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Abstract

We presenta novel approacho shape-baseihter

polationof gray-level volumedata. In contrastto

the sgmentation-basetkchniquesour methoddi-

rectly processethescalarvolumerequiringno user
interaction. The key ideais to performthe inter-

polationin the directionsgiven by analysisof the

eigensystenof the structue tensor Our method
processea 256 x 256 slicewithin a coupleof sec-
ondsyielding satishctoryresults. We give a quan-
titative and a visual comparisorto the linear inter-

slice interpolation. Analysis of the resultslead us
to the conclusionthat our techniquehasa strong
potentialto competewith well-establishedshape-
basednterpolationalgorithms.

1 Introduction

Interpolationis requiredin imaging, in general,
wheneer the acquiredimage data are not at the
samelevel of discretizationasthe level thatis de-
sired[1]. In volume visualizationby ray casting,
for instance,it is necessaryo acquiresamplesin

regulardistanceon aray. Theinterpolationmech-
anismhasto provide the ray casterwith valuesat
ary position betweengrid points. Algorithms for

volume analysisare often basedon filtering tech-
nigueswhich presumesotropy. Theinputdatahas
to be resampledn mostcasesto an isotropicdis-
cretization. Medical imaging systemsusually ac-
quirethedatain slice-by-sliceorderresultingto dif-

ferentsamplingratiosin z, y, andz directions.For
anappropriatanedicaltreatmentt is necessarghat
the dataat requestedocationsarereconstructecs
preciselyas possibletaking into accountnot only
thecharacteristicef a 3D signalcorveying thedata
but alsothe topological propertiesof the explored
structures.

2 Redated work

Interpolationalgorithmscanbroadlybedividedinto
two categories — scene-basedimage-basedpnd
object-basedshape-based)Although scene-based
filtersrecevedalot of attentionin thevisualization
communityin recentyears|[9, 7, 15, 14], thereis
repeatedevidencein the literature of the superior
performanceof object-basedver scene-baseth-
terpolationtechnique$2].

From the begginning shape-basedlgorithmsre-
quired a sggmentedvolume, i.e., a descriptionof
objectsto beinterpolated.Thefirst approacheare
basedon contourinterpolation.

RayaandUdupa[12] proposedan interpolation
of distancdieldscomputedrom binaryslices.Hig-
gins et al. [5] alsofocuson the problemof inter-
polating binary objectsratherthen high-resolution
gray-scalemages. The presentednethodextends
the approachof Rayaand Udupa[12] emplo/ing
the original densityinformationto avoid inconsis-
tenciesin transitionof objects’ crosssectionsand
their centroids.Turk andO’'Brien [16] benefitfrom
boththe contourdescriptionanddistancefieldsen-
codedas implicit functions providing a powerful
frameawork for interpolation of analytically given
objects.

Moshfegi [10] proposesa techniqueaiming for
removing staircaseeffectsin a mannerthatis con-
sistentwith MIP. The direction of interpolationis
alignedadaptvely with theaxesof thevesselsThe
templatematchingproposedhere considersa pair
of scan-linedteratively looking for the bestmatch
in referencevindows dueto meansquareerrorand
a correlationcoeficient. Theinterpolationmethod
is, however, appliedafter the projectionproviding
thusasolutiononly for 2D scenes.

Thefirst purely gray-level-basedapproactyield-
ing reasonableesultsseemsto be the three-pass
algorithm proposedby Grevera and Udupa [1].




In order to adoptthe previously introducedtech-
nique[12], then-dimensionabrey scenes lifted to

a[n + 1]-dimensionabinary scendn thefirst step.
Then binary shape-basethterpolation[12] is ap-
plied. Finally, thenewly interpolatedn + 1]-binary
sceneis collapsedbackto n dimensions.A draw-

backof this methodis a high time andspacecom-
plexity. Two yeardaterthis methodandtwo variants
thereofarecompared?] to thefive mostreferred-to
interpolationtechniquesThe paperemphasizethe
superiorperformanceof object-basedver scene-
basednterpolationtechniquestoo. To seehow far
this is evidentin a specificapplication,i.e., detec-
tion of brain lesions,Greveraand Udupa [3] sta-
tistically comparel00 datasetsresultingfrom 10
patients 2 modalitiesand5 interpolationmethods.

