,
the warping, transforms the intermediate image of the compositing stageinto the nal image.
The warping in our method remainssimilar to the standard shear-varp warping. To maintain
the high quality requiremens a higher order spatial domain ler is used. The warping could
be performedin the frequencydomain by decompsing the warping matrix into three shear
transformations [10]. One shear transformation would consist of a one-dimensionalforward
Fourier transformation of the intermediate image in the direction of the shear. Then eath
scanline of the imagewould be moved to its nal position by exploiting the shifting theorem
of the Fourier transform. Finally an inverseFourier transform in the direction of the shear
would complete one sheartransformation. The quality loss causedby the resamplingin this
stageis small enoughto not createvisible artifacts in the nal image,thereforespatial domain
resamplingprovides su cien t accuracy

The adapted rendering pipeline for the new frequencydomain basedmethod is preserted
in Figure 4.2. During this sectiona detailed explanation of every stageof this pipeline and its
cortribution to the rendering processis given. The rst stageof the rendering pipeline starts
from the standard object coordinate system,that meansthe volume is already permuted sud
that the K axis is the main viewing axis.

4.4.1 Multi-Dimensional Fourier Transform

The Fourier transform is a separabletransformation. That meansevery M -dimensionalFourier
transform canbe composedfrom M one-dimensionatransformsin every dimensionrespectively.
To transform the volumef) s« [i; j; K] in K direction, it is fragmerted into i j 1D signalsf'\Kij [K]
with a period of length K. The discrete Fourier transform (Equation 3.6) transforms TAKi,- K]
into IfK". [ ]. The volume transformedin K direction ¢« [i; j; ] is obtained by reasserhling
the Fourier transformed s.ignaIsIfKij [ ]:

Guklii; 1= Fe, [ 1 8ij;

To transform the volume in all three spacedimensions,a consecuti\e application of 1D
Fourier transform in every dimensionis performed. Through this transform the next pipeline
stage,seeFigure 4.2(b), is readed.
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Figure 4.2: Renderingpipeline of the shear-varp factorization in the frequencydomain.

4.4.2 Resampling in the Principal Viewing AXis

In the standard shear-varp factorization the number of volumeslicesalongthe principal viewing
axis K is kept constart for performancereasons.Thereforethe distanceof the sampling points
alongthe rays varieswith the viewing direction, compares; and s, in Figure 4.3.

This variation createsartifacts that are especially visible in animations. Resamplingof the
volumein K direction allowsto selectan arbitrary samplingdistancealongthe raysindependert
of the viewing direction. Resamplingcreatesadditional volume slicesand is doneby exploiting
the padking theorem (seeSection3.4).

To compute the amourt of zero padding, necessaryto obtain a certain sampling distance
s the sampling distances along the viewing ray beforeresamplingis calculated. The viewing
Vector ¥, with its componerts Vs, Vso;j and vsox and the distancebetweenthe volume slices
alongthe K axis dx are necessaryWe normalizews, in K direction by dividing every componert

through v and receiwe v3,, with its componerts vg,;, vg,; and vg,, (Vo = 1:0). jv3j the
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Figure 4.3: The sheartransform of the shear-varp factorization from two di erent viewing
directions. Viewing rays are cast from the left, through the samplesof the rst slice,to the
right. The secondsampleon ead ray is interpolated within the secondplane (black circles).
Therefore only a two dimensionalinterpolation schemeis required, but an angle dependency
of the sampling distance along the rays (s;, S;) and the distance betweenthe rays (di, dy) is
introduced. dy indicatesthe distance betweentwo slicesin K direction.

absolute length of the vector ¥2, is the sampledistanceif the volume slicesare 1.0 apart. A
multiplication with di, the real distance betweenthe volume slices,givesthe nal result. This
setting is illustrated by Figure 4.4. The following equations summarize the computational
procedure.

q
I = (Vgo;i)z"' (V(s)o;j)2 (4-1)
q
S = dk (Vgo;i)z"'(vgo;j)z"' (Vgo;k)2 (4-2)
s? K
- = (4.3)
sK
KO = = (4.4)

| (seeFigure 4.4) is the sum of the i and j componert of ¥2. s is the distance between
two consecutie samplesalong the ray without resampling. s®is the desiredsampling distance
after zero padding. K is the number of volume slicesin K direction which is increasedto K °
through zero padding. The ratio of s to s®is inverseproportional to the ratio of K to K see
Equation 4.3. This givesEquation 4.4,to computethe number of samplesK °that are necessary
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in K direction. The di erence betweenK ®and K is the amourt of zero pad necessaryfor the
selectedsampling distance s’.

P _Slice 2

v Slice 1

Figure 4.4: The viewing vector ¥, intersectstwo slices. The distance of thesetwo intersection
points is calculatedby normalizing ¥, in K direction to get¥2.. j¥2.j the absolutelength of the
vector ¥2 is the distance of the intersection points if the slicesare 1:0 apart. Scalingof j¥2 j
with di, the real distance betweenthe slices,givesthe nal result.

As zero padding can only be applied in discrete amourts, K ° has to be rounded to an

integer number K p())ad 2 N. The obtained sampling distancesgad after zeropadding s related to

s?through '  with

KO
" = (4.5)
K[())ad
KO KO
' < —— 4.
KO+ 05 K T Ko 05 (4.6)

for sizesof Kgad > 50, the error introducedto the samplingdistanceis alreadybelov 1:0%
of K©

The application of the zero pad brings us to the pipeline stage Figure 4.2(c). An inverse
Fourier transform in K direction movesit further to Figure 4.2(d), the | and J direction of the
volume remain in the frequencydomain.

It is important to remenber that this resamplingin K direction changesthe distance dy

betweenthe slicesto dypag, With
K

0
K pad

oltk’pad = d, (4.7)

This is especially relevant in the shearingstage (seeSection4.4.4).
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4.4.3 Resampling of Volume Slices in | and J Direction

In the standard shear-varp factorization zooming is performed by scaling the intermediate
image. This approad leadsto considerableblurring artifacts, especially for zoom factorsgreater
than 2, as pointed out by Sweeneyand Mueller [32]. In the proposed method zooming is
performed earlier in the standard object spacewhere the rescalingis applied to the volume
slices. A volume slice F,, [; ] cortains all the voxels of the volume that have the samek
coordinate value. A desiredzoom factor of z; is achieved by increasingthe signal periods of
eat sliceFyy, [; 1t0 Fiopo[; ] with

19 = z | (4.8)
J° =z J (4.9)

This is accomplishedby applying the padking theorem, seeSection3.4. As adding samples
is only possiblein discrete steps,zoom factors z; can only be adchieved with limited precision.
If 1 5,4 and 32, are the dimensionsof the sliceafter the zeropadding, then the error factors " ;
and' ; aregiventhrough:

0

Y= [0 (4.10)
pad
. J°
pad
If 10,4 > 50and JJ,y > 50 then the scalingerror that is introducedis bellov  1:0% of 1°

and J° This error, if required, can be compensatedby additional scalingin the warping step
by ' and' ;, seeSection4.4.6.

After the application of the zero pad the render processreadesthe stageFigure 4.2(e).

Figure 4.5 demonstratesthe scalingof a sliceon a 2D gray scaleimageof Lenna[16]. First
the imageinformation is storedinto i\ [n; m]. Then a 2D Fourier transform is applied to get
Fum[ ; ]. The packing theoremis usedto increasethe period length to get to Fyowo ¢ 9.
After a 2D inverseFourier transform the scaledsliceis available in f} oy o[n%mY. In this stage
of the rendering pipeline only zero padding is performed, which correspndsto the step from
Figure 4.5(b) to Figure 4.5(c). The zero pad is addedin the middle of the image due to an
asymmetric indexing scheme used in standard Fourier transform implemertations [9]. The
details about this indexing shemeare explainedin Section5.1.

An exampleof the di erence in image quality of zooming in the standard object space,as
comparedto zooming at the level of the intermediate image can be seenin Section6.2.5.
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@) (b)

() (d)

Figure 4.5: Processof zooming by zero padding in the frequency domain. (a) Start with

a gray scaleimage of Lenna. The image information is stored in the real componert of the
spatial domainrepresemation. (b) After 2D Fourier Transforma hermitian spectrumis obtained
(displaying magnitude of the spectrum in logarithmic scale). (c) Zeropad in the high frequency
areais added. (d) Resampledresult image after the inverseFourier transform.

4.4.4 Shearing

In this stage of the shear-varp factorization the volume is transformed from the standard
object coordinate systemto the shearedobject space. This causesthe viewing direction to
be perpendicular to the slicesof the volume, respectively the (v,u) plane. Performing the
calculations explainedin detail in Section4.3.3, we acquire the shearcoe cien ts (s;;s;) and
the translation values (ti;tj). The displacemets of the kth slicein | and J direction are
computed as follows:

ax = &St (4.12)
Qrx = &St (4.13)



CHAPTER 4. SHEAR-WARP FACTORIZATION IN THE FOURIER DOMAIN 37

o=~ o=~ o=~
. i . i . i

" " "
. ’ . . . ’
Saw ~ae “a.

xkSD

axk

<t >

Figure 4.6: The shift of the signalby a, is split into axsp, the multiple of whole voxel lengths
and the remainderaurp. The shift by awrp is performedin the frequencydomain, and the
shift by a.sp in the spatial domain.

¢k indicatesthe coordinate value of the slicein K direction.

For both directionsthe shifts by a,« (x 2 fi;j g) aresplit into a multiple of the voxel lengths,
awsp and the remainder,which is then a fraction of a voxel step a,crp, SeeFigure 4.6. As the
subscriptsalready indicate the shift for arp is performedin the frequencydomain, and the
stepfor asp in spatial domain. The shift in spatial domainis actually only a movemern of the
slicein full voxel steps. The actual interpolation part is performedin the frequencydomain.
The reasonfor this split of the shift is to avoid wrap around e ects as preserted in Figure 4.7.
For the Fourier transform the volume slicesare assumedto be periodic in i and j dimension.
If the whole shift a, would be performedin the frequencydomain more than onevoxel of the
neighboring period getsinto the visible window area, which could lead to artifacts in the nal
image. To further limit the appearanceof voxels from one side of the slice at the other end a
spatial domain border around the volume of one voxel thicknesscan be added. This separates
the periodic replicasin spatial domain.

When we apply the shifting theorem to perform the arp shift, the i and j dimensions
are still in the frequencydomain. After that we proceedto the rendering stage indicated in
Figure 4.2(f). An inverseFourier transform in | and J direction brings usto Figure 4.2(g). The
awsp Step of the displacemen is applied in spatial domain, completing the transformation of
the volume to the shearedobject space,seeFigure 4.2(h).

4.4.5 Comp ositing

During this step the resampledslicesare composited, alongthe w axis, into a 2D intermediate
image. Transferfunctions can be applied to the volume, asall kinds of algorithms to in uence
the appearanceof the nal image(i.e., shading,non-photorealistice ects, ...). In Section4.4.7
the computation of high-quality gradierts is explained, to obtain surfacenormals for lighting
calculations.
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Figure 4.7: The image of Lenna is the fundamertal period of a 2D discrete periodic signal
f\om [n; m]. The time shifting theorem of the Fourier transform applied to the frequencyspec-
trum Fym [ ; ] movesfyu [n; m] over the periodic domain. The black frameindicatesa 'viewing
window' or the data 'y [n; m] holds after the shift. If one part of Lenna leavesthe frame on
one side, the next period of the signal movesin from the other end. This wrapping e ect is
especially visible whenthe displacemehn is bigger than one pixel.

