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Abstract

This papergives an explanationof the Hough transform
(HT) algorithmandan overview of someof the possible
applicationsthe HT can be usedin. Section2 is ded-
icatedto the descriptionof the main idea of the HT on

the basisof the Line HT (LHT). Thensomeadaptionf

this relatively easyalgorithmwill be introduced(the Cir-

cle HT (CHT), GeneralizedHT (GHT), ProbabilisticHT

(PHT), RandomizeT (RHT) andthe Connectve RHT

(CRHT)). In section3 several real world applicationsof

thesealgorithmsare presentedvith a main focus on the
usein medicalvisualization.

Keywords: Houghtransformmedicalvisualization fea-
tureextraction

1 Introduction

FeatureExtractionfrom a grayscaleor color imageis a
very often encounteredssuein computergraphics. The
goal of featureextractionis to locateinterestingspotsin
the input imageat a certainprecision. Whenthe objects
of interestcanbe describedn a parametridorm oneway
to achieve this extractionis the useof the HT, which is a
relatively easymethodto extractparametrizeabjectslike
lines, parabolasgirclesor ellipses.

Given, that in medicalvisualizationsuchfeaturesoc-
cur very often (e.g. ultrasound-imagesf blood vessels
occur as circles or ellipses, etc.) the HT is a corve-
nientway to achieve featureextractionin this ervironment
(seeFigurel.1). For featureswhoseboundarycannotbe
easily describedby a parametriccurve, adaptionsto the
original HT have beenmade.

2 The Hough Transform and its
flavors
In generalthefirst steppreviousto the applicationof the

HT is to detectthe edgesin the givenimage. That can
be doneby a simpleedgedetectionfilter (e.g. the canry
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Figurel.1: Aortadetectionin anultrasoundpicture

edgedetector6]). In somecasege.g. GHT) this stepis
notnecessarypecausehealgorithmworksontheoriginal
graylevel image. After this the further stepsdependon
whatobjectto detect.

2.1 The Standard Hough Transform

The StandardHT (SHT) usesa simple one-to-mag

schemeo performa corversionbetweerthe original im-

age spaceand Hough Space. This meansthat for every

pointin thesourceémageacurveis dravnin HoughSpace.
This techniqueis further explainedin the next sectionon

thebasisof theLine HT (LHT).

2.1.1 The Line Hough Transform

Thesimplestobjectto detectusingthe HT is theline. Fig-

ure 2.1 shavs anobject, thatwill be usedasanexample.
Thereare mary ways to describea line analytically A

convenientequationfor describinga setof linesin apara-
metricform is:

zcos(f) + ysin(f) =r

wherer is thelengthof the normalfrom the origin to this
line and@ is the orientationof r with respecto the X-axis
(seeFigure2.2).



Figure2.1: gradientof theexampleobject

When analyzingan image, the (z,y) parametersare
well known (they arethedetectededgepixelsof theimage
to beanalyzed)Pairsof 8 andr thataresolvationsof this
equationare enteredinto an accumulatorarray Another
way to think aboutit is thatall linesthatgo through(z, v)
arecorvertedinto (6, r) spaceandtheaccordingcell (6, 1)
is increasedy one.Every pointin thisaccumulatoarray
represent®ne particularline in the original image. Be-
causeof thediscretenatureof this array it only containsa
subseDf all possibldinesin R2. Thisleadsto a setof si-
nusoidsthatintersectn certainpoints. Theseintersection
pointsappearmswhite areasn Figure2.3.

Thoseintersectionpointsthatreacha high valuein the
accumulatoarrayindicate thatmary of thedetectededge
pixelslie on the sameline. Throughthresholdingor an-
othermethodto filter maximumsn animage thesepoints
canbeobtained.

In order to visualize the resultsof the HT, the lines
accordingto the peaksin the accumulatorarray are in-
sertedinto the original image. This techniqueis called
de-houghing.

A specialityof this algorithmis its relative robustness
againsnoiseandgapsin theoriginalimage whichis very
importantfor the usein real world applications(e.g.an
ultrasoundmagealwayscontainssomenoise).