In contrastto the frequentlyusedtechniquesve
proposea direction-drven interpolation. The in-
terpolationis conductedy the eigervectorsof the
structuee tensor Structuretensorscarry informa-
tion on the densitydistribution in simpleneighbor
hoods As they are computeddirectly from scalar
dataour methoddoesnot requireary segmentation
or userinteraction. This makes a reasonablelif-
ferencebetweerour methodandmostshape-based
interpolationtechniques.

An introductionto simpleneighborhoodandthe
relatedtensoranalysisas well as the conceptof
our methodare presentedn section3. Section4
discussesmplementationissues. To seethe per
formance gualitatve andquantitatve evaluationof
our methodis givenin sectionb.

3 Pattern-Driven interpolation

Usual stratgyies to study local neighborhoodsare
basedon analyzingdiscontinuitiesin the intensity

8.

The humanvisual system,however, can easily
recognizeobjectsthat do not differ from a back-
groundby theirmeangrayvaluebut only by theori-
entationor scaleof pattern.To performthis recog-
nition taskwith a digital imageprocessingystem,
operatorswhich determinethe orientationof pat-
ternsareneeded6].

3.1 Simple Neighborhoods and Structure
Tensor

For an appropriaterepresentatiorof the emplace-
mentof anobjector atextureit is necessaryo dis-
tinguish betweendirectiongiven by an anglefrom
theinterval (0°,360°) andorientation(0°, 180°).
As we arelocally not ableto distinguishbetween
patternghatarerotatedby 180 degrees the opera-
torsarealsorequiredto male no distinction.

A representatioof the orientationby onescalar
valuerepresentinghe angleturnsoutto be not ap-
propriate, becausea measurefor certainty which
describeghe neighborhoodndependentlfrom the
absolutedensityis not involved. This leadsto a at
leasttwo-componentectorialdescription.

The attemptto describea neighborhoodby the
gradientvectorfailsbecaus@& doesnotallow to dis-
tinguishbetweemeighborhoodsvith constantval-
uesandisotropicorientationdistributionwheregra-
dientscanceleachotherasthey areintegratedover
theneighborhoodThis is dueto the oppositesigns
of gradientsatincreasinganddecreasingdges.

Thefollowing optimizationmethochasbeenpro-
posed6] to find anoperatomwhich encodeghean-
gle of orientation providesa certaintymeasureand
distinguishedetweernconstantandisotropicdistri-
butions.

The neighborhoodJ of the point of interestzo
will be describedby a unit vector i which ex-
hibits the leastdeviation from the orientationsof
all gradientsfrom U. As the squaed scalarprod-
uct (Vg™ #)* betweenthe gradientvector Vg and
7t meetcriteriafor measuringhis deviationthefol-
lowing integral will be maximized:

/ h(eo— o) (Vo(@)TR)Y da (1)

whereh determinegweightingfunctiondefinedon

U. Theoptimizationproblemgivenby equation(1)
canberewrittenasf” Jii — maximumwhere

7= [ han ) (Vale)Ve@) = @)

is a symmetric3 x 3 matrix consistingof the fol-
lowing elements:

_[F dg(z) dg(z)



The matrix J is referredto asthe structue tensor
and its constructionis in more details explained,
e.g.,in [4, 6]. The solutionto 7 is the principal
eigervectorof J.

In this work we will referto the eigensystenof
J as{\;, #;}3=, andassumehefollowing ordering
of theeigevaluesA; > A2 > A3 andcorrespond-
ing arrangemenof the eigervectorséy, €, €3. We
will assumew/o I.0.g, thateigervectorsareof unit
length,i.e.,|é&;| = 1.