The compositing of the slicesalong the w axis is one approad of calculating the integral
along ead viewing ray. During this processthe density information of eat slice fyy [u; V] is
transformed into an imageiyy[u;v]. Ead pixel in iyy[u; V] hasa color ¢ and a transparency
coecient . Theseimagesare then composited into the slicelocated at w = 0, by using the
\over" operator [28]. The \over" operator statesthat if a pixel a with color c, and transparency

a IS composited over a pixel b with color ¢, and transparency |, the resulting pixel valuesc,
and . are given by:

Caat (1 a) (4.14)
[+ at (1 a) b (4.15)

&
I

The orderin which the slicesare compositedis determinedby their w coordinate value. The
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sign of the k componert of the viewing vector ¥, (Vso:k) In Standard object spacedetermines
from which side of the stadk the processingstarts. If vs.« iS positive then the slice with the
coordinate k = 0 is the front slice; otherwisethe slice at the other end of the stack, with the
coordinate k = knyax is the front slice. Compositing all slicesusing the \over" operator results
into the non-warped intermediate image (seeFigure 4.2(i)).

4.4.6 Warping

The 2D warping transformation applied to the intermediate image leadsto the result image.
The derivation of the necessarytransformation matrix Myarp2p Can be found in Section4.3.5.
This 3 3 matrix transforms data points from the shearedobject spaceinto the nal image
space. This transformation compensatesthe viewing-direction dependen scaling of the dis-
tancesbetweenthe viewing rays (compared; and d, in Figure 4.3), and performsthe rotation
componert around the K axis.

If a compensationto the error in scalingin standard object space(Section4.4.3)is required,

a scalingmatrix can be addedto the warping matrix, with s, ="' ands, = ' j:
2 3 2 32 3
Xi sy 0 O u
g Yi g = MwarpZDg 0 s Og 2 \' g (4.16)
1 0 0 1 1

The combination of M4 p2p With the compensating scaling matrix is called M yar p2p scale-
Mv(\)/arpZDscaIe is the inversematrix of this Myarp2pscale Matrix. If M is the maximal volume
extension (maximum of I, J and K in standard object space),and z; (seeSection4.4.3)is
the scalefactor applied to the volume, then animagebuer fyn[yi;z] with N =~ 3 z; M
holds the result image. This calculation is basedon the assumptionthat ead side of the
volumeis M long and the main diagonal of this cube is visible in its full length. Every pixel
of fnun[Yisz] in the image coordinate spaceis transformed to the shearedobject spacewith
M oarp2pscaler  The image values at the obtained coordinates are interpolated from the pixel
valuesof the intermediate image. In order to maintain high quality in this step aswell, we use
a higher order spatial domain lter for the resamplingwhich is comparableto a Catmull-Rom

spline [26] (DO C3 4EF).

4.4.7 Gradien ts

Sincethe gradiert is the partial derivative of the original function fl 1k [i; j; K] and ideal inter-
polation with the sinc will reconstructthat function, the gradiert can be reconstructedexactly
by using the derivate of the sinc as a reconstruction kernel [2]. This function is denoted as
the coscfunction [33]. The Fourier transform of the coscfunction is a ramp in the frequency
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domain. Applying the derivative theorem of the DFT in the three spacedimensionsgivesthe
following equations:

Stunlimnl O 02 SRl s ] @17)
S fnliminl () 02 Pl ] (4.18)
im0 2 SRl ] (419)

Three copiesof the Fourier transformedoriginal datasetare created,onefor ead dimension
of the gradiert. One of the three forms of the derivative theorem, seeEquations4.17,4.18and
4.19, is applied to ead volume, in order to di erentiate that volume in the direction of the
gradiert dimensionit represets. Afterwardsthesegradiert volumesare processedhrough the
samerendering pipeline, as the density volume. At the compositing stagethey are combined
to a volume of gradiert vectors. Thesegradiert vectors are usedwith the processedoriginal
data to compute the intermediate image, seeSection4.4.5.

Figure 4.8 demonstrateshow the derivative theoremis applied to a 2D slice. Figure 4.8(a)
shovs a 2D Gau function. Figure 4.8(b) is the frequency domain represemation obtained
through a discrete Fourier transformation in x and y direction. The derivative theorem of the
Fourier transform is applied in x direction to create Figure 4.8(c). After an inverseFourier
transform a x di erentiated version of the 2D Gau function is presetted in Figure 4.8(d),
whereyellow indicates the negative sign.
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(© (d)

Figure 4.8: Derivative reconstructionin the frequencydomain. (a) Displays the imageof a 2D
Gau function. (b) shows the function after a Fourier transform in 2 dimensions(displaying
magnitude in logarithmic scale). (c) the application of the derivative theoremin X direction
and (d) an inverseFourier transform givesthe derivative of the Gau function in X direction
(yellow indicates negative sign).



Chapter 5

Implemen tation

Machinestake me by surprise with
great frequency.

Alan Turing

The generalidea of the algorithm introducedin this work is basedon the standard shear-
warp factorization. Thereforeincorporating the new approad in an existing implemertation
doesnot createtoo many problems. But there are someissuesconcerningthe Fourier transform,
that arenot straightforward. This sectionfocuseson theseproblemsthat canarisewhendealing
with data in the frequencydomain.

5.1 The Origin Problem

The de nition of the discrete Fourier transform (DFT) createsan origin problem in the fre-
guency and in the spatial domain. The fundamertal period of the spectrum is located sym-
metrical around the origin. But most FFT libraries, like the FFTW [9] implemertation, usea
versionof the DFT, seeEquation 5.1 and Equation 5.2,

X 1 .,
A1 = funle " 5.1)
n=0
DK ! i 2.n
il = o AL 52)
=0

wherethe data is managedasymmetrically.
The origin of the spectrum, the constart componert of the signal, is located at the index
0 of the samplearray. Then with increasingindex the higher frequenciesare captured. Up to

42
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(b)

Figure 5.1: Asymmetric indexing schemefor an even (a) and an odd (b) number of samples.

half of the array wherethrough the periodicity of the spectrum the negative edgeof the rst

replicastarts. The valuesfor k are usedwhen applying the shifting theoremand the derivative
theorem. This situation is illustrated by Figure 5.1(a) for an even and by Figure 5.1(b) for an
odd number of samples.In both gures the dotted line indicatesthe fundamertal period, of the
periodic spectrum, which is symmetric around the origin. The additional sampleson the right
represen the replicasof the fundamertal period in the frequencydomain, seeFigure 2.6. The
blue sthemedisplays the symmetric indexing of the fundamenal period. The secondscheme
starts with the constart value at the rst index position, and is usedby mostimplemertations.
The reasonfor distinguishing an even and an odd caseis that in the even casethe two replicas
share one samplein the middle of the array. This overlapping index of the replicas creates
problemswhen applying Fourier transform theorems,like the shifting theorem, the derivative
theorem or the pading theorem in the frequencydomain. These problems are addressedn

detail in Section5.2.
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5.2 Main taining the Hermitian Prop erty

The input signalin the Fourier transform in generalis complex. In this application the volume
data in spatial domain is stored only in the real componert and the imaginary componert is
setto zero. This, so called real function, is a Fourier transform pair to a Hermitian function.
Therefore a Fourier transform of this spatial domain represemation of the volume leadsto
a frequency domain represemation which is Hermitian. The following equations clarify the
meaningof the Hermitian property.

Xn[1 = Xnl 1 (5.3)
RefXny[ 19 = RefXy[ g (5.4)
ImfXn[1g = ImfXN] g (5.5)

Correspnding samplevalues,with index and , are conjugatecomplexto ead other, the
real componerts are equal (Equation 5.4), and the imaginary componerts have inversesign
(Equation 5.5). Another way to look at the Hermitian property is to explore the real and

1 Re X(s)

Im X(s)

(@) (b)

Figure 5.2: (a) A real function in spatial domain is transformedto a (b) Hermitian function
in the frequencydomain. If the real and the imaginary componert of the Hermitian function
are exploredindependerily, then the real componert forms an even function and the imaginary
componert an odd function.

imaginary componert independertly (seeFigure 5.2). The complexfunction in Figure 5.2(b)
consistsof an ewven function in the real componert, and an odd function in the imaginary
componert.

How the Hermitian relation appliesto the indexing sdhemein the discrete caseis preserned
in Figure 5.3, there are two di erent patterns for even and odd number of samples.
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Figure 5.3: Hermitian relation of functions with an even (a) and an odd (b) number of samples.
The arrows indicate which sampleshave to be conjugatecomplexto ead other to maintain the
Hermitian property.

The reasonfor goinginto details about Hermitian functions s that they are dual to the real
function by the Fourier transform. That meansall operationsappliedin the frequencydomain
have to presene the Hermitian property in order to obtain a real function after the inverse
Fourier transform. The indiceswhich needspecial attention are listed in Table 5.1. The rst
issuetreats sample points that are conjugate complexto itself, and therefore the imaginary
componert hasto be zero. That is taken care of by the Fourier transform itself, the result
after the transformation to the frequencydomain cortains zerosat the correct positions. Some
available padketslike FFTW [9] have specialreal Fourier transformsthat exploit the symmetry
in the data to save roughly a factor of two in both time and storage. The interface for this
special transform doesnot allocate memory for thesezeroindices,to save storagespace.

The secondissuehas an e ect when calculating the derivative, Section4.4.7. If the length



CHAPTER 5. IMPLEMENT ATION 46

N of the signalXy[ ]isevenwith N = 2 then Xy[ ] hasto be conjugatecomplexto itself to
maintain Hermitianity (seeFigure 5.3(a)). The multiplication with i 2 I essetially switches
the real and imaginary componert. As the result still hasto be Hermitian, i 2 Ni)?N[ ] again
has to be conjugate complex to itself. This forcesRef X[ ]g and Imf Xy [ ]g to be zero.
Another way of getting around this problem is to add one zero valued sampleat the end of
the signalin spatial domain, in order to createan odd number of samples(spatial domain zero
padding).

index problem courter measure

. =0
function _ nif N is even X[ 1= Xnl ] ImfXn[ Jg= 0
L . . o Ref X[ Jg= 0
derivative =nifNiseven |iXn[]1= (XN[)) mf Ry [ 1= 0

Table 5.1: Problematic indicesfor the Hermitian property

5.3 Shift E ect

The shift e ect is not only noticeablein resamplingby zeropadding. It is basedon the fact that
the spatial domainis assumedo be periodic. Thereforethe rst and the last sampleof a signal
are neighboring. If we interpolate betweenthe samplesto zoom the signal, new samplepoints
are alsointroducedbetweenthesetwo border samples.As the sampleat the origin remainson
its position, and the new samplesare appended, it createsthe e ect of shifting the function
sideways. Figure 5.4 shows a schematic of how the shift e ect is generated. It becomesmore
visible with increasingzoom factor. In Figure 5.5an 3 3 pixel exampleimageis zoomedto
258 258pixel. The high zoom factor of 86 makesthe shifting e ect visible.

