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Abstract

This papergivesan explanationof the Hough transform
(HT) algorithmandan overview of someof the possible
applicationsthe HT can be usedin. Section2 is ded-
icatedto the descriptionof the main idea of the HT on
the basisof the Line HT (LHT). Thensomeadaptionsof
this relatively easyalgorithmwill be introduced(the Cir-
cle HT (CHT), GeneralizedHT (GHT), ProbabilisticHT
(PHT), RandomizedHT (RHT) andthe Connective RHT
(CRHT)). In section3 several real world applicationsof
thesealgorithmsarepresentedwith a main focus on the
usein medicalvisualization.
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1 Intr oduction

FeatureExtractionfrom a grayscaleor color imageis a
very often encounteredissuein computergraphics. The
goal of featureextractionis to locateinterestingspotsin
the input imageat a certainprecision. Whenthe objects
of interestcanbedescribedin a parametricform oneway
to achieve this extractionis theuseof the HT, which is a
relatively easymethodto extractparametrizedobjectslike
lines,parabolas,circlesor ellipses.

Given, that in medicalvisualizationsuchfeaturesoc-
cur very often (e.g. ultrasound-imagesof blood vessels
occur as circles or ellipses, etc.) the HT is a conve-
nientwayto achievefeatureextractionin thisenvironment
(seeFigure1.1). For features,whoseboundarycannotbe
easily describedby a parametriccurve, adaptionsto the
originalHT havebeenmade.

2 The Hough Transf orm and its
flavors

In generalthe first stepprevious to the applicationof the
HT is to detectthe edgesin the given image. That can
be doneby a simpleedgedetectionfilter (e.g. the canny
�
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Figure1.1: Aorta detectionin anultrasoundpicture

edgedetector[6]). In somecases(e.g. GHT) this stepis
notnecessary, becausethealgorithmworksontheoriginal
graylevel image. After this the further stepsdependon
whatobjectto detect.

2.1 The Standar d Hough Transf orm

The StandardHT (SHT) uses a simple one-to-many
schemeto performa conversionbetweentheoriginal im-
agespaceandHoughSpace. This meansthat for every
pointin thesourceimageacurveis drawnin HoughSpace.
This techniqueis furtherexplainedin the next sectionon
thebasisof theLine HT (LHT).

2.1.1 The Line Hough Transf orm

Thesimplestobjectto detectusingtheHT is theline. Fig-
ure2.1 shows anobject,thatwill beusedasanexample.
Thereare many ways to describea line analytically. A
convenientequationfor describinga setof linesin a para-
metricform is:
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where � is thelengthof thenormalfrom theorigin to this
line and � is theorientationof � with respectto theX-axis
(seeFigure2.2).



Figure2.1: gradientsof theexampleobject

When analyzingan image, the 	������  parametersare
well known (they arethedetectededgepixelsof theimage
to beanalyzed).Pairsof � and � thataresolvationsof this
equationareenteredinto an accumulatorarray. Another
way to think aboutit is thatall linesthatgo through 	������ 
areconvertedinto 	�� ���! spaceandtheaccordingcell 	��"���!
is increasedby one.Every point in this accumulatorarray
representsoneparticularline in the original image. Be-
causeof thediscretenatureof this array, it only containsa
subsetof all possiblelinesin #%$ . This leadsto a setof si-
nusoidsthat intersectin certainpoints.Theseintersection
pointsappearaswhiteareasin Figure2.3.

Thoseintersectionpointsthat reacha high valuein the
accumulatorarrayindicate,thatmany of thedetectededge
pixels lie on the sameline. Throughthresholding,or an-
othermethodto filter maximumsin animage,thesepoints
canbeobtained.

In order to visualize the resultsof the HT, the lines
accordingto the peaksin the accumulatorarray are in-
sertedinto the original image. This techniqueis called
de-houghing.

A specialityof this algorithmis its relative robustness
againstnoiseandgapsin theoriginal image,which is very
important for the usein real world applications(e.g.an
ultrasoundimagealwayscontainssomenoise).