3.2 Eigenvectors-Aligned Kernel

The aim of our approactto interpolationis to pre-
sene to the most possibleextent the boundaries
of objects,aswell asthe lines, the edges,andthe
ridges. To achieve this we proposeto conductthe
interpolationin the directionsgiven by thesestruc-
tures. The presumptiorhereis that the changeof
the density valuesin thesedirectionsreacheshe
minimum.
Althoughthestructuretensorhasoriginally been
proposedo describethe orientationof a neighbor
hoodby its principal eigervector €, thereis more
useful information from its analysis. For a fixed
vectori, theterm@” Ji givesthesquareof theden-
sity changein its direction. Underthe assumption
thatJ is representetby a regular matrix it follows
immediatelythatthe minimum of the squaredien-
sity changeandthereforealsothe minimum of the
densitychangearereachedn the direction of the
eigervectorés.
Accordingto therank of tensorJ thefollowing
four casesanbedistinguishedn a3D image(refer
alsoto Tablel):
rank(J) = 0. The scalarvalues do not change
in ary direction. The representedheighbor
hood featuresconstantgray values. Interpo-
lation can simply be done with the nearest-
neighborhoodnterpolationmethod.

rank(J) = 1: The scalar values significantly
change in the direction of the principal
eigermvectorei, while in theremainingperpen-
dicular directions,es and ez, remain(nearly)
constant. The correspondingneighborhood
containseitheralayeredtexture or aboundary
between two objects. The interpolation
will be conductedby a disc spannedby the
eigervectorse; andes.

rank(J) = 2: The scalar values significantly
changein the directions €1 and €3 while

remain (nearly) constantin €3. The corre-
sponding neighborhood features either an
edge of an object or an extruded texture.
The interpolationwill be driven by a stick
determinedy theeigervectores.

rank(J) = 3: The scalarvalueschangein all di-
rections. Thereis eithera cornerof an object
or a distributed 3D texture in the neighbof
hood. The interpolationthereforeshall con-
siderall of theeigervectors.

Thesecondow of Figure2 givesexamplesof color
codingof therankof thestructureensor Theareas
with rank(J) = 1, 2, and3 areencodedy green,
red,andblue color, respectiely. Homogeneousar-
easareexcludedfrom therendering.

To performa directionalinterpolationat a point
zo we will weightthe densitycontrilbutionsg(y) of
voxels y from its neighborhoodaccordingto their
relative positionto an ellipsoid E(zo). The main
axesof the ellipsoid will be givenby scaledeigen-
vectorsa; asfollows:

rankJ || @ 7P} Q3
1 € 61 5 52 é 63
2 £ 51 € 52 6 53 (4)
3 de1 & 6¢s

whered > 1 > ¢ > 0. The purposeof scaling
(4) is to suppresghe directionsof a large density
changeandto emphasiz¢hedirectionsof thesmall
densitychange.

We definethe weight of a pointy from the inte-
rior of ellipsoid E(zo) as:

ot =1- 3 (Y

=1

©)

and setit to zero for the exterior points and the
boundaryof E(z¢). This setsa smoothfade-ofof
weightsfrom the centerof the ellipsoid to its bor
ders. Fig. 1 demonstratefiow the situation may
look like in a planegiven by the eigevectorse>
andeés. The gray-level coding of the contrikuting
grid pointscorrespondso their weights.

Finally, we definethe interpolateddensityvalue
asaweightedaverage:

> vevee) Y W) 9()
EyEU(zo) w(y)

g(zo) = (6)



Figurel: The ellipsoid given by the scaledeigen-
vectorsand the weighting of the contrikuting grid
points. The similarity in weighting of the three
light-gray pointsis dueto equation(5).

3.3 Tensor Propagation

Thecomputatiorof thestructurgensordueto equa-
tion (3) appliesonly to grid points. To calculate
thedirectionalinformationalsoat off-grid pointsa
mechanisnto computethe structuretensorthereis
needed.

A straightforvard solutionwould be to general-
ize equation(3) involving derivative filters for com-
putingthepartialderivativesbetweergrid points[9,
14].

An indirect approachcan benefit from the al-
readycomputednformationatthe surroundinggrid
points emplgying an interpolation of the corre-
spondingeigensystemsUsing quaterniondor this
taskis the first choicefor a high quality interpo-
lation. On the other hand, sincethereis a strong
coherencdothin orientationandthe magnitudeof
thestructuretensor it is notnecessaryo samplethe
tensoffield densely[6]. Thereforenearest-neighbor
interpolationprovidesa stableanda muchsimpler
solution.