The preserted rendering algorithm supports at the current state only parallel projection.
Therefore every volume sliceis scaledwith the samescalingfactor. As a courter measureto
the shifting e ect d pixel rows and collumnsare removed at the top and the right border of the
slice. With

d=z 10 (5.6)

wherez; is the zoom factor appliedto a certain slice. This procedureat leastremovesevertual
artifacts createdat the border region.

5.4 Memory Optimization

The method introduced in this work has a high demand on available memory and needsto
accesst in a non-linear fashion. This createstwo starting points for possibleoptimizations,
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Figure 5.4: The spatial domain is consideredas periodic in both dimensions. (a) shovs a a
2 by 2 samplesimage. The black box indicates the fundamertal period of the signal. New
samplesare inserted betweenthe original sampling points through a scalingoperation (b). As
the sampleat the origin remainsat its position, an apparert e ect of shifting of the imageto

the lower left corneris created.

(@) (b)

Figure 5.5: A 3 3 pixel imagewith a white pixel in the certer and black pixel at the border
is zoomedto a 258 258pixel imageby zeropaddingin the frequencydomain. The resulting
image (a) shows the shift e ect to the lower left corner. In (b) the position of the pixel of the

original image are highlighted.

the useand the overall demandof storagespace.
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5.4.1 Access Localization

The interfacesof the library usedto calculate the Fourier transform, FFTW [9], expects the
data to be passedin row-major format.

i(N1; N2;n3) = N3z + Nz(nz+ Nany) (5.7)

That meansthe linear memory index for three dimensionsN;, N, and N3 with valuesny,
n, and n;z is calculated with Equation 5.7. If the input data volume is oriented sud that
(i; j; K) correspndsto (ny;Nny; ng), data points that belongto onesliceare storedin one block
of memory In order to get the volume memory aligned for eacy main viewing direction, it has
to be permutated in memory. The performanceincreasesdbecausethe main computations are
performedon a per slice basis.

5.4.2 Memory Consumption

The shear-varp factorization hashigh memory consumptionbecauseof the three volume stacks
that are stored,onefor ead main coordinate axis. The demandin this application is evenhigher
becauseevery sampleis represered through two oating point values.

The rendering times with this method are usually in the range of minutes, therefore it
introducesonly negligible overheadto store just one volume and permutate it for ead frame
accordingto the view vector. This leadsto just onevolume for the density information.

For the gradierts usually three volumesare necessaryonefor eat dimension. If the deriva-
tivein | and J direction are calculatedonthe y from the density slices,just beforecompositing,
the overall number of volumesneededdecreases$o two copies,oneto store the density infor-
mation, and onefor the derivative in K direction.

5.5 Shifting, Deriving, Windo wing

The shifting theorem, the derivative theorem and windowing to smooth the data are de ned
as separableone-dimensionaloperations. That meansto perform one of these operations to
the volume X5« [; ; ]in J direction a linear array F;[ ] is computed, preparedwith factors
accordingto Section 3.2, Section 3.5 or Section 3.6. It is then applied to the volume with
Equation 5.8.

X\OIJK[; ; ]:%IJK[; o] r‘AJ[] 8; (5.8)

To increasee ciency, especially for combinations of operations that have to be performedon
se\eral slices,theselinear transformation arrays can be conmbined to two-dimensionaltransfor-
mation arrays asindicated in Table 5.2.
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F, [0] F 1] FIl 1]
r'AJ [0] r_AIJ[O; 0] |£|J[1; 0] |£|J[| 1;0]
Fs[1] Fi,[0; 1] Fi[1; 1] Fioll 1;1]
rf‘J[J' 1] ﬁ.J[o;'J 1] |f‘.3[1;'J 1] F Sl .1;J 1]

Table 5.2: The conmbination of two one-dimensionatransformation arrays, F,[ ] in | direction
and F;[ ] in K direction, into a two-dimensionaltransformation array F,;[; ] by multiplica-
tion of the correspnding ertries.

Equation 5.9 displays how to combine the entries of two one-dimensionaltranformation
arrays into one two-dimensionaltransformation array.

|£|J[; ]:FAI[] FAJ[] 8; (5.9)

This conmbination and reuseof transform arrays is exploited in the current implemertation
especially for the shift operation. The expensiwe calculation of the exponertial coe cient is
performed only once, and the resulting transformation array is usedto displacethe density
slice,and all three derivative slices.

5.6 Rendering Speed

Sometimes especially for data exploration, fast renderingtimes are favored over high accuracy
of the reconstruction. Even though the designof this algorithm, was not intended for speed,
there are se\eral methods to speed-upthe rendering process.Most of the ideasare often used
in ray casting and can be applied to this method.

5.6.1 Down Scaling in I, J Direction

The dimension of the volume is reducedin | and J direction by deletion of high frequency
componerts in the frequencydomain, evertual zooming is done in the warping step. In ray
casting this is equalto a reducednumber of rays cast through the scene.

5.6.2 Less, Constant Slices in K Direction

If a ne sampling distance along the rays is not necessarythen the resampling step in K
direction (see Figure 4.2(c)) can be omitted. Therefore no new slicesare created and the
computation is lessexpensiwe. It is even possibleto create a coarsersampling distance by
removing high frequencycomponerts in the resampling stage which equalsto a reduction of
the resolution of the volume in K direction.
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5.6.3 Multithreading

After the inverseFourier transformation in K direction, Figure 4.2(d), the volumeis dismartled
into slicesthat are further processedndependerly. This independences a good condition for
parallel processing.The data of ead sliceis assignedto a single thread that can be executed
in parallel. At the end, syncronization hasto be donein a way that the threads project their
results into the intermediate image accordingto the K coordinate of the slice they compute.
Measuremets of the speedgain are available in Section6.2.3.



Chapter 6

Results

I may not havegonewhee | intended
to go, but | think I haveendal up
whee | intended to be.

DouglasAdams

In this sectionresults and experienceswith the application of the introducedtechnique in
practice are presetted. The reconstruction quality is comparedto standard spatial domain
Iters. The Iter kernelsusedin our implemertation have beendeweloped by Meller et al. [26).
Table 6.1 shavs someof the used lters and their commonnamesin literature.

DO CO 1EF | Linear Interpolation
DO C1 3EF | Catmull-Rom Spline
DN C2 2EF B Spline

Table 6.1: Filter kernelusedfor comparison.

The naming convertions are the following, DN identi es an appraximation lIter, DO is an
interpolation Iter and D1 givesthe rst derivative. The C value indicates how many times
the reconstructed function can be derived and still remain cortinuous. A N-EF lter will
reconstruct a polynomial function of (N 1)th or lower degreewithout errors.

6.1 Test datasets

Seweral 3D volume datasetsare usedto comparethe reconstruction quality of the frequency
domain method to standard spatial domain Itering. Two di erent kinds of datasetsare used,
synthetic datasetsand CT-scans. The synthetic datasetsare basedon a continuous function
that is sampledon a regular grid. The cortinuous function can be rendered by evaluating

51
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the function at the sample points along the viewing rays. In this way creating a reference
imageto the imagesrenderedfrom the sampleddata. CT-scansare sampleson a regular 3D
grid, represeting the sampleddensity function of a certain object. The scannerdata is often
provided in this format for volume rendering. Therefore comparisonof the resulting imagesof
the frequencydomain basedmethod to standard spatial domain rendering can give interesting
insights.

6.1.1 Synthetic Test Datasets

To test the quality of the newinterpolation method, the test function introducedby Marschner
and Lobb [22] is used. This function, ,, in Equation 6.1, is de ned in three-dimensional
spaceand sampledat 20 samplesper unit distancein eat dimension. The rangefor x;y;z is
1< x;y;z < 1, with the constant valuesfyy, = 6 and = 0:25. This cortinuous volume is
discretizedwith 41 by 41 by 41 samples,which captures99.:8% of the signalsenergy

1 sin@ 2+ @1+ L XyD)
2(1+ )

m (X;Y;2) = (6.1)
with
((r) = coq2 fu cos(% r)) (6.2)

Figure 6.1 displays animageof the ., function, renderedwith aniso-value of 0:5, a 10:0 times
zoom and a sampling distance along the viewing rays of 0:05. The function , was ewaluated
for every samplepoint during the renderingof this image. A standard test to judge the quality
of a reconstruction Iter isto renderthe sampled ., function and compareit to this reference
image.

The , datasetis sampledalmost with Nyquist frequency The conduct of the function in
Z direction, with x andy setto the constart valuesc; and ¢;, is a sinewave with low frequency
(seeEquation 6.3), only shifted by a constart value c; (depending on the valuesof x and y).

1 sin( z)+ (1+ coq2 fycog} i)

2(1+ ) (6.3)

(C1;,C;2)

sin(z 2)
2(1—-2|-) + C3 (64)

The assumptionwhen using the discrete Fourier transform (DFT) (Section3.1) is that the
signalis periodic and discretein spatial and frequencydomain. Through the samplingof ., we
get one period of this signal, which is half the period of a sine wave. In the zonebetweentwo
of theseperiods (seeFigure 6.2(a)), a jump in the signalis presen. This discortinuity leadsto
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Description:
Synthetic test function introduced by
Marschner and Lobb [22].

With asamplingof41 41 41
99:8% of the signalsenergyis captured.

Dimension Original:

41 41 41 double precision

Dimension Mirrored Version:

41 41 80double precision

Figure 6.1: Characteristicsof the syrnthetic datasets.

high frequencycomponerts and a not band-limited behavior. In order to avoid this problem,
and to maintain compatibility with the original signal ,, the samplepoints are mirrored along
the z = 1 plane (seeFigure 6.2(b)). The samplesat z = 1 are not copied, becausethey
are positioned at the plane of re ection. Further the samplesat z = +1 are not copiedas well
to create smooth transitions in the periodic sequenceof sine waves. This createsa extended
version of the test dataset with the dimensionsof 41 41 80 samples. This extendedtest
datasetis usedfor the render bendimarks and is referredto as mext.

6.1.2 Real-W orld Test Datasets

Three real-world dataset are usedto demonstratethe reconstruction quality of the frequency
domain basedrendering method comparedto standard spatial domain ltering. The rst two
datasetsintroduced in Figure 6.3 and Figure 6.4 were originally created by Marc Levoy and
are provided for researt purposesby \The Stanford volume data archive" [30].

The datasetintroducedin Figure 6.5is usedin a visualization lab at the Vienna University
of Tednology [29.

The datasetsfrom Figure 6.3and Figure 6.4whereresampledto asizeof 128 128 N to get
volumeswith more manageablenemory consumptionand to amplify the interpolation artifacts
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f(2) f(z)

AN

-1 0 +1 z -1 0 +1 z

(a) (b)

Figure 6.2: Density characteristic of the test function in Z direction, (a) in the original version
m and (b) after mirroring the signal ext-

introducedby the di erent reconstruction lters. The downsamplingwas done by removing of
high frequencycomponerts in the frequencydomainrepresetation of the datasets. The Skewed
Head dataset (Figure 6.5) was only usedfor one demonstrationimage and was not resampled.

