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Abstract

We presenta novel approachto shape-basedinter-
polationof gray-level volumedata. In contrastto
the segmentation-basedtechniquesour methoddi-
rectlyprocessesthescalarvolumerequiringnouser
interaction. The key idea is to perform the inter-
polation in the directionsgiven by analysisof the
eigensystemof the structure tensor. Our method
processesa 256 � 256slicewithin a coupleof sec-
ondsyielding satisfactoryresults.We give a quan-
titative anda visual comparisonto the linear inter-
slice interpolation. Analysisof the resultsleadus
to the conclusionthat our techniquehasa strong
potential to competewith well-establishedshape-
basedinterpolationalgorithms.

1 Introduction

Interpolation is required in imaging, in general,
whenever the acquiredimage data are not at the
samelevel of discretizationasthe level that is de-
sired [1]. In volume visualizationby ray casting,
for instance,it is necessaryto acquiresamplesin
regulardistanceson a ray. Theinterpolationmech-
anismhasto provide the ray casterwith valuesat
any position betweengrid points. Algorithms for
volume analysisare often basedon filtering tech-
niqueswhich presumeisotropy. Theinput datahas
to be resampledin mostcasesto an isotropicdis-
cretization. Medical imaging systemsusually ac-
quirethedatain slice-by-sliceorderresultingto dif-
ferentsamplingratiosin � , � , and � directions.For
anappropriatemedicaltreatmentit is necessarythat
thedataat requestedlocationsarereconstructedas
preciselyas possibletaking into accountnot only
thecharacteristicsof a3D signalconveying thedata
but also the topologicalpropertiesof the explored
structures.

2 Related work

Interpolationalgorithmscanbroadlybedividedinto
two categories – scene-based(image-based)and
object-based(shape-based).Althoughscene-based
filters receiveda lot of attentionin thevisualization
communityin recentyears[9, 7, 15, 14], thereis
repeatedevidencein the literatureof the superior
performanceof object-basedover scene-basedin-
terpolationtechniques[2].

From the beginning shape-basedalgorithmsre-
quired a segmentedvolume, i.e., a descriptionof
objectsto be interpolated.Thefirst approachesare
basedoncontourinterpolation.

RayaandUdupa[12] proposedan interpolation
of distancefieldscomputedfrom binaryslices.Hig-
gins et al. [5] also focus on the problemof inter-
polatingbinary objectsratherthenhigh-resolution
gray-scaleimages. The presentedmethodextends
the approachof Rayaand Udupa[12] employing
the original densityinformationto avoid inconsis-
tenciesin transitionof objects’ crosssectionsand
their centroids.Turk andO’Brien [16] benefitfrom
boththecontourdescriptionanddistancefieldsen-
codedas implicit functions providing a powerful
framework for interpolationof analytically given
objects.

Moshfegi [10] proposesa techniqueaiming for
removing staircaseeffectsin a mannerthat is con-
sistentwith MIP. The direction of interpolationis
alignedadaptively with theaxesof thevessels.The
templatematchingproposedhereconsidersa pair
of scan-linesiteratively looking for the bestmatch
in referencewindows dueto meansquareerrorand
a correlationcoefficient. The interpolationmethod
is, however, appliedafter the projectionproviding
thusa solutiononly for 2D scenes.

Thefirst purelygray-level-basedapproachyield-
ing reasonableresultsseemsto be the three-pass
algorithm proposedby Grevera and Udupa [1].
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In order to adopt the previously introducedtech-
nique[12], the � -dimensionalgrey sceneis lifted to
a � �
	���
 -dimensional� binaryscenein thefirst step.
Then binary shape-basedinterpolation[12] is ap-
plied. Finally, thenewly interpolated� ��	���
 -binary
sceneis collapsedbackto � dimensions.A draw-
backof this methodis a high time andspacecom-
plexity.Two yearslaterthismethodandtwo variants
thereofarecompared[2] to thefivemostreferred-to
interpolationtechniques.Thepaperemphasizesthe
superiorperformanceof object-basedover scene-
basedinterpolationtechniques,too. To seehow far
this is evident in a specificapplication,i.e., detec-
tion of brain lesions,GreveraandUdupa [3] sta-
tistically compare100 datasetsresultingfrom 10
patients,2 modalitiesand5 interpolationmethods.