4 Implementation

As theinterpolationusuallyis to beperformedor a
largeramountof voxelstheimplementatiorcanbe
dividedinto two steps.In preprocessinghe eigen-
value analysisof the structuretensoris performed
for a setof voxels which surroundthe positionsto
beinterpolated.
P1. computation of the structuretensor J:
Identifying the corvolution in equation (3)
with a smoothingof the product of partial

derivatives, the elementsJ,, of the struc-
ture tensorJ can be computedin terms of

two-passconvolution and a scalar product.
In the first step the differential operators
8/0z; are applied resulting to the partial
derivativesdg/0z;. Thenthe scalarproducts
(0g/0zp, Bg/Oz4) arecomputed.In thefinal

stepthe scalarproductsare smoothedwith a

filter correspondingo a weighting function

h. We have usedan optimized 3x3x3 Sobel
filter [6] for the differentiationstep and the

Gausdfilter definedon a 7x7x7 neighborhood
for theaveragingstep.To reducethecomputa-
tional overheadwe exploited the separability
of bothfilters.

P2. eigenvalue analysis of J: Since the structure
tensor J is representedby a symmetric,
real-waluedmatrix, the fast-conerging Jacobi
methodcanbe usedfor eigen-analysisasrec-
ommendedby Presset al. [11]. The tuples
of eigevaluesandeigervectorsarethenrear
rangedo satisfyA; > A2 > As.

After the preprocessingstep for each requested
positionz, theinterpolationinvolvesthefollowing
steps.

11. inheriting the tensor information: In accor
danceto section3.3 we have usedthe nearest
neighborinterpolationfor thetensortransfer

12. interpolation: Forall voxelsy; from theneigh-
borhoodof z¢ determinedby the scalingfac-
tor § weightsw(y;) are computedaccording
to the equation(4) and (5) and the weighted
average(6) is assignedo the resultof inter
polation. Thevaluesof § ande have beenset
empirically after an error analysisof several
experimentso e = 0.1 and§ = 0.2

5 Evaluation

The purposeof this sectionis to provide a three-
fold analysisof the performanceof the proposed
method.Firstly, in sections.1we give aquantitatve
error analysisanda comparisorto thelinearfilter-
ing in z direction. Secondlya visual evaluationof
error volumesis presentedn section5.2. Thirdly,
thetime andspacecompleity of ourmethodis dis-
cussedn section5.3.

For the following analysisand comparisonwe
have used11 datasetscovering a broadspectrum



in termsof modality resolution,noisecharacteris-
ticsandobjectdetail. Thefirst groupconsistof the
small-resolutionnoise-freeartificial datasetsgen-
eratedby the vxt library [13]. The secondgroup
comprisesthe data acquiredfrom CT and MRI
scannersAll datasetwerequantizedo 256levels.

5.1 Quantitative Evaluation

Theapproactto the comparisoris to pretendthere
is a slice missingin the volume, to estimatethis
slice and compareit to the original. For the com-
parison,we reusethe frameawork for error analy-
sis by Greveraand Udupa[2]. The authorsintro-
ducedthreefigures-of-merit(FOM). In the follow-

ing expressiorof FOMs, m denotegninterpolation
method(linearin z anddirectional),S is thedataset
beinginterpolatedg(v) representgheoriginalden-
sity valuein the voxel given by coordinatess, and
gm(v) representshe densityestimationdueto the
methodm atthe voxel given by coordinate. In-

terpolationrunsover all slicesof S, whereslice V*

is definedby its z-coordinatek.

1. Mean-squaredifference:

FOM}, (S) = % DD (9w) — gm(@))?

k vevk
(7
whereN is thetotalnumberof voxelsinvolved
in thecomparison.
2. Numberof sitesof disagreement

FOML(S) =D ) 7(19(v) — gm(®))

k veVk
(8)
where

ifz>0
otherwise

(z) ={ 0 ©

3. Largestdifference

FOMZ,(S) = max {lg(v) - gm(0)l} (10)

Themeasurementdueto theequationg7)—(10)for
thelinearinterpolationandthe proposedlirectional
interpolationaresummarizedn Table2.