6.2 Qualit y Comparison to Spatial Domain Filters

This section presens seeral experimerts to shov the advantages and disadwantages of the
frequencydomain basedtechniquescomparedto spatial domain Itering. The following sub-
sectionsaddressissuesthat arisein volume rendering.

6.2.1 Super Sampling

The purposeof this experimert is to comparethe quality of zooming by zero padding in the
frequencydomain to interpolation with spatial domain lters.

As the newly introducedrenderingalgorithm is basedon the shear-varp factorization, most
of the rendering stepsthat are quality critical are performedon volume slices. Therefore this
scalingexperimert is performedon a volume slice of the ey function.

Initially a41 41lsliceofthe ex function (seeSection6.1), at the position of z = 0 was
taken. This slice was then zoomed by a factor f with f 2 12;3;4;5;6;7;8;9;10g, in X and
Y direction. The zooming of the volume slicesby the factor f was done by zero padding in
the frequencydomain and by resamplingwith standard spatial domain lters. The synthetic
function qex With z = 0, was ewvaluated on an f times densergrid, to create a reference
solution for this zooming operation. The referencesolution was subtracted from the resampled
slices. The spatial domain Iters usedin this experimernt have a maximum Iter extent of six
samples. Samplesoutside of the 41 41 initial sliceswere assumedto be 0. TheseO valued
samplesin uence the resamplingin the border areaof the resulting slices. To avoid too strong
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Description:
CT scanof the Stanford terra-cotta bunny.
The Stanford Bunny is famousasa
3D polygon meshmodel, but alsoa CT scanned
datasetis available.

Dimension Original:
512 512 36012Bit

Dimension Resampled:
128 128 13312Bit

Figure 6.3: Characteristicsof the Stanford Bunny dataset.

Description:

CT study of a cadaver head
Dimension Original:

256 256 11312 Bit
Dimension Resampled:

128 128 11312Bit

Figure 6.4: Characteristicsof the Stanford Head dataset.
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Description:
CT scanof a Skewed Head
Dimension Original:
184 256 17012 Bit

Figure 6.5: Characteristicsof the Skewed Head dataset.

in uences, after scaling and subtraction of the referenceimage, a frame of 15 sampleswas
setto 0 in the resulting slices. Finally the root-mean-squareof thesesliceswas usedto draw
Figure 6.6. It is possibleto obsene that the frequencydomain basedmethod has the lowest
error. If the e datasetwould have beensampledexactly accordingto the Nyquist criteria,
a perfect scalingwith the frequencydomain basedmethod would be possible. The di erence
to the synthetic referenceimagewould be zero. The error we can obsene in this experimert is

referredto asaliasing.

0.7 -
0.6 -
0.5 1 —— DN_C2_2EF (B-Spline)
S 54 _ DN_C3_4EF
c = DO_CO_1EF (Linear)
2 03 —— DO_C2_2EF
a —— DO_C1_3EF (CR-Spline)
0.2 - DO_C3 4EF
01 —— FD Method
0

I I I I I I I I 1
0 50 100 150 200 250 300 350 400 450
Image Length

Figure 6.6: A 41 41sliceofthe e function (z = 0) waszoomedwith seeral spatial domain
Iters and by zero padding in the frequencydomain. The root-mean-squareof the di erence
imageto the reewvaluated ey function (z = 0) wasusedto draw this diagram.
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To visually demonstratethe quality of zooming with thesemethods, a slice (x = 0) of the

m and the e datasetwas zoomedby a factor of 100 in Y and Z direction. To emnulate

the iso-surfaceextraction used by Marschner and Lobb [22], every data point with a value

f(X;y;z) < 0:5 was setto black. The remaining valueswere renderedto a gray scaleimage
(2:0 is white, 0:0 is black).

The ., datasethasa resolutionof 41 41 41, andthe ¢ datasethasa resolution
of 41 41 80. Therefore a slice taken at x = 0 from , has a resolution of 41 41, a
slicetakenat x = 0 form . ex a resolution of 41 80. The lower half of the eq Sliceis
just a mirror of the upper one, as explainedin Section6.1. To create slicesof the samesize,
for easiercomparison,the lower half of the slicescreated from e« Was removed after the
zooming processof the imagesin Figure 6.7 and Figure 6.8. The spatial domain lters where
only appliedto the e dataset.

The slicesof the rst row in Figure 6.7, Figure 6.7(a), Figure 6.7(b) and Figure 6.7(c) were
scaledwith standard spatial domain Iters. The reconstructionof the signaldi ers signi cantly
form the synthetic referenceimageFigure 6.8(a).

The secondrow in Figure 6.7, is basedon the standard ., test dataset. The sliceswhere
scaledby zero padding in the frequency domain. Eadh of the imagesshows strong ringing
artifacts in Z direction (vertically). The reasonfor the strong ringing is a discortinuity in the
datasetif periodicity in all three spacedimensionis assumed.For more details seeSection6.1.1.
Ontop of the slicesin the secondow, the shifting e ect descrikedin Section5.3canbeobsened.
The reasonfor this e ect is, that during zooming new samplesare created between existing
ones. This happens betweenthe last sampleof the volume and the rst sampleof the next
period aswell (the datasetis assumedo be periodic in all three dimensions). This newsamples
are addedat the end of the samplearrays (right and top).

The third row in Figure 6.7,is basedonthe modi ed |, test dataset. Again the sliceswhere
scaledby zeropaddingin the frequencydomain. There are no obsenableringing artifacts. The
shift e ect is presen again, but the additional sampleshave valuesbelow 0.5 thereforethey are
coloredblack.

As already mertioned the slicesof the secondand third row in Figure 6.7 were zoomed
by zero padding in the frequency domain. Before zooming the slicesin Figure 6.7(e) and
Figure 6.7(h) a symmetric zero pad of one voxel was added at eat end of the datasetin Y
direction (left and right). This spatial domain zeropad is usedto separatethe spatial domain
periods of the periodic signal. Spatial domain zero padding can be usedto create an odd
number of samplesin one signal direction, this can give advantagesexplainedin Section5.2.
The sliceszoomedwithout spatial domain zero padding have a peak presen at the very right
sideof the resulting image (seeFigure 6.7(d) and Figure 6.7(g)). The most noticeablein uence
of the spatial domain zero padding is the shrinking of this peak.
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A commonway of dealing with ringing artifacts is to apply a windowing lIter in the fre-
guency domain, as introduced in Section 3.6. The impact of windowing is demonstratedin
Figure 6.7(f) and Figure 6.7(i) with a Hamming-Window lter. Someof the ringing in Fig-
ure 6.7(f) is smaoothed out, but the conduct of the border edgeis smaothed signi cantly too.
The smoothing e ect of the Hamming-Window is noticeablein an arched shortening of the
peaksin the resulting image.



CHAPTER 6. RESULTS 59

(a) DO CO 1EF (Linear) (b) DN C2 2EF (B-Spline) (c) DO C1 3EF (CR-Spline)

(d) FD basedmethod, no zero (e) FD basedmethod, zero pad (f) FD basedmethod, no zero
pad in spatial domain, in spatial domain, pad in spatial domain, .,
Hamming-Window

(g9) FD basedmethod, no zero (h) FD basedmethod, zeropad (i) FD based method, zero
pad in spatial domain, ) ext in spatial domain, ext pad in spatial domain, mext,
Hamming-Window

Figure 6.7: Resampledcerter slices(x = 0) of the ,, and ,ex dataset. The interpolation
was donewith di erent lIters and zeropadding in the frequencydomain.
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In Figure 6.8 the synthetic reference n ey (Figure 6.8(a)) is comparedto the solutions of
the frequency domain basedresampling. The image in Figure 6.8(b) is obtained after zero
padding in the frequencydomain. This would be the optimal solution if the e function
would have beensampledexactly accordingto the Nyquist criteria. In Figure 6.8(c) onevoxel
symmetric spatial domain zero padding was addedto the slicetakenfrom ey beforescaling
it by zeropaddingin the frequencydomain.

(a) Synthetic 1 ext (b) FD basedmethod, no zero (c) FD basedmethod, zeropad
pad in spatial domain, ) ext in spatial domain, ext

Figure 6.8: Comparisonof the syrnthetic function ey to the slicesresampledwith frequency
domain basedmethods.

6.2.2 Shifting

As mertioned earlier the quality critical operations of the introduced rendering algorithm are
performedon volumeslices. During the renderingprocessvolumesliceshave to be resampledon
a displacedgrid. This processs simulated in this experimert while a comparisonof the quality
of the shifting with frequencydomain techniquesto spatial domain ltering is performed.

Initially a 41 41sliceofthe e function, Section6.1, with z = 0 was extracted. Sub-
pixel shifts where applied in both X and Y direction. As a referencethe function e Was
evaluated shifted by the sameamourt. All computed sliceswere comparedto this reference
solution. To avoid disturbing in uences of the border regions,a 7 sampleswide border area
was setto 0. This sizewas chosenbecauseit is the biggestused spatial domain lter kernel
size(6) plus one additional sample. Therefore no samplethat was in uenced by information
outsidethe 41 41 samplesa ects the result. The root-mean-squareof these nal error images
was then usedto draw Figure 6.9. It is easyto seethat the frequencydomain basedmethod
hasthe smallestdeviation of the synthetic referenceresult. If ., ex Would have beensampled
exactly accordingto the Nyquist criteria this di erence would shrink to zero.
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0.45-
0.35-
0.304 DN_C2_2EF (B-Spline)
s —— DN_C3 4EF
o 0.259 DO_CO_1EF (Linear)
2 0204—/ T—— —— DO_C2_2EF
2 154 DO_C1_3EF (CR-Spline)
' DO_C3_4EF
0.10- —— FD Method
0.05-
0 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Samples Shifted

Figure 6.9: A 41 41 slice extracted from e With z = 0 image was shifted for sub-pixel
stepswith seweral spatial domain Iters and phaseshifts in the frequencydomain. The result
was comparedto the e function evaluated on a grid shifted by the sameamourt. The
root-mean-squareof the di erence imageis shavn in this diagram.

6.2.3 Rendering Speed

Eventhough speedwasnot the primary concernwhen dewelopingthis technique, a few timings
should be provided.

The speci cation of the machinesusedfor the measuremets can be found in Table 6.2. For
cornveniencethey have beengiven the namesRiga, Tallinn and Icarus.

| Riga | Tallinn | Icarus
CPUs 2 2 64
Intel Intel Intel

Xeon(TM) 2.80GHz | Xeon(TM) 2.80GHz | Itanium 2 1.50GHz
hyper threading
Memory | 2 GB 2GB 60 GB

Table 6.2: Characteristicsof the madinesusedfor the performancemeasuremets.