2.1.2 The Circle Hough Transform

In orderto usethe HT for circle detectionwe haveto find
anappropriatgparametriaepresentatiofor a circle. The
equation:

(x —az)* + (y — ay)® = R?

describesry circle, where(az, ay) is the centerof the
circleandR its radius.As we canseetherearenow three
parameterghatareneededo describeacircle. Thisleads
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Figure2.2: parametrioview of aline

Figure2.3: houghedmage



toa3D-Accumulatoarrayin casetheradiusis notknown.
In thespeciakasehattheradiusis known theaccumulator
dimensionreducego 2D space.

Thetransformitself is very similar to the Line HT, the
only differenceis, thatevery setpixel in the edgepicture
now votesfor every circle (az, ay, R) it canbe partof. If
thereare mary pixel that vote for the samecircle (or in
otherwords,lie onthe samecircle) a peakin theaccumu-
lator arraywill arise,thatcanalsobe detectedy thresh-
olding.

This detectionschemecan be extendedto ary object
thatcanbe describedn parametridorm. With increasing
compleity of the detectedobjectsthe original algorithm
althoughbecomesproblematic becausehe dimensional-
ity of theaccumulatorrrayis linearto the numberof pa-
rameterdhe objectneedso be describede.g. An ellipse
alreadyneeddive parameters).

This leadsto an exponentialsizeincreaseof the array
thatcancauseesourcgproblemsandmakesthealgorithm
slow. Onesolutionto this problemis explainedin section
2.4.

2.2 The Generaliz ed Hough Transform

Whentheshapeof thedetectedbjectcannotedescribed
in a parametricform, the generalizedHT (GHT) canbe
usedfor detection.Insteadof usinga parametriadescrip-
tion of the objectto be searchedasit would be in the
SHT, alook-uptabledefinesthe relationshipbetweerthe
boundarypositionsandorientationsandtheHoughparam-
eters(sed&igure2.4).

After specifiyinga referencepoint (zref, yref) in the
shapethelookuptable(alsocalledR-Table)canbefilled
with the distancefrom the referencepoint to the edge
pointsandtheangleg of thatdistanceindexedby thegra-
dientanglew. The Houghtransformspaceis definedas
possiblelocationsof the referencepoint locationaccord-
ing to thelookuptable. TheHoughtransformspacéds now
definedin termsof the possiblepositionsof the shapein
the image,i.e. the possiblerangesof (zref,yref). In
otherwords,thetransformatioris definedby:

zref = x — rcos(fB)

yref =y —rsin(B)

The r and 3 valuesaretaken from the R-tablefor the
particularknown anglew, which is obtainedthroughcal-
culating the gradientvector of the local areaaroundthe
point (z,y). The angleof this vectorthensenesasan
index into thelookuptable,resultingin the possibleloca-
tionsof thereferencepoint.

If theorientationof the desiredfeatureis unknown, this
procedurds complicatedby the factthatwe mustextend
theaccumulatoby incorporatinganextra parameteto ac-
countfor changesn orientation.

Figure2.4: Descriptionof R-Tablecomponents

2.3 The Probabilistic Hough Transform

The ProbabilisticHT (PHT) assuchwasfirst introduced
by N. Kiryati , Y. EldarandA.M. Bruckshteinin 1990[9].

The PHT assertghe following: to detectobjectsit is
sufficientto computethe HT of only a proportion(0% <
a < 100%) of thepixelsin theoriginaledgeimage.These
pixels are randomly chosenfrom the original edgepixel
image.

The resultingimage, that containsonly a part of the
original edgeinformationis thenusedfor the corversion
from imageto Hough space as proposedn the lasttwo
sections.Throughthereducednputdatato the spacecon-
versioncomputatiorexpansecanbereduced.

Theauthorsfoundthatthea valuecanbesetto 5—15%
dependingon the application. A smallervaluethanthat
resultsin afastincreaseof falsefeaturedetections.