In contrastto the frequentlyusedtechniqueswe
proposea direction-driven interpolation. The in-
terpolationis conductedby the eigenvectorsof the
structure tensor. Structuretensorscarry informa-
tion on thedensitydistribution in simpleneighbor-
hoods. As they arecomputeddirectly from scalar
dataour methoddoesnot requireany segmentation
or user interaction. This makes a reasonabledif-
ferencebetweenour methodandmostshape-based
interpolationtechniques.

An introductionto simpleneighborhoodsandthe
relatedtensoranalysisas well as the conceptof
our methodare presentedin section3. Section4
discussesimplementationissues. To seethe per-
formance,qualitative andquantitative evaluationof
ourmethodis givenin section5.

3 Pattern-Driven interpolation

Usual strategies to study local neighborhoodsare
basedon analyzingdiscontinuitiesin the intensity
[8].

The humanvisual system,however, can easily
recognizeobjectsthat do not differ from a back-
groundby theirmeangrayvaluebut only by theori-
entationor scaleof pattern.To performthis recog-
nition taskwith a digital imageprocessingsystem,
operatorswhich determinethe orientationof pat-
ternsareneeded[6].

3.1 Simple Neighborhoods and Structure
Tensor

For an appropriaterepresentationof the emplace-
mentof anobjector a textureit is necessaryto dis-
tinguishbetweendirectiongiven by an anglefrom
the interval ����������������� andorientation ���������� ����!� .
As we are locally not able to distinguishbetween
patternsthatarerotatedby 180degrees,theopera-
torsarealsorequiredto make nodistinction.

A representationof theorientationby onescalar
valuerepresentingtheangleturnsout to benot ap-
propriate,becausea measurefor certainty which
describestheneighborhoodindependentlyfrom the
absolutedensityis not involved. This leadsto a at
leasttwo-componentvectorialdescription.

The attemptto describea neighborhoodby the
gradientvectorfailsbecauseit doesnotallow todis-
tinguishbetweenneighborhoodswith constantval-
uesandisotropicorientationdistributionwheregra-
dientscanceleachotherasthey areintegratedover
theneighborhood.This is dueto theoppositesigns
of gradientsat increasinganddecreasingedges.

Thefollowing optimizationmethodhasbeenpro-
posed[6] to find anoperatorwhichencodesthean-
gleof orientation,providesa certaintymeasureand
distinguishesbetweenconstantandisotropicdistri-
butions.

The neighborhood" of the point of interest �$#
will be describedby a unit vector %� which ex-
hibits the leastdeviation from the orientationsof
all gradientsfrom " . As the squared scalarprod-
uct &('*),+�%�-��. betweenthe gradientvector '/) and%� meetscriteriafor measuringthisdeviationthefol-
lowing integral will bemaximized:02143 &��$#657�8�9&('*)2&��8� + %�:� .<; � (1)

where

3
determinesaweightingfunctiondefinedon" . Theoptimizationproblemgivenby equation(1)

canberewrittenas %�=+?>�%�A@ maximum, where>AB 0DCE C 3 &�� # 5��8�9&('*)2&��8�F'/)2&��8� + � ; � (2)

is a symmetric �G��� matrix consistingof the fol-
lowing elements:>�HJI�B 0KCE C 3 &��L#M5N�8�$OQP )2&��8�P �RH P )2&��8�P �LITS ; � (3)
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The matrix > is referredto asthe structure tensor
and its constructionis in more details explained,
e.g., inU [4, 6]. The solution to %� is the principal
eigenvectorof > .

In this work we will refer to the eigensystemof> as
��V$W ��%X W �!YW[Z?\ andassumethefollowing ordering

of theeigenvalues
V \/] V . ] V Y andcorrespond-

ing arrangementof theeigenvectors %^ \ ��%^ . ��%^ Y . We
will assume,w/o l.o.g, thateigenvectorsareof unit
length,i.e., �_%^ W ��B`� .
3.2 Eigenvectors-Aligned Kernel

Theaim of our approachto interpolationis to pre-
serve to the most possibleextent the boundaries
of objects,aswell asthe lines, the edges,and the
ridges. To achieve this we proposeto conductthe
interpolationin thedirectionsgivenby thesestruc-
tures. The presumptionhereis that the changeof
the density valuesin thesedirectionsreachesthe
minimum.