The datasetusedfor all the timing measuremets wasthe e datasetwith a resolution
of 41 41 80 voxels,asintroducedin Section6.1. The viewing vector was set to the main
diagonal (x = y = z = 1:0), very closeto a stadk ip ewert. The coordinate axes(X,Y,Z) of
the test datasetare directly related to the coordinate axesin standard object space(l,J,K). So
the resolutionin K direction Nk is 80 voxels. Further the sampling distancealong the viewing
rays was setto 0:1. It requiresa 3 10.0 times resamplingin K direction. This can be done
by addinga 3 100 (Nx 1) zeropadin frequencydomainin K direction. For more detail
on the resamplingin the principal viewing axis seeSection4.4.2. The zoom factor for the scene
wassetto 10.0 in both directions| and J.
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| | [ Riga [ Tallinn | Icarus |

One | K zeropad 0.087| 0.069 0.029
Volume | K derive 0.003| 0.003 0.005
K inverseFT 7.292| 7334 6.336

One | 1/J zeropad 0.006/ 0.005| 0.002
Voxel | 1/J phaseshift 0.038| 0.037| 0.029
Slice | 1/ derive 0.004| 0.003| 0.006
I/1J inverseFT 0.106| 0.104| 0.078
Compositing 0.006| 0.005 0.015

| | Warping | 1.652] 1729 2.774]
Entire | Preprocessing 8.952| 8.721| 7570
Process| Rendering 888225| 854540 | 773294

Table 6.3: Timing of the renderingstageson three di erent madines. The time unit is seconds
for eat ertry. The standard setupwasrenderedwith onethread on ead of the three madines.

Table 6.3 shaws the timings of this setup renderedwith one thread on ead of the three
madines Riga, Tallinn and Icarus. Every line in the table displays the timing of one stageof
the rendering pipeline introducedin Section4.4.

The timings in the rst block are operations in K direction that are performed on the
entire volume. In this rendering setup two volumeshave to be processedpne for the density
information, and another one for the derivative in K direction. The timing for calculating the
derivative in K direction only courts for the secondvolume.

The secondblock of operationsin | and J direction plus the compositing was timed on a
per-slicebasis. The number of slicesthat are processedlependson the resolution of the volume
in K direction after the zeropadding. As gradierts are calculated this number of sliceshasto
be multiplied by 4, oneslicefor the density information and one slice for the derivativein 1, J
and K direction. The resamplingof the test datasetin K direction createda resolution of 1386
(80 P 3 10.0) slices. Taking the slicesnecessaryor the gradiert calculation into accour, this
addsup to 5544slicesfor the ertire rendering process.

In the third block the rendering processis split into preprocessingand actual rendering.
The decisionof whereto split the rendering pipeline into preprocessingand actual rendering
dependsvery much on which featuresare necessaryor a certain renderingsetup. If resampling
in the K direction is requiredthen the computation until renderingpipeline stageFigure 4.2(b),
the three-dimensional Fourier transform, can be computed o ine. If the resamplingin K
direction is set to a certain number of sliceswhich should not change for dierent viewing
directions, then all computation until rendering pipeline stageFigure 4.2(d) can be considered
as preprocessing. This includesthe three-dimensionalFourier transform, resamplingby zero
paddingin K direction and the inversetransform in K direction. In Table 6.3 this secondoption
for splitting the rendering pipeline was chosen.
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Filter Kernel Extent 2 4 6 FD based
Derivative Filter Kernel Extent 2 4 6 method
Preprocessing 0.024 0.024 0.0236 8.951
Rendering 1883.693| 2639.742| 4553.953| 888.225

Table 6.4: Timing comparisonof the frequency domain based method to standard spatial
domain lters with di erent kernel extens.

In Table 6.4 rendering times of the ewvaluation setup with standard spatial domain lIters
using seweral di erent kernel exterts are comparedto the frequency domain based method.
In this comparative timing measuremets the rendering pipeline introducedin this thesiswas
emulated with spatial domain lters. The Iters wereusedfor resamplingof samplesequences.
And the analytic derivatives of the interpolation Iters were usedto calculate derivatives.
Therefore only the performanceof the lItering is compared,not the performanceof the new
method to other algorithms (e.g., ray casting).

The spatial domain Itering was donewith a moderately optimized C++ implemertation,
as comparedto the high-performanceFFTW [9] library, which is likely to in uence the timing
results in favor of the frequency domain basedmethod. But the timings demonstrate that
frequencydomain methods are comparablein computational e ort to spatial domain lItering.
This is especially true when higher order ltering is usedin spatial domain.

One drawbadk of the new method is that gradierts are calculated for the whole volume,
ewven if they are just usedon a small portion of the voxels, like an iso surface,this leadsto a
considerablecomputational overheadthat is not cortributing to the nal resulting image.

Multithreading

To demonstratethat the new method is suitable for parallel processing,a multithreaded im-
plemertation of the algorithm was executedon three multipro cessomadines. For their char-
acteristicsseeTable 6.2. The standard setup for timing measuremets with the ¢ dataset
was used,to maintain compatibility with Table 6.3 and Table 6.4. The scenewas renderedby
spavning p threadswith p 2 f1;2;3;4,5;6;7;8;9;10g. For more details on the parallelization
of the rendering processseeSection 5.6.3. The trend of the rendering times can be seenin
Figure 6.10.

The rendering time of the dual CPU madine Riga remains at the samelevel for two or
more threads.

The term hyperthreading refersto a secondcomputation core on the CPU which enables
the processorto compute two threads in parallel. Therefore the dual CPU hyperthreading
madine Tallinn canprocessup to 4 threadsin parallel. That is the reasonwhy the speedup of
the computation stagnatesat the time level of 4 threads. The lower speedof Tallinn compared
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Rendertime/sec

900
800 N
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2004 \ lcarus
6007 dual processor dual processor with hyperthreading
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3001
200 - 64 CPUs
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Threads

Figure 6.10: Test dataset renderedon three madines with an increasingnumber of parallel
threads.

to Riga for two threadsis probably causedby the scheduler who sometimesduring the render
processassignedboth threads to the sameCPU. As hyperthreading is not a perfect parallel
computation this could impact the rendering speedin a negative way.

The timing of the 64 CPU mainframe Icarus beharesasexpected. If the number of threads
doubles,the renderingtime is cut in half. It would be possibleto useit up to 64 threads, but
the conceptis demonstrated.

6.2.4 Gradien t Estimation

In the rendering algorithm introducedin this work the gradierts are calculated by exploiting
the derivative theorem of the Fourier transform (seeSection4.4.7). In order to comparethe
guality of this gradiert estimation sdheme,to standard methods that useanalytic derivatives
of interpolation lIters in spatial domain, the ., and the .« datasetwere renderedas a
bendmark. In Figure 6.11 the resulting imagesof the renderingwith a sampling distance of
0:05 and a zoom factor of 10:0 are demonstrated. Figure 6.11(a), Figure 6.11(b), Figure 6.11(c)
and Figure 6.11(d) demonstratethe result of spatial domain Iters known from Marschner and
Lobb [22].
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Figure 6.11(e) and Figure 6.11(f) shav the rendering result of the original |, dataset.
Strong ringing artifacts are visible in theseimages. The sourceof the ringing is a discortinuity
in the datasetaddressedn Section6.1.1. Thesetwo imagesare a good examplethat the recon-
struction with the sinc lter kernelcanresult in visually lower quality imagesthan numerically
lessaccurateinterpolation methods.

Figure 6.11(g)and Figure 6.11(h) display the reconstructionquality of the frequencydomain
basedmethod whenthe discortinuity of ., isresolhed. Theseresultingimageswould be exactly
the sameas in the referenceimage (seeFigure 6.1) if the synthetic dataset would have been
sampledexactly accordingto the Nyquist criteria.

In Figure 6.11(f) and Figure 6.11(h) one voxel symmetric spatial domain zero pad was
addedin | and J direction, which apparerily smooths the borders of the dataset (compareto
Figure 6.7).

For better comparisonof the accuracy of the gradiert estimation, parallel to the normal
rendering processa syrthetic gradiert vector was calculated by evaluating the derivatives of
the analytic function. The angulardiscrepancybetweenthe calculatedand the analytic gradiert
was usedto draw the imagesin Figure 6.12. The gray value of 255represeits an angular error
of twenty degrees.The renderingsetup for Figure 6.12was exactly the sameasin Figure 6.11.

The gradiert estimation of the frequencydomainmethod in Figure 6.12(g)and Figure 6.12(h)
is apparertly moreaccuratethan the resultsof the spatial domain methods. Perfectreconstruc-
tion would be possibleif the datasetis sampledaccordingto the Nyquist criteria.
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(2) DO CO 1EF
(Linear)

(c) DO C1 3EF
(CR-Spline)

(e) FD based
method, no zero
pad in spatial
domain,

() FD based
method, no zero
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domain, mext
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(b) DO C2 2EF
(B-Spline)

(d) DO C3 4EF

(f) FD based
method, zero
pad in spatial
domain,

(h) FD based
method, zero
pad in spatial
domain, mext

Figure 6.11: Iso surfaceextraction onthe ., andthe e datasetusingspatial domain lters

and the new frequencydomain basedmethod.
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(@) DO CO 1EF (b) DN C2 2EF
(Linear) (B-Spline)

(c) DO C1 3EF (d) DO C3 4EF

(CR-Spline)

(e) FD based (f) FD based
method, no zero method, zero
pad in spatial pad in spatial
domain, domain, o]

() FD based (h) FD based
method, no zero method, zero
pad in spatial pad in spatial
domain, mext domain, miext

Figure 6.12: Divergenceimagesof the estimated gradiert direction to the analytic reference
gradiert. The gray value of 255 represeits an angular error of twernty degrees.
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6.2.5 Zooming

In the standard shear-varp factorization asintroducedby Lacroute [14] the voxelsin the dataset
and the pixel on the intermediate image have the samescale,and zooming is doneonly in the
warping step. As mertioned by Sweeneyand Mueller [32], this leadsto considerableblurring
artifacts at zoom factors greaterthan 2:0.

To acdhieve zooming with higher quality, in our approad ewery volume slice is resampled
before the projection onto the intermediate image. This createsa noticeableimpact on the
rendering speed, but leadsto signi cant quality improvemens in the resulting images. In
Figure 6.13the e datasetwasrenderedwith a considerablehigh zoom factor of 10:0. The
strong bluring when this zoom is performed in the warping stage of the rendering pipeline
can be obsened in Figure 6.13(a). In contrast zooming of the volume slicesdoes create much
sharper images,seeFigure 6.13(b). A drawbad is that the superior image quality is bough
by a computational e ort that is proportional to the number of volume sliceshigher.

(@) (b)

Figure 6.13: (a) Zooming at the warping stageor (b) beforecompositing in uences the quality
of the resulting image but alsothe rendering speed.

6.2.6 Resulting Pictures

The intention of this thesisis to introducea new high quality renderingmethod. Thereforeone
of the most interesting aspectsis how it behavzeswhen rendering real-world datasets. In this
section somereal dataset commonin volume rendering are displayed with the new frequency
domain basedmethod, and comparedto renderingsdonewith traditional spatial domain Iter-
ing.

The imagesin Figure 6.14,Figure 6.15and Figure 6.16are renderingresults of the Stanford
Bunny datasetintroducedin Section6.1.2. The datasetis displayed with a 4:0 times, a 10.0
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times and a 20:0 times zoom, with the samplingdistancein K direction setto 0:051t is visible in
all three gures that the renderingquality of the frequencydomain basedmethod is superior to
the standard spatial domain Itering. Especially in the 20:0 times zoomedimagesof Figure 6.16
the frequencydomain basedresult has apparertly lessreconstruction artifacts around the eye
area.