We male the following three obsenrations re-
gardingthe performanceof our technique.1. Our
techniqueyields in averagebetterestimatef the
original densityvaluesthanthelinearinterpolation.

This is especiallyremarkablefor the vxt data. As
theEnginedatasetfeatureanary z-axisalignedob-
jectsthe directionalinterpolationdoesnot outper
form thelinearinterpolationsodramatically 2. An
exact reconstructiorof the original densityvalues
happensat moressitesin the caseof directionalin-
terpolation. Again, it is more olvious in the case
of the vxt dataand getsalmostnegligible for the
scannediatasets. In our opinion, hovever, these
measurementare of a lower importancethanthe
mean-squaredrror. 3. Themaximalerroris gener
ally smallerin the caseof directionalinterpolation.

5.2 Visual Evaluation

To evaluate the performanceof both interpola-
tion methodsvisuals we create two error vol-
umes consisting of voxels with densitiesset to
| gm(v) — g(v) |, wherem denotesthe interpola-
tion method. The errorvolumesarethendisplayed
with splatting. The 3rd andthe4th rows of Figure2
bring exampleson renderingof errorintroducedby
thelinear andthe directionalinterpolation,respec-
tively.

Since the directional interpolation yields very
small differencesin the caseof the vxt FacetOc-
tahedrondatasetalmostevery pixel getsrendered
to the backgroundcolor in the correspondingm-
age. In caseof the CT headwith marlersthe im-
provementby our interpolationis mostly apparent
at the positionsfeaturingobjects,e.g, the wires in
themarlers. As theerrormeasurement®r the En-
ginedatasetdo notdiffer significantlyavisualeval-
uationis almostimpossiblein this case.

5.3 Timeand Space Complexity

Referringto the Table 3, the performanceof our
methodis clearly dominatedby the smoothingstep
(section4, P1). Thetotal timing thereforestrongly
dependon the sizeof the supportof the weighting
function A. Our implementationprocessesn av-
eragel1000voxels persocondon a400MHz Pen-
tiumIl. Thiscorrespon@pproximatelyto 6 seconds
for reconstructiorof one256 x 256slice.

To store the eigevectorsof the structureten-
sor, ourimplementatiorrequiresa spaceof O(3n)
wheren is the size of the datato be interpolated.
This can, however, be optimizedto an on-the-fly
computationand cachingof the structuretensors



which givesthe samespacecompl«ity asthe one
of linearinterplation,i.e., O(1).

6 Concluding Remarks

We presentinew methodfor interpolatingthegrey-
level volume datataking into accountthe topolog-
ical propertiesof the structures.Unlike the meth-
ods which are basedon an a priori information
from seggmentationour methodprocesseshe den-
sity datadirectly requiringno userinteraction.

In orderto presere the boundariesof objects,
lines,andtheridgesto the mostpossibleextentwe
proposedo conductthe interpolationby the direc-
tionsof thesestructuresTheinformationon thedi-
rectionof interpolationis inheritedfrom thetextural
descriptionof the objectsby the structuretensors.

We comparedhe performancesf our methodto
the most usedlinear interpolationin the direction
of the z axis for 11 datasetsconcludingthat our
methodoutperformsthe linear interpolationin the
meanerror, maximal error and in the number of
siteswith exactreconstruction.

Therearetwo main issuesnot addressedh this
work. Firstly, the sizeof the orientedfilter is given
by two constatntavhich have beensetempirically
aftermary experiments.In our opinion this is not
appropriatéf the methodis requiredto performro-
bustly for all kind of data. Insteadof usingfixed
constantsve think of using parametersvhich re-
flectthemagnitudeof thedensitychangeseparately
in eachneighborhood A goodchoicefor this pur
poseseento betheeigenvaluesof thestructureten-
sor.