Althoughthestructuretensorhasoriginally been
proposedto describetheorientationof a neighbor-
hoodby its principal eigenvector %^ \ , thereis more
useful information from its analysis. For a fixed
vector %a , theterm %a + >�%a givesthesquareof theden-
sity changein its direction. Underthe assumption
that > is representedby a regularmatrix it follows
immediatelythat theminimumof thesquaredden-
sity changeandthereforealsotheminimum of the
densitychangeare reachedin the direction of the
eigenvector %^ Y .

Accordingto the b!cd�=e of tensor> thefollowing
four casescanbedistinguishedin a3D image(refer
alsoto Table1):b�c,�=e2&(>f�9Bg� : The scalar values do not change

in any direction. The representedneighbor-
hood featuresconstantgray values. Interpo-
lation can simply be done with the nearest-
neighborhoodinterpolationmethod.b�c,�=e2&(>f�9Bh� : The scalar values significantly
change in the direction of the principal
eigenvector %^ \ , while in theremainingperpen-
dicular directions, %^ . and %^ Y , remain(nearly)
constant. The correspondingneighborhood
containseithera layeredtextureor aboundary
between two objects. The interpolation
will be conductedby a disc spannedby the
eigenvectors %^ . and %^ Y .b�c,�=e2&(>f�9BKi : The scalar values significantly
change in the directions %^ \ and %^ . while

remain (nearly) constantin %^ Y . The corre-
sponding neighborhood features either an
edge of an object or an extruded texture.
The interpolation will be driven by a stick
determinedby theeigenvector %^ Y .b!c,�:e2&(>f�jBk� : The scalarvalueschangein all di-
rections.Thereis eithera cornerof anobject
or a distributed 3D texture in the neighbor-
hood. The interpolationthereforeshall con-
siderall of theeigenvectors.

Thesecondrow of Figure2 givesexamplesof color
codingof therankof thestructuretensor. Theareas
with b!c,�=e=&(>f�QB 1, 2, and3 areencodedby green,
red,andbluecolor, respectively. Homogeneousar-
easareexcludedfrom therendering.

To performa directionalinterpolationat a point� # we will weightthedensitycontributions )2&l�m� of
voxels � from its neighborhoodaccordingto their
relative position to an ellipsoid no&��$#J� . The main
axesof theellipsoidwill begivenby scaledeigen-
vectors %c W asfollows:b!c,�=eL> %c \ %c . %c Y

1 p4%^ \ q %^ . q %^ Y
2 p4%^ \ pr%^ . q %^ Y
3

q %^ \ q %^ . q %^ Y (4)

where
qTs �utvp s � . The purposeof scaling

(4) is to suppressthe directionsof a large density
changeandto emphasizethedirectionsof thesmall
densitychange.

We definetheweightof a point � from the inte-
rior of ellipsoid no&��$#�� as:w &l�m�9B`�Q5 Yx W[Zf\4y �l�45�� # �f%c W(z�8%c W �9%c W z|{ . (5)

and set it to zero for the exterior points and the
boundaryof no&��$#J� . This setsa smoothfade-ofof
weightsfrom the centerof the ellipsoid to its bor-
ders. Fig. 1 demonstrateshow the situationmay
look like in a planegiven by the eigenvectors %^ .
and %^ Y . The gray-level codingof the contributing
grid pointscorrespondsto their weights.

Finally, we definethe interpolateddensityvalue
asa weightedaverage:)2&�� # �9B~}���� 1f������� w &l�L�8)2&l�m�} ��� 1f������� w &l�m� (6)
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Figure1: The ellipsoid given by the scaledeigen-
vectorsand the weightingof the contributing grid
points. The similarity in weighting of the three
light-graypointsis dueto equation(5).

3.3 Tensor Propagation

Thecomputationof thestructuretensordueto equa-
tion (3) appliesonly to grid points. To calculate
thedirectionalinformationalsoat off-grid pointsa
mechanismto computethestructuretensorthereis
needed.

A straightforward solutionwould be to general-
izeequation(3) involving derivativefilters for com-
putingthepartialderivativesbetweengrid points[9,
14].