The imagesin Figure 6.17 are based on the Stanford Head dataset introduced in Sec-
tion 6.1.2. The datasetis displayed with a zoom factor of 4.0 and a sampling distancein K
direction of 0:05

The imagein Figure 6.18is basedon the Skewed Headdatasetpresened in Section6.1.2. It
wasaddedto demonstratethat the newfrequencydomain basemethod is capableof supporting
transfer functions with translucert volume parts.
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(a) DO CO 1EF (Linear) (b) DN C2 2EF (B-Spline)
(c) DO C1 3EF (CR-Spline) (d) DO C3 4EF
(e) DN C3 4EF (f) FD basedmethod

Figure 6.14: The Stanford Bunny with resolution128 128 133,renderedwith di erent Iters
and the new frequencydomain basedmethod. With a step length in Z direction of 0:05 and a
zoom factor in X and Y direction of 4:0.
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(a) DO CO 1EF (Linear) (b) DN C2 2EF (B-Spline)
(c) DO C1 3EF (CR-Spline) (d) DO C3 4EF
(e) DN C3 4EF (f) FD basedmethod

Figure 6.15: The Stanford Bunny with the render setup of Figure 6.14 but with a zoom factor
in X and Y direction of 10.0.
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(a) DO CO 1EF (Linear) (b) DN C2 2EF (B-Spline)
(c) DO C1 3EF (CR-Spline) (d) DO C3 4EF
(e) DN C3 4EF (f) FD basedmethod

Figure 6.16: The Stanford Bunny with the render setup of Figure 6.14 but with a zoom factor
in X and Y of 20.0.
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(a) DO CO 1EF (Linear) (b) DN C2 2EF (B-Spline)
(c) DO C1 3EF (CR-Spline) (d) DO C3 4EF
(e) DN C3 4EF (f) FD basedmethod

Figure 6.17: The Stanford Headdatasetwith resolution128 128 113,renderedwith di erent
Iters and the new frequencydomain basedmethod. With a step length in Z direction of 0:05
and a zoom factor in X and Y direction of 4:0.
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Figure 6.18: The Skewed Head datasetwith resolution184 256 170,renderedwith the new
frequencydomain basedmethod. With a steplength in Z direction of 0:05 and a zoom factor
in X and Y direction of 2:0.



Chapter 7

Summary

All that we are is the result of what
we havethought.

Buddha

The resamplingof discretesignalsis an important part of volumerenderingalgorithms that
follow the ray casting approad introducedby Levoy [17]. For ewery pixel in the nal imagea
viewing ray is castinto the scene.A numeric integration of the volume along the viewing rays
is performed, which requiresthe computation of equidistart samplepoints along ead viewing
ray. The quality of the resulting image dependsdirectly on the resampling Iter usedin this
stageof the rendering process.Researb has beendoneto improve the designof thesespatial
domain lters [26], and to evaluate and comparethe quality of reconstruction lters [22].

As a basicprinciple all of these Itering methods are approximations of the sinc Iter, which
providesthe perfectsignalreconstruction. Unfortunately the sinc lter hasin nite extert in the
spatial domain, thereforeit is usually dismissedasa theoretical solution. Howeer the frequency
domainrepresetation of the sinc Iter isasimplebox Iter. This leadsto the assumptionthat
volume renderingwith sinc Iter quality is possibleif the resamplingis donein the frequency
domain. The Fourier transform was introduced for volume rendering by Dunne et al. [7].
The proposed algorithm, later referred to as frequency domain volume rendering (FDVR),
or Fourier volume rendering (FVR), was further establishedby Malzbender[21], Levoy [19]
and Totsuka and Levoy [34]. The FVR method is basedon the projection slice theorem of
the Fourier transform, which states that projection in the spatial domain is equivalert to
slicing in the frequency domain. Therefore a two-dimensionalslice s, passingthe origin of
the frequencydomain represetation of a three-dimensionalvolume, is resampled. An inverse
Fourier transform of this slice s, is equivalernt to a projection of the whole volume along the
normal vectorto s. If the sizeof the volumeis N 3, then computational expenseof this operation

75
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is O(N?logN) as comparedto O(N?3) of the pure spatial domain equivalert. Therefore the
computational complexity of frequencydomainvolumerenderingis lower than other traditional
volume rendering approades.

Unfortunately evenwith the mostrecert improvemerns by Leeet al. [15], Westerbergerand
Roederik [35] and Entezari et al. [8] which have addedlighting e ects, this method generates
only \x-ray" like images (seeFigure 2.14). The lack of occlusion and support of transfer
functions are the major drawbads of this method.

As the projection slice theorem doesnot provide the resamplingquality required for high-
quality ray castingwe have to focuson other theoremsof the Fourier transform. From the rich
variety of theoremsof the Fourier transform, the time shifting theorem, the padking theorem
better known as zero-paddingin the frequencydomain, and the derivative theorem, presened
by Oppenheimand Sdafer [27], were selectedand asserbled to a volume renderingalgorithm
that performs resampling with sinc Iter quality. This new method is conceptually based
on the shear-varp factorization introduced by Lacroute and Levoy [14]. In the shear-varp
factorization the viewing transformation of the volume from the object spaceinto the image
spaceis decommsedinto a permutation, a shear, and a warp transformation. The shear
transformation, where most of the critical interpolation takes place, only usestranslation of
volume slicesalongthe coordinate axes. In this work we proposea new method performing the
sheartransformation in the frequencydomain. To further improve the quality of the resulting
images,two additional modi cations of the standard shear-varp approad areintroduced. First,
a method is proposedfor resamplingintermediate slicesbeforethe shearoperation is applied.
This ensuresthat we obtain a steerableand viewing direction independent sampling distance
along the viewing rays. Second,we introduce a technique to perform zooming in the standard
object coordinate systemas comparedto zooming in the warping stage,which improvesimage
quality signi cantly. Additionally a high-quality gradiert estimation stheme based on the
derivative theorem of the Fourier transform is presened.

During the work on this thesis a paper by Li et al. [20] was published that usessimilar
principles to our method, to perform the resampling of the volume in the frequencydomain.
Their approad is to decompsethe transformation matrix into four shearoperations. These
four shear operations are performed by exploiting various frequency domain techniques and
require multiple forward and badkward Fourier transforms. In our approad the transformation
matrix is factored accordingto the shear-varp factorization which requires only one shear
operation to be executedin the frequency domain. Another issueis that if the volume is
resampledby the application of shearoperationsit is necessaryo add su cien t spatial domain
zero-paddingto fully accommalate the rotated volume. The problem, that arisesif the spatial
domain zero-paddingis too small, is that parts of the data volume passover the border of
the volume and through the periodicity of the dataseterter from the other side. This error is
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ampli ed by the consecutie shearg.To allow arbitrary positionsof the viewpoint, a symmetric
spatial domain zero-padof about -2 times the maximal volume resolution hasto be applied.
This createsan up to three times higher memory consumptionas comparedto our method that
doesnot require spatial domain zero-paddingof that amourt. We further introducea gradiert
estimation scheme that takes advantage of the derivative theorem of the Fourier transform,

which could be also applied to their work.

7.1 The Rendering Pip eline

The algorithm proposedin this thesisis basedon the shear-varp factorization introduced by
Lacroute and Levoy [14]. The shear-varp factorization wascreatedto be oneof the fastestsoft-
ware basedrendering algorithms. It gainsits performanceby factoring the projection matrix,

that transformsthe volumefrom the object spaceinto the imagespace,nto seweral submatrices.
The transformation described by eat of these submatricescan be computed very e ectively
and through that an imminent increasein renderingspeedis possible.

In our method we usethe samesubmatricesas in the shear-varp factorization, the main
focus howewer is on high reconstructionquality in cortrast to renderingspeed. The shear-varp
factorization hasfour rendering stages:permutation, shearing,compositing and warping. The
permutation stageis a movemert of voxelsfrom oneposition in the volumeto another, according
to a certain permutation matrix, which is a losslesdransformation. In the shearingstagethe
volume is dismartled into sliceswhich are resampledon a shearedgrid. The quality of this
resamplingprocessdependsvery much onthe lter usedfor the reconstructionof the signal. In
the proposedmethod we presen a way of how to performthe shearby applying the time shifting
theoremin the frequencydomain. The next stage,i.e., the compositing, is equalto a numeric
integration along the viewing rays. A major drawbadk of the standard shear-varp is that
the sampling distance for the numeric integration can not be changed. Further this sampling
distanceis very coarse( 1:0) and additionally viewing direction dependert. In our rendering
pipeline we proposea resamplingstep that allows to perform the numerical integration along
the rays with an arbitrary sampling distance, independen of the viewing direction. The last
stage, i.e., the warping, transforms the intermediate image of the compositing stageinto the
nal image. The warping in our method remainssimilar to the standard shear-varp warping,
but to maintain the high-quality requiremerns a higher-orderspatial domain Iter is used. The
quality lossthrough the resampling of the intermediate image in this stage does not create
visible artifacts in the nal image.

The adapted rendering pipeline for the new frequencydomain basedmethod is preserned
in Figure 4.2. During this sectiona detailed presenation of every stageof this pipeline and its
cortribution to the rendering processis given. The rst stageof the rendering pipeline starts
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from the standard object coordinate system,this meansthe volume is already permuted sud
that the K axis is the main viewing axis.

Multi-Dimensional Fourier Transform

The Fourier transform is a separabletransformation. Every M -dimensional Fourier transform
can be composedfrom M one-dimensionaltransforms in every dimension respectively. To
transform the volume in all three spacedimensions,a consecutie application of a 1D Fourier
transform in ead dimensionis performed. Through the 3D Fourier transform the next pipeline
stageis reathed (seeFigure 4.2(b)).

Resampling in the Principal Viewing Axis

In the standard shear-varp factorization the number of volumeslicesalongthe principal viewing
axis K is kept constart for performancereasons.Thereforethe distanceof the sampling points
alongthe rays vary with the viewing direction. Figure 4.3 showns how the samplingdistance(s;
VS. Sp) variesaccordingto the view point settings. This variation can create artifacts that are
especially visible in animations. Resamplingof the volume in K direction allows to selectan
arbitrary sampling distance along the rays independen of the viewing direction. Resampling
createsadditional volume slicesand is doneby exploiting the padking theoremin the frequency
domain.

To compute the necessarysize of the zero-pad area, the sampling distance s along the
viewing rays beforeresamplingis calculated. The viewing vector ¥s,, with its componens vsq;,
Vso;j and vsq and the distance betweenthe volume slicesalong the K axis dyx are needed. ¥,
is normalizedin K direction by dividing eatch componert through vg.« this givesvgo, with its
COMPONErts Vi, Vao; and vgy, (Voo = 1:0). The absolutelength j¥d,j of the vector v, is the
samplingdistanceif the volumeslicesare 1:0 apart. A multiplication with dy, the real distance
betweenthe volume slices,givesthe sampling distance before resampling. The setup for this
calculation is illustrated by Figure 4.4.