2.4 The Randomiz ed Hough Transform

TheRandomizedT (RHT) hasbeeninventedby Lei Xu,
Erkki Oja andPekkaKultanenin 1989[1]. It usesa dif-
ferentmechanisnfor generatingvaluesin the histogram
which is definedover the parametespace.In the SHT, a
pixel in theimagecorrespond$o a curve in the parameter
spaceandthisis discretisecandrecordedn theaccumula-
tor array Thisis calleda one-to-magy schemeThe RHT
usesa mary-to-oneschemeasexplainedin the next para-
graphonthebasisof the LHT.

In the RHT, a pair of pixels (the amountof pixels de-
pendsonthedimensionalityof theparametespace)s ran-
domly choserandthe parametersf the uniqueline pass-
ing throughthesepixelsis computed Thisline is recorded
asasingleentryin thearray(mary-to-one) Thisis iterated
apresenumberof times,wherethenumberof iterationsis
muchlessthanthe numberof pixel pairsin theimage.In
this way, entriesareaccumulatedn the parametespace.
This algorithmis iteratedto detectline segmentsoneat a
time. Thusthe global maximumof the parametespace
histogramis found,andthe equationof the corresponding
line computed. The pixels on this line sggmentarethen
removed,leaving a simplerimageto analyze.

Thealgorithmis thenrepeatedo find thenext line. The
algorithm haltswhenno lines are detectedfor a number
of iterations. To generalizethe RHT to circle detection,
triplets of pixelsarerandomlychosen.The uniquecircle



passingthrougheachtriplet is computedandrecordedas
anentryin the 3D parametespace.

For ellipse detection,triplets of pixels are againcho-
sen,but an estimateis madeof the tangentat eachpixel.
The parameter®f the uniqueellipse passingthroughthe
triplet of pixels and satisfyingthe estimatedtangentsis
computed. This ellipseis recordedas an entry in the 5-
D parametespace.

For every extractedobjecta simplepostprocessingtep
is applied. The numberof pixels lying nearthe object
(givensomepresettolerance)are countedanddivided by
the numberof pixels expected(the line lengthor circle,
ellipseperimeter).If this proportionis higherthana pre-
definedthreshold,the objectis decidedto exist, andits
parametergareenterednto theaccumulatar

An extensionof the RHT , calledconnectve RHT was
proposediy KalvianenandHirvonen[10Q] in orderto im-
prove the RHT for complex and noisy pictures. In the
CRHT aw x w window is first randomlypickedwith cen-
ter one of the edgepixels. Thenthe CRHT doesa con-
nectve componensearchof the windowed points. Only
thosepointsof thewindow areusedthatareconnectedo
the startingpoint of the 8-pathsearch.After thata curve
is fitted with the connectedoints. The curve fitting can
be donefor exampleby theleastsquaremethod.Only the
curveswith their parametersatisfyinga certaingoodness
of thefitting areacceptedo updateaccumulatospace.

3 The Hough Transform in medi-
cal visualization

After shoving someof the possibleobjectsthatcanbede-
tectedby usingthehoughtransformin thelastchapterthis
chaptewill mainlyfocusonrealworld applicationf the
aforementionedechniquesvith a main focuson medical
visualization.

As alreadymentionedmedicalvisualizationoffersalot
of interestingapplicationswhere the HT can be useful.
Someof thesewill beintroducedhere.

3.1 Valid region recognition in X-ray im-
ages

The first example of usefor the HT dealswith a prob-
lem oftenencounteredh so calledPACS (picturearchive
and communicatiorsystems).PACS canbe describedas
amixturebetweerMedicallmaging,InformationStorage,
andthe web technologyusedfor the transmissiorof the
images.

An importantpartof suchsystemss thedigital process-
ing of medicalX-ray images. Although the outputof X-
ray systemss mostlyarectangulaimagethevalid region
slightly differsfrom device to device. Valid region recog-
nition is importantfor reductionof storagespaceandop-
erationquantity aswell astheimagequalityimprovement

Figure3.1: araw medicalX-ray image
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Figure3.2: Imageafterseedandsobeloperators

for furtherimageanalysis.