2.1.2 The Circle Hough Transf orm

In orderto usetheHT for circledetection,wehaveto find
anappropriateparametricrepresentationfor a circle. The
equation:

	��'&)(��* $ �+	��,&)(��  $ �+- $
describesany circle,where 	�(����.(��  is thecenterof the

circle and - its radius.As we canseetherearenow three
parameters,thatareneededto describeacircle. This leads

Figure2.2: parametricview of a line

Figure2.3: houghedimage



to a3D-Accumulatorarrayin casetheradiusis notknown.
In thespecialcasethattheradiusis knowntheaccumulator
dimensionreducesto 2D space.

The transformitself is very similar to theLine HT, the
only differenceis, thatevery setpixel in theedgepicture
now votesfor every circle 	/(�����(��0��-1 it canbepartof. If
thereare many pixel that vote for the samecircle (or in
otherwords,lie on thesamecircle) a peakin theaccumu-
lator arraywill arise,that canalsobe detectedby thresh-
olding.

This detectionschemecan be extendedto any object
thatcanbedescribedin parametricform. With increasing
complexity of the detectedobjectsthe original algorithm
althoughbecomesproblematic,becausethe dimensional-
ity of theaccumulatorarrayis linearto thenumberof pa-
rameterstheobjectneedsto bedescribed(e.g. An ellipse
alreadyneedsfiveparameters).

This leadsto an exponentialsize increaseof the array
thatcancauseresourceproblemsandmakesthealgorithm
slow. Onesolutionto this problemis explainedin section
2.4.

2.2 The Generaliz ed Hough Transf orm

Whentheshapeof thedetectedobjectcannotbedescribed
in a parametricform, the generalizedHT (GHT) canbe
usedfor detection.Insteadof usinga parametricdescrip-
tion of the object to be searched,as it would be in the
SHT, a look-uptabledefinestherelationshipbetweenthe
boundarypositionsandorientationsandtheHoughparam-
eters(seeFigure2.4).

After specifiyinga referencepoint 	��"�3234*���5�32346 in the
shape,the lookuptable(alsocalledR-Table)canbefilled
with the distancefrom the referencepoint to the edge
pointsandtheangle7 of thatdistance,indexedby thegra-
dient angle 8 . The Houghtransformspaceis definedas
possiblelocationsof the referencepoint locationaccord-
ing to thelookuptable.TheHoughtransformspaceis now
definedin termsof the possiblepositionsof the shapein
the image, i.e. the possiblerangesof 	��"�3234*���5�32946 . In
otherwords,thetransformationis definedby:

�:�3294;�<�=&>�?�
���
	 7 

�5�3234@���A&)�%���B��	 7 

The � and 7 valuesaretaken from the R-tablefor the
particularknown angle 8 , which is obtainedthroughcal-
culating the gradientvectorof the local areaaroundthe
point 	������  . The angleof this vector then serves as an
index into thelookuptable,resultingin thepossibleloca-
tionsof thereferencepoint.

If theorientationof thedesiredfeatureis unknown, this
procedureis complicatedby the fact thatwe mustextend
theaccumulatorby incorporatinganextraparameterto ac-
countfor changesin orientation.

Figure2.4: Descriptionof R-Tablecomponents

2.3 The Probabilistic Hough Transf orm

The ProbabilisticHT (PHT) assuchwasfirst introduced
by N. Kiryati , Y. EldarandA.M. Bruckshteinin 1990[9].

The PHT assertsthe following: to detectobjectsit is
sufficient to computetheHT of only a proportion 	/C�DFE
GIHKJLCMC5D, of thepixelsin theoriginaledgeimage.These
pixels are randomlychosenfrom the original edgepixel
image.

The resulting image, that containsonly a part of the
original edgeinformationis thenusedfor the conversion
from imageto Houghspace,asproposedin the last two
sections.Throughthereducedinputdatato thespacecon-
versioncomputationexpansecanbereduced.

Theauthorsfoundthatthe G valuecanbesetto N &'J N D
dependingon the application. A smallervaluethan that
resultsin a fastincreaseof falsefeaturedetections.