The samplingdistancebeforeresamplings and the desiredsamplingdistances®areinversely
proportional to the number of samplesin K direction beforeresamplingK , and the number of
samplesin K direction after the resamplingK °. With Equation 4.4 the number of samplesafter
zero-paddingK ° is calculated. The di erence betweenK ° and K is the amourt of zero-pad
necessaryor the selectedsamplingdistances®. As zero-paddingcanonly be appliedin discrete
amourts, K ®hasto be roundedto the closestinteger number K 0., 2 N. For sizesof K 0., > 50,
the error introducedto the sampling distanceis already belov  1:0% of K ©.

After the application of the zero-padthe pipeline stageFigure 4.2(c) is readhed. The next
stageis an inverseFourier transform in K direction, Figure 4.2(d), while the | and J direction of
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the volumeremainin the frequencydomain. It is important to remenber that this resampling
in K direction changeghe distancebetweenthe sliceswhich is especially relevant in the shearing
stage.

Resampling of Volume Slices in | and J Direction

In the standard shear-varp factorization zooming is performedby scaling of the intermediate
image. This approad leadsto considerableblurring artifacts, especially for zoom factorsgreater
than 2:0, as pointed out by Sweeneyand Mueller [32. In the proposedmethod zooming is
performed earlier, in the standard object spacewhere the rescalingis applied to the volume
slices. A desiredzoom factor is achieved by increasingthe signal periods of ead slice by zero-
paddingin the frequencydomain. As adding samplesis only possiblein discretestepsa certain
zoom factor can only be achieved with limited precision. If 10, > 50 and Jp,q > 50 then
the deviation of the zoom factor is belov  1:0% of 1 °and J°. This error, if required, can be
compensatedby additional scalingin the warping step. After the application of the zero-pad

the render processreatesthe next stage(seeFigure 4.2(e)).

Shearing

In the shearingstageof the shear-varp factorization the volume is transformed from the stan-
dard object spaceto the shearedobject space.This causeghe viewing direction to be perpen-
dicular to the slicesof the volume, respectively the (v,u) plane. Performing the calculations
explainedin detail in the Section4.3.3,we acquirethe shearcoe cien ts (s;;s;) and the trans-
lation values (ti;t;). The valuesay and a; descrike the displacemen of the k-th slicein i
and j direction. For both directions the shifts by a,« (x 2 fi;jg) are split into a multiple of
the voxel lengths, a,csp and the remainder, which is then a fraction of a voxel step ayrp, see
Figure 4.6. As the subscriptsalready indicate the shift for a,rp is performedin the frequency
domain, and the shift for a,sp in spatial domain. The shift in the spatial domain is actually
only a movemert of the slicein full voxel steps. The interpolation part is performedin the
frequencydomain. The reasonfor this split is to keepthe shift in the frequencydomain as
small as possibleto limit wrap around e ects (seeFigure 4.7). Thesee ects appear becausean
the Fourier transform the volume slicesare assumedio be periodic in | and J direction. If the
whole shift a,, would be performedin the frequencydomain, a voxel leaving the visible window
areaon one side enters from the opposite side. This cyclic shift would lead to artifacts in the
nal image. To further limit the wrap-around e ects a symmetric spatial domain zero-padof
onevoxel hasto be addedto separatethe periodic replicasin the spatial domain.

With the application of the shifting theoremto performthe arp shift, the renderingstage
Figure 4.2(f) is readed. An inverseFourier transform in | and J direction movesthe rendering
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processo stageFigure 4.2(g). The asp part of the slicedisplacemen is appliedin the spatial
domain, which completesthe transformation of the volume to the shearedobject space,see
Figure 4.2(h).

Comp ositing

During the compositing stagethe resampledslicesare blendedinto a 2D intermediate image,
along the w axis. Transfer functions can be applied to the volume, as all kinds of algorithms
to in uence the appearanceof the nal image(i.e., shading,non-photorealistice ects, ...). In
this work a high quality gradiert estimation schemeis introduced, to obtain surfacenormals
for lighting calculations.

The compositing of the slicesalong the w axis is comparableto a numeric integration
along the viewing rays. During this processthe density information of eat slice fuy [u; V] is
transformed into an imageiyy [u;Vv]. Ead pixel in iyy[u;Vv] hasa color ¢c and a transparency
coecient . Everyimageis then compositedinto the slicelocated at w = 0, with the \over"
operator [28]. The \over" operator statesfor a pixel a with color c, and transparency , how
it is composited over a pixel b with color ¢, and transparency . The resulting pixel values
Cc. and . can be computed with Equation 4.14 and Equation 4.15. The order in which the
slicesare composited is determined by their w coordinate value. The sign of the k component
of the viewing vector v, (Vso:k) in standard object spacedeterminesfrom which side of the
stadk the processingstarts. If vso IS positive then the slice with the coordinate k = 0 is the
front slice; otherwisethe slice at the other end of the stadk, with the coordinate k = Knax IS
the rst slice. Compositing all slicesusing the \over" operator results into the non-warped
intermediate image (seeFigure 4.2(i)). This form of compositing is known as badk to front
(B2F) compositing, becauseit starts with the volume slice most apart from the view point.
In standard ray casting the volume samplesare composited in a reverse order, called front
to badk (F2B). The F2B compositing allows to stop the compositing processfor one pixel as
soon asthe opacity of the allready composited volume samplesalong the ray readesa certain
threshold. This avoidsthe interpolation of samplesfurther alongthe ray and is called early ray
termination. The frequencydomain basedmethod perfomsa global resamplingof the volume,
therefore all volume slicesare computed as a whole. A switch from B2F to F2B compositing
would only createa negligible gain in rendering speed.

W arping

The 2D warping transformation applied to the intermediate imageleadsto the resulting image.
The warping matrix transforms data points from the shearedobject spaceinto the nal image
space. This transformation compensatesthe viewing direction depender scaling of the dis-
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tancesbetweenthe viewing rays (compared; and d, in Figure 4.3), and performsthe rotation
componert around the K axis.
If M is the maximal volume extension(maximum of I , J and K in standard object space),

and z; is the scalefactor applied to the volume, then an imagebu er fyn[Xi;yi] with N =

3 z; M canaccommalate the resulting image. This calculation is basedon the assumption
that eadt sideof the volume haslength M and the main diagonal of the volume data cuboid is
visible in its full length. Every pixel of f yn [Xi; Yi] In the image-c@rdinate spaceis transformed
to the sheared-olpect spacewith the inverseof the warping matrix. The pixel valuesat the
obtained coordinatesare interpolated from the pixel valuesof the intermediate image. In order
to maintain high quality in this step aswell, a higher-orderspatial domain Iter is usedfor the
resamplingcomparableto a Catmull-Rom spline [1].

Gradien ts

Sincethe gradiert is the partial derivative of the original function and ideal interpolation with
the sinc Iter will reconstructthat function, the gradiert canbe reconstructedexactly by using
the derivate of the sinc as a reconstructionkernel [2].

For the computation of the gradiert vectors,three copiesof the original datasetare created
and Fourier transformedin all three spacedimensions. Each one of these volumesis usedto
calculate onecomponert of the gradiert vector. Thereforeead volumeis derived in one of the
three spacedimensionsby the application of the derivative theorem of the Fourier transform.
Subsequetty these gradiert volumes are processedthrough the samerendering pipeline, as
the density volume. The gradiert volumesare conmbined to a volume of gradiert vectorsat the
compositing stage. Thesegradiert vectorsare usedwith the processedriginal data to compute
the intermediate image.

7.2 Implemen tation

The input signalin the Fourier transform in generalis complex. In this application the volume
data in the spatial domain is stored only in the real componert and the imaginary componert
is set to zero. The real function is a Fourier transform pair to a Hermitian function [27].
Therefore a Fourier transform of this spatial domain represemation of the volume leadsto a
frequency domain represemation which is Hermitian. The Hermitian property signi es that
correspnding samplevalues,with index k and Kk, are conjugatecomplexto ead other. The
real componerts are equal, and the imaginary componerts have inversesign. The reasonfor
goinginto details about Hermitian functionsis that it is dual to the real function by the Fourier
transform. It meansthat all operations applied in the frequencydomain have to presene the
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Hermitian property in order to obtain a real function after the inverseFourier transform. The
theoremsof the Fourier transform that are usedduring the rendering processare symmetric
around the origin and thereforedo not alter the Hermitian property of a signal. But because
of the periodicity of the signal there are certain indicesin the discrete spectrum which need
special attention. First there are samplepoints that are conjugatecomplexto themseles,and
thereforethe imaginary componert hasto be zero. This is the samplepoint at the origin, and
if the the signal haslength N with N = 2k the samplepoint at index k. The secondissuehas
an e ect when calculating the derivative. This is done by exploiting the derivative theorem of
the Fourier transform, which is a multiplication with i 2 Ni in the frequencydomain. This
multiplication with i 2 Ni essehally switchesthe real and imaginary componert. After this
switch, if the the signal has length N with N = 2k, the sample point at k still hasto be
conjugatecomplexto itself. To ensurethe Hermitian property if the signal length is even, the
real and imaginary componert of the samplepoint at position k, hasto be setto zero. Another
way of getting around this problemis to add one zerovalued sampleat the end of the signalin
the spatial domain, in orderto createan odd number of sampleg(spatial domain zero-padding).

7.3 Results

In this sectionresultsand experienceswith the application of the high quality resamplingin the
Fourier domain are preseried. The reconstruction quality of the frequencydomain techniques
are comparedto standard spatial domain ltering.

Test datasets

Sewral 3D datasetsare usedto comparethe reconstruction quality of the frequencydomain
method to standard spatial domain Itering. Two categoriesof datasetsare used, syrnthetic
datasetsand CT-scans.

Synthetic Test Datasets

To test the quality of the newinterpolation method, the test function introducedby Marsdcner
and Lobb [22] is used. In this work we referto it as . This datasetis sampledalmost
accordingto the Nyquist criteria, 99:8% of the signal energyis captured.

When using the discrete Fourier transform (DFT) the assumptionis that the signal is
periodic and discretein the spatial and the frequencydomain. Through the samplingof , we
get one period of this signal, which is half the period of a sinewave in Z direction. In the zone
betweentwo of theseperiods, in Z direction, a jump in the signalis presern. This discortinuity
leadsto high frequencycomponerts and a not band-limited behavior. In order to demonstrate
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the impact of this discortinuity, but to maintain compatibility with the original signal ., a
secondsyrthetic datasetwas created. The samplepoints of ., aremirrored alongthez= 1
plane. The samplesat z = 1 are not copied, becausethey are positioned at the plane of
re ection. Further the samplesat z = +1 are not copiedaswell to createsmaoth transitions in
the periodic sequenceof sinewaves. This createsan extendedversion of the test dataset with
the dimensionsof 41 41 80 samples.The extendedtest datasetis referredto as jext.

Real-W orld Test Datasets

Three real-world datasetsare usedto demonstratethe reconstruction quality of the frequency
domain basedrendering method as comparedto standard spatial domain ltering. The rst
two datasetsintroducedin Figure 6.3 and Figure 6.4 were originally createdby Levoy and are
provided for researt purposesby \The Stanford volume data archive" [30].