An indirect approachcan benefit from the al-
readycomputedinformationatthesurroundinggrid
points employing an interpolation of the corre-
spondingeigensystems.Usingquaternionsfor this
task is the first choice for a high quality interpo-
lation. On the other hand,sincethereis a strong
coherencebothin orientationandthemagnitudeof
thestructuretensor, it is notnecessaryto samplethe
tensorfield densely[6]. Thereforenearest-neighbor
interpolationprovidesa stableanda muchsimpler
solution.

4 Implementation

As theinterpolationusuallyis to beperformedfor a
largeramountof voxels the implementationcanbe
dividedinto two steps.In preprocessing,theeigen-
valueanalysisof the structuretensoris performed
for a setof voxels which surroundthe positionsto
beinterpolated.
P1. computation of the structure tensor J:

Identifying the convolution in equation (3)
with a smoothingof the product of partial

derivatives, the elements >!HJI of the struc-
ture tensor > can be computedin terms of
two-passconvolution and a scalar product.
In the first step the differential operatorsP2��P � W are applied resulting to the partial
derivatives P ) ��P � W . Thenthescalarproducts� P ) ��P � H � P ) �!P � I z arecomputed.In thefinal
stepthe scalarproductsaresmoothedwith a
filter correspondingto a weighting function3

. We have usedan optimized3x3x3 Sobel
filter [6] for the differentiationstep and the
Gaussfilter definedon a 7x7x7neighborhood
for theaveragingstep.To reducethecomputa-
tional overheadwe exploited the separability
of bothfilters.

P2. eigenvalue analysis of J: Since the structure
tensor > is representedby a symmetric,
real-valuedmatrix, the fast-converging Jacobi
methodcanbeusedfor eigen-analysis,asrec-
ommendedby Presset al. [11]. The tuples
of eigenvaluesandeigenvectorsarethenrear-
rangedto satisfy

V:\ ] V . ] V Y .
After the preprocessingstep for each requested
position �L# theinterpolationinvolvesthefollowing
steps.

I1. inheriting the tensor information: In accor-
danceto section3.3 we have usedthenearest
neighborinterpolationfor thetensortransfer.

I2. interpolation: Forall voxels � W from theneigh-
borhoodof � # determinedby thescalingfac-
tor

q
weights w &l� W � are computedaccording

to the equation(4) and (5) and the weighted
average(6) is assignedto the result of inter-
polation. Thevaluesof

q
and p have beenset

empirically after an error analysisof several
experimentsto p�Bk�,��� and

q Bk�d� i
5 Evaluation

The purposeof this sectionis to provide a three-
fold analysisof the performanceof the proposed
method.Firstly, in section5.1wegiveaquantitative
erroranalysisanda comparisonto the linearfilter-
ing in � direction. Secondly, a visualevaluationof
error volumesis presentedin section5.2. Thirdly,
thetimeandspacecomplexity of ourmethodis dis-
cussedin section5.3.

For the following analysisand comparisonwe
have used11 datasetscovering a broadspectrum

4



in termsof modality, resolution,noisecharacteris-
ticsandobjectdetail.Thefirst groupconsistsof the
small-resolution,noise-freeartificial datasetsgen-
eratedby the vxt library [13]. The secondgroup
comprisesthe data acquired from CT and MRI
scanners.All datasetwerequantizedto 256levels.

5.1 Quantitative Evaluation

Theapproachto thecomparisonis to pretendthere
is a slice missing in the volume, to estimatethis
slice andcompareit to the original. For the com-
parison,we reusethe framework for error analy-
sis by GreveraandUdupa[2]. The authorsintro-
ducedthreefigures-of-merit(FOM). In the follow-
ingexpressionof FOMs, � denotesaninterpolation
method(linearin � anddirectional),� is thedataset
beinginterpolated,)2& X � representstheoriginalden-
sity valuein thevoxel given by coordinatesX , and)��*& X � representsthedensityestimationdueto the
method� at thevoxel givenby coordinatesX . In-
terpolationrunsoverall slicesof � , whereslice �4�
is definedby its z-coordinatee .

1. Mean-squareddifference:

FOM
\� &(�9�9B �� x � x� �R�f� &�)2& X �-5u) � & X ��� .(7)

where
�

is thetotalnumberof voxelsinvolved
in thecomparison.