2.4 The Randomiz ed Hough Transf orm

TheRandomizedHT (RHT) hasbeeninventedby Lei Xu,
Erkki Oja andPekkaKultanenin 1989[1]. It usesa dif-
ferentmechanismfor generatingvaluesin the histogram
which is definedover theparameterspace.In theSHT, a
pixel in theimagecorrespondsto a curve in theparameter
spaceandthis is discretisedandrecordedin theaccumula-
tor array. This is calleda one-to-many scheme.TheRHT
usesa many-to-onescheme,asexplainedin thenext para-
graphon thebasisof theLHT.

In the RHT, a pair of pixels (the amountof pixels de-
pendsonthedimensionalityof theparameterspace)is ran-
domly chosenandtheparametersof theuniqueline pass-
ing throughthesepixelsis computed.This line is recorded
asasingleentryin thearray(many-to-one). Thisis iterated
apresetnumberof times,wherethenumberof iterationsis
muchlessthanthenumberof pixel pairsin the image.In
this way, entriesareaccumulatedin the parameterspace.
This algorithmis iteratedto detectline segmentsoneat a
time. Thus the global maximumof the parameterspace
histogramis found,andtheequationof thecorresponding
line computed.The pixels on this line segmentare then
removed,leaving a simplerimageto analyze.

Thealgorithmis thenrepeatedto find thenext line. The
algorithmhaltswhenno lines aredetectedfor a number
of iterations. To generalizethe RHT to circle detection,
tripletsof pixelsarerandomlychosen.Theuniquecircle



passingthrougheachtriplet is computedandrecordedas
anentryin the3D parameterspace.

For ellipse detection,triplets of pixels are againcho-
sen,but an estimateis madeof the tangentat eachpixel.
The parametersof the uniqueellipsepassingthroughthe
triplet of pixels and satisfying the estimatedtangentsis
computed. This ellipse is recordedasan entry in the 5-
D parameterspace.

For every extractedobjecta simplepostprocessingstep
is applied. The numberof pixels lying near the object
(givensomepresettolerance)arecountedanddividedby
the numberof pixels expected(the line length or circle,
ellipseperimeter).If this proportionis higherthana pre-
definedthreshold,the object is decidedto exist, and its
parametersareenteredinto theaccumulator.

An extensionof theRHT , calledconnective RHT was
proposedby KalvianenandHirvonen[10] in orderto im-
prove the RHT for complex and noisy pictures. In the
CRHTa O<P,O window is first randomlypickedwith cen-
ter oneof the edgepixels. Then the CRHT doesa con-
nective componentsearchof the windowedpoints. Only
thosepointsof thewindow areusedthatareconnectedto
the startingpoint of the8-pathsearch.After thata curve
is fitted with the connectedpoints. The curve fitting can
bedonefor exampleby theleastsquaremethod.Only the
curveswith their parameterssatisfyinga certaingoodness
of thefitting areacceptedto updateaccumulatorspace.

3 The Hough Transf orm in medi-
cal visualization

After showing someof thepossibleobjectsthatcanbede-
tectedbyusingthehoughtransformin thelastchapter, this
chapterwill mainly focusonrealworld applicationsof the
aforementionedtechniqueswith a main focuson medical
visualization.

As alreadymentioned,medicalvisualizationoffersa lot
of interestingapplicationswhere the HT can be useful.
Someof thesewill beintroducedhere.

3.1 Valid region recognition in X-ray im-
ages

The first exampleof use for the HT dealswith a prob-
lem oftenencounteredin socalledPACS(picturearchive
andcommunicationsystems).PACS canbe describedas
amixturebetweenMedicalImaging,InformationStorage,
and the web technologyusedfor the transmissionof the
images.