Figure3.1shavsaninputimageto theintroducedalgo-
rithm, which usesa slightly modifiedcircle HT. The first
stepin this algorithmis to distinguish,approximatelythe
valid from the invalid region throughusing a traditional
seed-graving algorithm. This leadsto a bilevel image
shavn in Figure3.2. After thata sobeloperatol 7]is used
to determinehe edgef the bilevel image.

This leadsto a nearlyperfectinputimagefor the CHT.
Becausef thethreedimensionalatureof theaccumulator
array (parameterspacis (z,y,r)) the computationakx-
pansewould beveryhigh, thisis wheretheaformentioned
modificationcomesn.

Insteadof searchinghefull rangeof the radiusthe cir-
cle couldhave, anestimationis donebeforethe useof the
HT. After countingthe setpixelsin the seededmage,the
equation

A=rr

for thecircle planecanbe usedto estimatethe radiusof
thecircle. Basedonthisvaluearadiusrangeis usedin the
HT, which minimizesthe computationakxpansedramati-
cally.

Theeffecton furtherimageprocessinds shavn in Fig-
ure 3.3. It shaws the differenceghat occur betweenthe
processe@ndnon-processeiinagein a histogramequal-
ization.

For furtherinformationon this algorithmand someex-
perimentakesultsthathave beenmade referto [2].



Figure3.3: histogrameualizationwith andwithout valid
region

hurerus

Figure3.4: ahumanshoulderandits components

3.2 Automatic determination of the cen-
ter of rotation of the glenohumeral
joint

Rheumaticarthritis is an inflammationof the joints that
affectsthe articularsurfaces. The replacemenof the af-
fectedjoint by a prosthesicanreduceits effects,thatcan
resultin painandlossof function. The successratior the
replacemenof joints, suchasthehip hasreachedlevel as
high as90%. Shouldereplacementsinfortunatelydo not
reachthesdevels,whichis mainly causedy thecomplex
anatomyof the shoulder

Most importantfor a successfusumgery is thatthe po-
sition of the centerof rotation of the glenohumerajoint
is maintained.This depend®n the curvatureof both the
humeralheadand the glenoid. For a descriptionof the
humanshouldercomponentseeFigure3.4.

Possiblenputimagescomefrom aCT (computetomo-
graphy)or MRI (magnetidesonancénaging)asshavnin
Figure3.5. It is professedthatthe 3D centerof rotation,
thatis the outputof theintroducedalgorithmcanbe used
for pre-operatre planning of shoulderreplacements.It
will helpthesuigeonto determinghebestpositionfor the
prosthesisand can be usedfor fastvisualizationof bone
surfacesduringsurmgery.

A general parametric description of a sphere in
threedimensionaspaceconsistsof the four parameters
(z,y, 2,7), wherez, y, z refersto the centerof the sphere
andr refersto thesphereadius.Similar to theimplemen-
tationfor circlesin [5], spheredetectionis organizednto
two stages:

Figure3.5: Slicesof CT (left) andMRI (right) 3D scans
of theshoulder

¢ find the spherecenter
¢ find theradiusof thesphere

ThespheraletectioralgorithmusesamodifiedHT with
athreedimensiongbarametespace(z, y, z). It takesad-
vantageof the fact, thatfor all voxelson the surfaceof a
spherethe centerwill lie onthe normalto ary local iso-
surface. The normalof any isosurficethrougha voxel is
representeddy the gradientvector

Thesenormalsare enteredinto the (z, y, z) parameter
spaceby the useof a threedimensionaBresenharalgo-
rithm , andvote for any spherewhosecenterlies on this
normal. The Bresenhanalgorithmis a specialline drav-
ing algorithmthatonly usesadditions.More on this algo-
rithm canbefoundin [8]. Thespherecenteris determined
by thevoxel with the highestcountin the parametespace.