Secondly we find it necessaryto compareour
methodto othertechniquesespeciallyto the state-
of-the-artin shape-basethterpolationintroduced
by GreveraandUdupa[1]. We would like to con-
cludewith remarkson possibleresultsof this com-
parison. Intuitively, our methodrequiresfar less
spaceand time than the interpolationin [1]. To
interpolateoneslice of n voxels, the algorithm by
GreveraandUduparequiresspaceof O(Gn) where
G denotegthe quantizationlevel andtensof min-
utes(as measuredn a Sparc2). In contrast,our
methodinterpolate®neslicein acoupleof seconds
requiringO(3n) space.Finaly, sincewe have used
the sameerrormeasurementanda statisticalcom-
parisonto the sameinterplotationmethodasin [1]
we wereableto indirectly compareheerrorperfor

manceof both methods.Eventhoughthis prelimi-
nary comparisorsoundsgpromisingfor our method,
further work is requiredto be done. We are con-
vinced that sucha comparisorhasto be donedi-
rectly for the samedatasetsand addresst to the
futurework.
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rank(J) |

conditions

| neighborhoodlescription

0 A1~ A2 >~ A3 ~ 0 | constannheighborhood

1 A1 > A2 ~ A3 ~ 0 | boundaryor layeredtexture
2 A1~ X2 > A3 ~ 0 | edgeor extrudedtexture

3 A1~ X2~ A3 >0 | cornerorisotropy

Tablel: Thecase®f densitydistributionin a3D scene

FOM! FOM? FOM?3
dataset z-lin. dir. z-lin. dir. | z-lin. dir.
vxt Wire Tetrahedron 13.1 45 1380 1156 30 16
vxt Wire Octahedron 41.0 0.1 9672 1428 24 3
vxt Wire Dodecahedron| 14.3 1.8 1300 963 37 17
vxt FacetTetrahedron 149 47 7877 6846 24 23
vxt FacetOctahedron 777 01| 22895 5644 35 5
vxt FacetDodecahedron 35.9 2.5 19612 17891 31 16
Lobster 51.0 19.8 6815 6567 103 61
EngineBlock 7.1 6.3 | 705850 609911 36 34
CT Headwith Markers | 105.3 25.1 | 133312 131901 124 114
MRI Head 84.7 41.3| 570784 556033 116 90
Vertebra 7.0 48| 189584 114351 32 26

Table2: Error measurementdue to the Equationg(7)—(10)for the linear interpolationin z-directionand
thenewly proposediirectionalinterpolation.

InputVolume eigensystenof J interpo- | total
Dataset Dimensions 3x3Sobel 7x7Gauss Jacobi lation
vxt Wire Tetrahedron 50x 44x 42 1.2 3.4 1.0 1.6 7.2
vxt Wire Octahedron 59x 59x 59 2.3 6.2 1.8 3.3 13.6
vxt Wire Dodecahedron 58 x 56 x 48 1.8 4.9 1.8 3.2 11.7
vxt FacetTetrahedron 50x 45x 42 1.1 3.0 1.0 2.7 7.8
vxt FacetOctahedron 59x 59x 59 2.4 6.7 2.0 5.2 16.3
vxt FacetDodecahedron 59 x 56 x 49 2.0 5.3 2.2 6.8 16.3
Lobster 120x 120x 34 5.7 15.6 6.2 5.8 33.3
EngineBlock 256 x 256 x 110 88.8 383.2 94.8 140.0 || 706.8
CT Headwith Markers 256 x 256 x 44 334 110.6 30.0 39.4 | 2134
MRI Head 256 x 256 x 109 74.7 249.1 80.3 127.3|| 531.4
Vertebra 128x 128x 74 12.7 50.4 15.4 20.4 98.9

Table3: Timein secondgor thedirectionalinterpolationasmeasuredn a400 MHz Pentiumll.



vxt FacetOctahedron CT Headwith Markers EngineBlock

Figure2: Volumerenderingof the original datasets(1strow), color coding of the rank of the structure
tensor(2nd row), error volume of the linear interpolation(3rd row), anderror volume of the directional
interpolation(4th row). 9