An importantpartof suchsystemsis thedigital process-
ing of medicalX-ray images.Although the outputof X-
raysystemsis mostlyarectangularimage,thevalid region
slightly differsfrom device to device. Valid region recog-
nition is importantfor reductionof storagespaceandop-
erationquantity, aswell astheimagequality improvement

Figure3.1: a raw medicalX-ray image

Figure3.2: Imageafterseedandsobeloperators

for furtherimageanalysis.
Figure3.1showsaninput imageto theintroducedalgo-

rithm, which usesa slightly modifiedcircle HT. Thefirst
stepin this algorithmis to distinguish,approximately, the
valid from the invalid region throughusinga traditional
seed-growing algorithm. This leadsto a bilevel image
shown in Figure3.2.After thata sobeloperator[7]is used
to determinetheedgesof thebilevel image.

This leadsto a nearlyperfectinput imagefor theCHT.
Becauseof thethreedimensionalnatureof theaccumulator
array (parameterspaceis 	������0���3 ) the computationalex-
pansewouldbeveryhigh,this is wheretheaformentioned
modificationcomesin.

Insteadof searchingthefull rangeof theradiusthecir-
cle couldhave,anestimationis donebeforetheuseof the
HT. After countingthesetpixelsin theseededimage,the
equation

Q �<� $SR

for thecircleplanecanbeusedto estimatetheradiusof
thecircle. Basedon thisvaluearadiusrangeis usedin the
HT, which minimizesthecomputationalexpansedramati-
cally.

Theeffecton furtherimageprocessingis shown in Fig-
ure 3.3. It shows the differencesthat occurbetweenthe
processedandnon-processedimagein a histogramequal-
ization.

For further informationon this algorithmandsomeex-
perimentalresultsthathavebeenmade,referto [2].



Figure3.3: histogrameualizationwith andwithout valid
region

Figure3.4: a humanshoulderandits components

3.2 Automatic determination of the cen-
ter of rotation of the glenohumeral
joint

Rheumaticarthritis is an inflammationof the joints that
affectsthe articularsurfaces.The replacementof the af-
fectedjoint by a prosthesiscanreduceits effects,thatcan
resultin painandlossof function.Thesuccessratefor the
replacementof joints,suchasthehiphasreachedalevelas
high as90%. Shoulderreplacementsunfortunatelydo not
reachtheselevels,which is mainlycausedby thecomplex
anatomyof theshoulder.

Most importantfor a successfulsurgery is that the po-
sition of the centerof rotationof the glenohumeraljoint
is maintained.This dependson the curvatureof both the
humeralheadand the glenoid. For a descriptionof the
humanshouldercomponentsseeFigure3.4.

Possibleinput imagescomefrom aCT (computertomo-
graphy)or MRI (magneticresonanceimaging)asshown in
Figure3.5. It is professed,that the3D centerof rotation,
that is theoutputof the introducedalgorithmcanbeused
for pre-operative planningof shoulderreplacements.It
will helpthesurgeonto determinethebestpositionfor the
prosthesisandcanbe usedfor fastvisualizationof bone
surfacesduringsurgery.

A general parametric description of a sphere in
threedimensionalspaceconsistsof the four parameters	������*�.T"���! , where �����*�.T refersto thecenterof thesphere
and � refersto thesphereradius.Similar to theimplemen-
tation for circlesin [5], spheredetectionis organizedinto
two stages:

Figure3.5: Slicesof CT (left) andMRI (right) 3D scans
of theshoulder

U find thespherecenter

U find theradiusof thesphere

ThespheredetectionalgorithmusesamodifiedHT with
a threedimensionalparameterspace	������0��T5 . It takesad-
vantageof the fact, that for all voxelson thesurfaceof a
sphere,the centerwill lie on the normalto any local iso-
surface. The normalof any isosurfacethrougha voxel is
representedby thegradientvector.

Thesenormalsareenteredinto the 	������0�.T� parameter
spaceby the useof a threedimensionalBresenhamalgo-
rithm , andvote for any spherewhosecenterlies on this
normal. TheBresenhamalgorithmis a specialline draw-
ing algorithmthatonly usesadditions.More on this algo-
rithm canbefoundin [8]. Thespherecenteris determined
by thevoxel with thehighestcountin theparameterspace.