2. Numberof sitesof disagreement

FOM.� &(�9�9B x � x� ��� �:� &�� )2& X �:5u) � & X ��� �(8)
where

� &��8�?B�� ��� if � s ��,� otherwise
(9)

3. Largestdifference

FOMY� &(�j�9B��
����� !¡ �� � � )2& X �f5u) � & X ��� � (10)

Themeasurementsdueto theequations(7)–(10)for
thelinearinterpolationandtheproposeddirectional
interpolationaresummarizedin Table2.

We make the following three observations re-
gardingthe performanceof our technique.1. Our
techniqueyields in averagebetterestimatesof the
originaldensityvaluesthanthelinearinterpolation.

This is especiallyremarkablefor the vxt data. As
theEnginedatasetfeaturesmany z-axisalignedob-
jects the directionalinterpolationdoesnot outper-
form thelinearinterpolationsodramatically. 2. An
exact reconstructionof the original densityvalues
happensat moresitesin thecaseof directionalin-
terpolation. Again, it is moreobvious in the case
of the vxt dataand getsalmostnegligible for the
scanneddatasets. In our opinion, however, these
measurementsare of a lower importancethan the
mean-squarederror. 3. Themaximalerroris gener-
ally smallerin thecaseof directionalinterpolation.

5.2 Visual Evaluation

To evaluate the performanceof both interpola-
tion methods visuals we create two error vol-
umes consisting of voxels with densitiesset to��) � & X �?5u)2& X �6� , where � denotesthe interpola-
tion method.Theerrorvolumesarethendisplayed
with splatting.The3rdandthe4throwsof Figure2
bring exampleson renderingof errorintroducedby
the linear andthe directionalinterpolation,respec-
tively.

Since the directional interpolation yields very
small differencesin the caseof the vxt FacetOc-
tahedrondataset,almostevery pixel getsrendered
to the backgroundcolor in the correspondingim-
age. In caseof the CT headwith markers the im-
provementby our interpolationis mostly apparent
at the positionsfeaturingobjects,e.g, the wires in
themarkers.As theerrormeasurementsfor theEn-
ginedatasetdonotdiffer significantlyavisualeval-
uationis almostimpossiblein this case.

5.3 Time and Space Complexity

Referring to the Table 3, the performanceof our
methodis clearlydominatedby thesmoothingstep
(section4, P1). Thetotal timing thereforestrongly
dependson thesizeof thesupportof theweighting
function

3
. Our implementationprocessesin av-

erage11000voxelspersocondon a 400MHz Pen-
tium II. Thiscorrespondapproximatelyto6 seconds
for reconstructionof one256 � 256slice.

To store the eigenvectorsof the structureten-
sor, our implementationrequiresa spaceof ¢£&����:�
where � is the sizeof the datato be interpolated.
This can, however, be optimized to an on-the-fly
computationand cachingof the structuretensors
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which givesthe samespacecomplexity asthe one
of linearinterplation,i.e., ¢£&F��� .
6 Concluding Remarks

Wepresentanew methodfor interpolatingthegrey-
level volumedatataking into accountthe topolog-
ical propertiesof the structures.Unlike the meth-
ods which are basedon an a priori information
from segmentation,our methodprocessestheden-
sity datadirectly requiringnouserinteraction.

In order to preserve the boundariesof objects,
lines,andtheridgesto themostpossibleextentwe
proposedto conductthe interpolationby thedirec-
tionsof thesestructures.Theinformationon thedi-
rectionof interpolationis inheritedfrom thetextural
descriptionof theobjectsby thestructuretensors.

We comparedtheperformanceof our methodto
the most usedlinear interpolationin the direction
of the � axis for 11 datasetsconcludingthat our
methodoutperformsthe linear interpolationin the
meanerror, maximal error and in the numberof
siteswith exactreconstruction.

Therearetwo main issuesnot addressedin this
work. Firstly, thesizeof theorientedfilter is given
by two constatntswhich have beensetempirically
after many experiments.In our opinion this is not
appropriateif themethodis requiredto performro-
bustly for all kind of data. Insteadof usingfixed
constantswe think of using parameterswhich re-
flect themagnitudeof thedensitychangeseparately
in eachneighborhood.A goodchoicefor this pur-
poseseemto betheeigenvaluesof thestructureten-
sor.