The datasetintroducedin Figure 6.5is usedin a visualization lab at the Vienna University
of Technology [29].

Qualit y Comparison to Spatial Domain Filters

This section presens seeral experiments to shav the advantages and disadwantages of the
frequency domain basedtechniques as comparedto spatial domain ltering. The following
subsectionsaddressissuesthat arisein volume rendering.

Super Sampling

The purposeof this experimert is to comparethe quality of zooming by zero-paddingin the fre-
guencydomain to interpolation with spatial domain Iters. As the newly introducedrendering
algorithm is basedon the shear-varp factorization, most of the renderingstepsthat are quality
critical are performedon volume slices. To visually demonstratethe quality of zooming with
thesemethods, a slice(x = 0) of the , andthe e datasetwaszoomedby a factor of 10.0
in Y and Z direction. To enulate the iso-surfaceextraction usedby Marscner and Lobb [22],
the range of voxel valuesf (x; y; z) from 0:0 to 1:0 was mapped to the gray scalecolor range0
to 255. Afterwardsthe color of the data points with a value of f (x;y; z) < 0:5 wassetto black.

The ,, datasethasaresolutionof4l 41 41,andthe e« datasethasa resolution of
41 41 80. Thereforeaslicetakenat x = 0from ,, hasaresolutionof 41 41, aslicetaken
at x = 0from ex aresolutionof 41 80. The lower half of the . ex Sliceis just a mirror
of the upper one. To createslicesof the samesize,for easiercomparison,the lower half of the
slicescreatedfrom e Wasremoved after the zooming processof the imagesin Figure 6.7
and Figure 6.8.
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Rendering Speed

Eventhough speedwasnot the primary concernwhen dewelopingthis technique, the rendering
performancecomparedto standard spatial domain resamplingwas analyzed.

Table 6.3 shaws the timings of the standard setup renderedwith one thread on three dif-
ferert madines. Every line in the table displays the timing of one stage of the rendering
pipeline. The timings in the rst block are operationsin K direction that are performedon the
entire volume. In this rendering setup two volumeshave to be processedpne for the density
information, and another one for the derivative in K direction. The timing for calculating the
derivative in K direction only courts for the secondvolume. The secondblock of operationsin
| and J direction plus the compositing wastimed on a per-slicebasis. The number of slicesthat
are processeddependson the resolution of the volume in K direction after the zero-padding.
As gradierts are calculated, the number of sliceshasto be multiplied by 4, i.e., one slice for
the density information and oneslicefor the derivative in ead particular 1, J, and K direction.
In the third block the rendering processis split into preprocessingand actual rendering. The
decisionof where to split the rendering pipeline into preprocessingand actual rendering de-
pendsvery much on which featuresare necessaryfor the renderingsetup. If resamplingin the
K direction is required then the computation until rendering pipeline stage Figure 4.2(b), the
three-dimensionalFourier transform, can be computedo ine. If the resamplingin K direction
is set to a certain number of sliceswhich should not changefor di erent viewing directions,
then all computations until rendering pipeline stage Figure 4.2(d) can be consideredas pre-
processing.This includesthe three-dimensionalFourier transform, resamplingby zero-padding
in K direction and the inversetransform in K direction. In Table 6.3 the secondoption for
splitting the rendering pipeline was chosen.

In Table 6.4 renderingtimings of the evaluation setup with standard spatial domain Iters
using seweral di erent kernel exterts are comparedto the frequency domain based method.
In this comparative timing measuremets the rendering pipeline introducedin this thesiswas
emulated with spatial domain lters. The Iters wereusedfor resamplingof samplesequences.
And the analytic derivatives of the interpolation Iters were usedto calculate derivatives.
Therefore only the performanceof the lItering is compared,not the performanceof the new
method to other algorithms (e.g., traditional ray casting).

The spatial domain Itering was donewith a moderately optimized C++ implemertation,
as comparedto the high-performanceFFTW [9] library, which is likely to in uence the timing
resultsin favor of the frequencydomain basedmethod. But the timings demonstratethat the
frequencydomain methods are comparablein computational e ort to spatial domain lItering.
This is especially true when higher order ltering is usedin the spatial domain.

Onedrawbad of the new method is that the gradierts are calculatedfor the whole volume,
even if they are just usedon a small portion of the voxels, like an iso-surface.This leadsto a
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considerablecomputational overheadwhich is not corntributing to the nal resulting image.

Gradien t Estimation

In the rendering algorithm introducedin this work the gradierts are calculated by exploiting
the derivative theorem of the Fourier transform. In order to comparethe quality of the fre-
guencydomain gradiert estimation scheme,to standard methods that useanalytic derivatives
of interpolation lters in the spatial domain, the , andthe . datasetwererenderedas
a bendimark. In Figure 6.11 the resulting imagesof the rendering with a sampling distance
of 0:05 and a zoom factor of 10:0 are demonstrated. For better comparisonof the accuracyof
the gradiert estimation, parallel to the normal rendering processa syrthetic gradiert vector
was calculated by evaluating the derivativesof the analytic function. The angular discrepancy
betweenthe calculated and the analytic gradiert was usedto draw the imagesin Figure 6.12.
The gray value of 255 represets an angular error of 20 . The rendering setup for Figure 6.12
was exactly the sameasin Figure 6.11.

The gradiert estimation of the frequencydomainmethod in Figure 6.12(g)and Figure 6.12(h)
is apparertly moreaccuratethan the resultsof the spatial domain methods. Perfectreconstruc-
tion would be possibleif the datasetis sampledaccordingto the Nyquist criteria.

Resulting Pictures

One of the most interesting aspects, when introducing a new rendering algorithm, is how it
behaves with real-world datasets. Somedatasetscommonin volume rendering are displayed
with the new frequency domain based method. For comparisonthe same computation was
donewith traditional spatial domain Itering.

The imagesin Figure 6.14, Figure 6.15 and Figure 6.16 are basedon the Stanford Bunny
dataset. The datasetis displayed with a 4:0, 10:0, and 20:0 times zoom, with the sampling
distancein K direction setto 0:05. It is visible in all three gures that the rendering quality
of the frequency domain basedmethod is superior to the standard spatial domain lItering.
Especially in the 20.0 times zoomed imagesof Figure 6.16 the frequencydomain basedresult
hasapparerily lessreconstruction artifacts around the eye area.

The imagesin Figure 6.17 are basedon the Stanford Head dataset introduced in Sec-
tion 6.1.2. The datasetis displayed with zoom factor of 4:0 and samplingdistancein K direction
of 0:05.

The imagein Figure 6.18is basedon the Skewed Head dataset preserted in Section6.1.2.
It wasaddedto demonstratethat the new frequencydomain basedmethod is capableof sup-
porting transfer functions with translucert volume parts.



Chapter 8

Conclusions and Future Work

The future belongsto thosewho
kelievein the beauty of their dreams.

Eleanor Roose\elt

We have deweloped a volume rendering algorithm that performs high-quality resampling
in the frequencydomain. We have demonstratedthat this method can render well sampled
volume datasetswith higher quality than standard spatial domain resampling. Further a high-
quality gradiert estimation stcheme, that provides very accurate surface normals for lighting
calculations,was introduced.

The resampling and derivative computations are performed with sinc Iter quality. This
Iter allows perfect reconstruction of the original signal if the samplingwas done accordingto
the Nyquist criteria. The Nyquist criteria statesthat in orderto perfectly capture a signal, the
sampling frequencyhasto be more than twice the highestfrequencycomponert of the original
signal. Unfortunately, signalsoften have an unlimited frequencyspectrum. Thesesignalscan
only be captured with limited accuracy Reconstruction from the samplesof these signals
with the sinc Iter doesnot produce the original signal. The di erence betweenthe original
signal and the reconstructedsignal is called aliasing. Strong aliasing artifacts can causesud
strong visual distortions that Itering with a numerical lessaccurate Iter canresult in more
appealingresulting images. This e ect wasespecially visible in the synthetic volume rendering
test dataset ., introducedby Marschner and Lobb [22]. A standard test to judge the quality
of a reconstruction Iter is to renderthe sampled ., function and compareit to a reference
imagerenderedby reewaluating the syrthetic function. The conductof the standard , dataset
in Z direction is half a period of a sinewave. For the Fourier transform it is assumedthat the
signalis periodic in all three spacedimension. A discortinuity in Z direction is presett in the
standard ,, dataset, through this periodicity, which createsvery strong visual e ects in the
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resulting images. An alteration was applied to the datasetto remove this discortinuity. With
this new datasetthe capabilities of the new rendering algorithm for well sampleddatasetswas
demonstrated.

Handling data in the frequencydomain requiresparticular carefulness.Minor variation of
the frequencydomain can causesurprising e ects in the spatial domain. The input data for
the Fourier transform in generalis complex. In our application the volume data in the spatial
domainis storedin the real componert, while the imaginary componert is setto zero. This form
of represemation which hasonly non-zerovaluesin the real componert is called a real function.
The transform pair to a real function by the Fourier transform is a Hermitian function. A
function is Hermitian meansthat samplevaluesat the index k are conjugate complexto the
samplevaluesat the index k. This Hermitian property in the frequencydomain hasto be
presened to obtain a real function in the spatial domain. This is additionally complicated by
the fact that standard Fourier transform implemertations usean asymmetricindexing scheme.
The basicconceptof this schemeis that the origin of the data in the spatial and the frequency
domain respectively correlate with the zeroindex of the samplearray.

In the preserted method resampling is done by zero padding in the frequency domain.
Resamplingto a higher resolution createsnew sample points that are inserted between the
existing samples. The rst and the last sample point of a signal are neighbors through the
periodicity in the spatial domain. During a resampling new sample points are inserted also
betweenthesetwo samples.The sampleat index zeroremainsat its position after resampling,
therefore the new samplesintroduced betweenthe rst and the last sampleare appendedto
the samplingarray. This creates,especially visible for high scalingfactors, an apparert shifting
e ect toward the zero index. The courter measureagainst this shift e ect, in the current
implemertation, is to remove the samplesintroducedbetweenthe rst and the last index.

As usual there are still aspectsthat are worthwhile to investigatein more detail but where
not completely addressedn this work.

Reduction of memory consumption. This could be done by exploiting the fact that the
data is given as a real function which leadsto a Hermitian spectrum. A Hermitian
spectrum has high symmetriesso that up to halve of the memory could be consered.
The impact on the separability of the Fourier transform on sud a data structure hasto
be investigated.

Extension of the technique to perspective projection. Therefore scaling of the slicesfor
arbitrary factors hasto be derived. One possiblesolution could be to align eat volume
slicewith the target grid through phaseshifts in the frequencydomain. For ead inverse
Fourier transform a column and a line vector of the resampledvoxel slice is obtained.
This would slowv-down the render processconsiderably A limitation of the viewing angle
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to certain valuesthat blend well with the already existing scaling by zero padding is a
secondapproad to solwe this issue.

Improve rendering speedfor zooming. At the momen, if imagesare zoomed, and only
a small section of interest is to be displayed, the whole image has to be calculated,
which obviously createsan unbearableslondown. Partial inverseFourier transformscould
improve the rendering speedin theseoccasions.
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