Fromthespherecenter, theradiusis determinedby the
useof a radial histogram. In this histogramthe number
of voxels within a rangeof grey valuesis countedas a
functionof thedistanceto thespherecenter. Theradiusof
thesphereis shown asa maximumin thehistogram.

Themethodthat is introducedin [3] canbeusedto ac-
curatelydeterminethe centerandradiusof a spherein a
3D grey-valueimage,aslongasaminiumfractionof 20%
of thespheresurfaceis visible in theimage.Themethodis
robustto noiseandcanalsobeusedfor anisotropicvoxels.

3.3 Automatic lumbar ver tebrae seg-
mentation

Themainmotivationfor thedevelopmentof themodified
HT, which is introducedin this paper, is thestudyof low
backpainandits causes.Chroniclow backpainresultsin
225000to 300000lumbarsurgeriesandindirect medical
costof 75 to 100billion dollarsin theU.S.

In spinal motion study, it is essentialto locate land-
marks,which can be usedto determinethe positionsof
thevertebralbodies.Severalautomaticapproachesto this
problemhavebeendeveloped.Theapproachof this paper
usesa methodin which a geneticalgorithmis combined
with theHT. By usingthis geneticalgorithmto searchthe
Hough spaces,multiple objectscan be found within the



Figure3.6: DVF imageof lumbarspine

sameframesimultaneouslyandfalsepeaksareavoidedby
consideringtherelationshipbetweenthesevertebrae.

The input imagesto this algorithmcomefrom a Digi-
tal videofluorescency device. It avoids theproblemswith
high dosesof radiation,that CT imageshave. It is also,
in contrastto MRI, fastenoughin imageacquisitionfor
motion analysis. An example input image is shown in
Figure3.6.

Edgeinformationis, in contrastto otherapplicationsof
theHT, gainedby theuseof PhaseCongruency[11]. Dif-
ferentfrom Canny andothergradient-basedmethodsit uti-
lizesthefactthatthefeaturepointsareperceivedat points
in an imagewherethefourier componentsaremaximally
in phase. Phasecongruency is a dimensionlessquantity
thatis invariantto changesin imagebrightnessor contrast;
hence,it providesanabsolutemeasureof thesignificance
of featurepoints,thusallowing theuseof universalthresh-
old valuesthatcanbeappliedoverwideclassesof images.
Figure3.7. showsthedifferentresultsof Canny andPhase
Congruency appliedto thesamesourceimage.

Herea modifiedGHT is used.Insteadof theaforemen-
tionedR-tableit representsthe vertebraethroughFourier
descriptors.

Thecoreof theHT is how to form thehoughspace.In
this studyonly rotationandtranslationsin the � and � di-
rectionsareconsidered.Thus the Houghspacefor each
vertebrais threedimensional.Eachedgepoint will votein
this array, andtheparameterscanbedeterminedby locat-
ing themaximumin this array.

Figure 3.8 shows a frame overlay of the result of the
featuredetection.

4 Conc lusion

Basedon the informationthat is shown in this paperthe
readershouldhaveamainideaof thefunctionandthepos-
sible applicationsof the HT. The SHT, that takesadvan-
tageof the fact thateachpixel belongingto a certainob-
jectin thesourceimagemapsto asinglepointin parameter
space,is introducedonthebasisof theLHT. Severalexten-

Figure3.7: Canny andPhaseCongruency appliedto the
sameimage

Figure3.8: Resultsof thevertebraedetection



sionsto this approachareexplained,that improvestorage
spaceandcomputationalcostwhichgetsveryhighwith an
increasingnumberof parameters.TheGHT is usedto de-
tectarbitraryshapesin graylevel images.It usesa lookup
tableto parametrizeshapesthatcannot bedescribedana-
lytically. ThePHT improvestheSHT throughusingonly
a proportionof theoriginal sourceimage.It is shown that
this techniquehasa vastpotentialof detectingfeaturesof
nearlyany shapein imageprocessing.This factmakesit a
goodandwidely usedtechniquein medicalvisualization.
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