Fromthe spherecenter the radiusis determinedy the
useof a radial histogram. In this histogramthe number
of voxels within a rangeof grey valuesis countedas a
functionof thedistanceo the spherecenter Theradiusof
the spherds shovn asa maximumin the histogram.

The methodthatis introducedin [3] canbe usedto ac-
curatelydeterminethe centerandradiusof a spherein a
3D grey-valueimage aslong asaminium fractionof 20%
of thespheresurfaceis visible in theimage.Themethods
robustto noiseandcanalsobe usedfor anisotropic/oxels.

3.3 Automatic lumbar

mentation

vertebrae seg-

The mainmotivationfor the developmentof the modified
HT, which is introducedin this paper is the studyof low
backpainandits causesChroniclow backpainresultsin
225000to 300000lumbar sumgeriesandindirect medical
costof 75to 100billion dollarsin theU.S.

In spinal motion study it is essentialto locate land-
marks, which can be usedto determinethe positionsof
thevertebralbodies.Sereralautomaticapproacheto this
problemhave beendeveloped.Theapproactof this paper
usesa methodin which a geneticalgorithmis combined
with the HT. By usingthis geneticalgorithmto searchthe
Hough spacesmultiple objectscan be found within the



Figure3.6: DVF imageof lumbarspine

sameramesimultaneoushandfalsepeaksareavoidedby
consideringherelationshipbetweerthesevertebrae.

The input imagesto this algorithm comefrom a Digi-
tal videofluorescencdevice. It avoidsthe problemswith
high dosesof radiation,that CT imageshave. It is also,
in contrastto MRI, fastenoughin imageacquisitionfor
motion analysis. An exampleinput imageis shavn in
Figure3.6.

Edgeinformationis, in contrasto otherapplicationsof
the HT, gainedby the useof PhaseCongrueng[11]. Dif-
ferentfrom Canry andothergradient-basethethodst uti-
lizesthefactthatthefeaturepointsarepercevedat points
in animagewherethe fourier componentsare maximally
in phase. Phasecongrueng is a dimensionlesguantity
thatis invariantto changesn imagebrightnes®r contrast;
hencejt providesanabsolutemeasuref the significance
of featurepoints,thusallowing theuseof universalthresh-
old valuesthatcanbeappliedoverwide classe®f images.
Figure3.7. shavsthedifferentresultsof Canry andPhase
Congrueng appliedto the samesourcemage.

HereamodifiedGHT is used.Insteadof the aforemen-
tioned R-tableit representshe vertebraghroughFourier
descriptors.

Thecoreof theHT is how to form the houghspace.In
this studyonly rotationandtranslationsn the z andy di-
rectionsare considered. Thusthe Hough spacefor each
vertebrais threedimensionalEachedgepoint will votein
this array andthe parametersanbe determinedy locat-
ing the maximumin this array

Figure 3.8 shawvs a frame overlay of the resultof the
featuredetection.

4 Conclusion

Basedon the informationthatis shown in this paperthe
readershouldhave amainideaof thefunctionandthepos-
sible applicationsof the HT. The SHT, that takes advan-
tageof the factthat eachpixel belongingto a certainob-
jectin thesourcdmagemapso asinglepointin parameter
spaceijsintroducednthebasisof theLHT. Seseralexten-

Figure3.7: Canry andPhaseCongrueng appliedto the
sameimage

single
1

Figure3.8: Resultsof the vertebraaletection



sionsto this approachareexplained,thatimprove storage
spaceandcomputationatostwhichgetsveryhighwith an
increasinghumberof parametersThe GHT is usedto de-
tectarbitraryshapesn graylevel images.It usesalookup
tableto parametrizeshapeghatcannot be describecana-
lytically. The PHT improvesthe SHT throughusingonly
a proportionof the original sourceimage.lt is shavn that
this techniquehasa vastpotentialof detectingfeaturesof
nearlyary shapdn imageprocessingThis factmakesit a
goodandwidely usedtechniquean medicalvisualization.
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