Secondly, we find it necessaryto compareour
methodto othertechniques,especiallyto thestate-
of-the-art in shape-basedinterpolationintroduced
by GreveraandUdupa[1]. We would like to con-
cludewith remarkson possibleresultsof this com-
parison. Intuitively, our methodrequiresfar less
spaceand time than the interpolationin [1]. To
interpolateoneslice of � voxels, the algorithmby
GreveraandUduparequiresspaceof ¢£&(¤¥�:� where¤ denotesthe quantizationlevel and tensof min-
utes(asmeasuredon a Sparc2). In contrast,our
methodinterpolatesoneslicein acoupleof seconds
requiring ¢£&��!�-� space.Finaly, sincewe have used
thesameerrormeasurementsanda statisticalcom-
parisonto thesameinterplotationmethodasin [1]
wewereableto indirectlycomparetheerrorperfor-

manceof bothmethods.Eventhoughthis prelimi-
narycomparisonsoundspromisingfor our method,
further work is requiredto be done. We are con-
vinced that sucha comparisonhasto be donedi-
rectly for the samedatasetsandaddressit to the
futurework.
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b�c,�=e=&(>-� conditions neighborhooddescription

0
V:\§¦KV . ¦gV Y ¦ � constantneighborhood

1
V:\ s V . ¦gV Y ¦ � boundaryor layeredtexture

2
V:\§¦KV . s V Y ¦ � edgeor extrudedtexture

3
V \ ¦KV . ¦gV Y s � corneror isotropy

Table1: Thecasesof densitydistribution in a 3D scene

FOM
\

FOM. FOMY
dataset z-lin. dir. z-lin. dir. z-lin. dir.

vxt Wire Tetrahedron 13.1 4.5 1 380 1 156 30 16
vxt Wire Octahedron 41.0 0.1 9 672 1 428 24 3
vxt Wire Dodecahedron 14.3 1.8 1 300 963 37 17
vxt FacetTetrahedron 14.9 4.7 7 877 6 846 24 23
vxt FacetOctahedron 77.7 0.1 22895 5 644 35 5
vxt FacetDodecahedron 35.9 2.5 19612 17 891 31 16
Lobster 51.0 19.8 6 815 6 567 103 61
EngineBlock 7.1 6.3 705850 609911 36 34
CT Headwith Markers 105.3 25.1 133312 131901 124 114
MRI Head 84.7 41.3 570784 556033 116 90
Vertebra 7.0 4.8 189584 114351 32 26

Table2: Error measurementsdueto theEquations(7)–(10)for the linear interpolationin z-directionand
thenewly proposeddirectionalinterpolation.

InputVolume eigensystemof > interpo- total
Dataset Dimensions 3x3 Sobel 7x7Gauss Jacobi lation

vxt Wire Tetrahedron 50 � 44 � 42 1.2 3.4 1.0 1.6 7.2
vxt Wire Octahedron 59 � 59 � 59 2.3 6.2 1.8 3.3 13.6
vxt Wire Dodecahedron 58 � 56 � 48 1.8 4.9 1.8 3.2 11.7
vxt FacetTetrahedron 50 � 45 � 42 1.1 3.0 1.0 2.7 7.8
vxt FacetOctahedron 59 � 59 � 59 2.4 6.7 2.0 5.2 16.3
vxt FacetDodecahedron 59 � 56 � 49 2.0 5.3 2.2 6.8 16.3
Lobster 120 � 120 � 34 5.7 15.6 6.2 5.8 33.3
EngineBlock 256 � 256 � 110 88.8 383.2 94.8 140.0 706.8
CT Headwith Markers 256 � 256 � 44 33.4 110.6 30.0 39.4 213.4
MRI Head 256 � 256 � 109 74.7 249.1 80.3 127.3 531.4
Vertebra 128 � 128 � 74 12.7 50.4 15.4 20.4 98.9

Table3: Time in secondsfor thedirectionalinterpolationasmeasuredona 400MHz PentiumII.
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vxt FacetOctahedron CT Headwith Markers EngineBlock

Figure2: Volumerenderingof the original datasets(1st row), color codingof the rank of the structure
tensor(2nd row), error volumeof the linear interpolation(3rd row), anderror volumeof the directional
interpolation(4th row). 9


