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Figure 1: Rendering of virtual surface detail (left and center, [Policarpo et al. 2005]) and shadow mapping (right, from the pc game ’Crysis’).

Abstract

The original texture mapping algorithm was introduced to add de-
tail, color and surface texture to computer generated graphics. Be-
cause by itself it lacks any capability to simulate changes of light-
ing, shadowing and perspective perturbations caused by finer sur-
face detail a number of improvements like bump mapping, parallax
mapping and relief mapping have been introduced. Another com-
mon use of textures is shadow mapping. This paper not only de-
scribes those modern day additions to basic texture mapping but
focuses on the latest refinements of those techniques which finally
give them the quality and performance required for real world ap-
plications.
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1 Introduction

Beginning with the introduction of texture mapping [Catmull 1974]
there has been research focusing on how to simulate surface detail
and geometry on a surface without having to actually model it with
additional polygons. Bump mapping, introduced in 1978 changes
the lighting of a surface on a per texel basis by reading the nor-
mals from a texture map instead of generating them from the actual
geometry of the object. This alone generates a quite convincing im-
pression of small bumps and wrinkles. But for rendering steeper
and bigger structures like stones protruding from the wall of a me-
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dieval castle we need to do more than just change the lighting on a
per pixel basis.

A human observes needs several visual clues before he is con-
vinced that a surface is not just covered by a flat image. Apart
from changes in lighting this includes the apparent shift of parts
of a surface relative to each other caused by the motion of the ob-
server. This is called the parallax effect and can be approximated or
even exactly simulated by techniques like relief and parallax map-
ping. Another visual clue is shadowing. Not only does the side of
a bump in wall facing away from a lightsource need to be shaded
differently, this bump should also cast a shadow. Horizon mapping
has been the first algorithm to simulate this combined with bump

mapping.

But shadows are certainly not only cast by surface detail. The cur-
rently most widely used technique for casting shadows between sur-
faces is shadow mapping. This paper focuses on the latest variants
and improvements of those techniques which in some cases have
made them for the first time practical for real time rendering.

2 Bump Mapping

Bump mapping [Blinn 1978] is an approach to simulate rough and
wrinkled surfaces. This is achieved by perturbing the surface nor-
mal on a per pixel basis. Hence only the shading is changed, the
underlying geometry and the texels of a texture map are unaffected.
The normals can either be calculated from a height map on the fly
or simply read from a normal map already containing the precalcu-
lated normals.

Blinn used an approximation by adding the surface normal and the
perturbed normal. The latter one he calculated using the partial
derivatives of the surface in the u and v direction respectively.

[Peercy et al. 1997] developed an approach to bump mapping
which is more friendly to graphics hardware and also the one used
today. They construct an orthonormal frame on the surface which is
used to rotate the light vector into the local frame of the bump map.
This is done because we need to have the normals of the bump map
and the light vector in the same reference frame to be able to do
any kind of calculation involving both. While it would be possi-
ble to store the normals in world coordinates this would require to



calculate a separate normal map for each object. The only bene-
fit being that we could save the world to tangent space transform
(tangent space being the local frame of the bump/normal map). As
this transform simply isn’t a performance issue on modern graph-
ics hardware any more world space normal maps are no longer re-
quired. Now this tangent space frame of reference is constructed
using N the unpertubated normal of the original surface, T the tan-
gent vector and B the bi-normal computed as the cross product of
N and T. This frame can be used as a rotation matrix. A rotation
matrix is an orthonormal frame, which means each line and column
in the matrix is a unit length vector and they are orthogonal to each
other.

The transformation of the light vector L into tangent space only
needs to be done at each vertex and is then interpolated between ver-
tices to obtain the per pixel light vector L. Usually L’ is renormal-
ized at each pixel because the interpolation may reduce the length
of the vector from 1 to some lower value, an effect which is the
strongest toward the center of the polygon resulting in dimming the
final color values. The diffuse light intensity can then simply be
computed as L’*N where N is the normal read from the bump map.

2.1 Adding Shadows to the Bumps - Horizon Map-
ping

The relatively simple approach behind bump mapping of chang-
ing the surface normals is enough to create a quite convincing sim-
ulation of detail where there actually only is a flat polygon. To
make this effect even more convincing one could not only shade
those bumps and wrinkles but let them cast shadows. When one
remembers that the bumps of bump mapping are only virtual and
not actually modeled in geometry it becomes clear that traditional
techniques like shadow volumes or maps won’t work.

[Max 1988] presented an approach where visibility information is
precomputed for each point on a surface and then stored in a so
called horizon map. This visibility information specifies the angle
to the horizon seen from a specific point in a discrete number of
directions. Because only a light source which is higher then the
horizon can illuminate this point this information can be used to
determine at run time if the current pixel is in shadow or not. This
is done by testing if the angle of a vector pointing from the pixel to
the light is higher then the angle to the horizon.

Just like with bump mapping we need to transform the light vector
into the local frame of the horizon map. A vector in this frame
has an angle with the normal & and an orientation in the tangent
plane 0. [Max 1988] donates the resulting horizon map as ®u,v, 0.
Which means the map contains the azimuth angle @ when a light
would become visible at the discrete parameter values u and v in a
set of directions 0. The parameters u and v are typically sampled at
the same resolution as the bump map.

Usually to keep memory requirements down the angle to the hori-
zon is stored for only eight directions: north, north east, east and so
forth. At runtime the values can then be interpolated according to
the exact direction the light source is at. In an efficient implementa-
tion those eight values are stored in two texture maps encoding the
angles in the r, g, b, and alpha channels of the textures respectively
(Figure 3).

The interpolated angle ®(u;,v;, 6) for the direction 6 and the dis-
crete coordinates u; and v; can be found by interpolating between
the neighboring discrete directions as follows:

M
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Here M is our total number of discrete directions (for example 8).
This means for each discrete direction we take the angle to the hori-
zon at coordinates (i, j) and multiply it with the function By(6),
which basically gives us the interpolation weight for the k-th direc-
tion. It does that by evaluating to 1.0 for the corresponding direction
and linearly falling off to 0.0 for the neighboring directions. So if
north is the direction k=0 then B((6) would return 1.0 for an angel
0 pointing directly north and fall off towards zero for NE and NW.
Thus by adding all M products of the interpolation weight B; and
the horizon angle towards the direction k we have linearly interpo-
lated between the discrete directions.

In the implementation of [Sloan00] the values for By..g are pre-
calculated and stored in two texture maps. At runtime instead of
calculating the angle 6 they take the x and y component of the light
vector and use those to look up the blending weights from the tex-
tures. Like with the 8 horizontal angles they store one value in each
channel of what they call the basis textures (Figure 2). To sum a
possible implementation of the algorithm up:

e for each vertex:
— transform the light vector into tangent space

e for each pixel

read the 8 horizontal angles from the two horizon maps

— read the 8 interpolation weights from the two basis
maps using (X, y) from the current light vector as texture
coordinates

— multiply add those 8 angles and weights to get the final
horizontal angle

— subtract this from the angle between the light vector and
the surface normal

— if the result is > O render this pixel with ambient + dif-
fuse light

— if the result is < O only render this pixel with ambient
light (= in shadow)

With modern graphics hardware it is possible to implement those
steps in a single vertex and pixel shader. As an alternative [Sloan
and Cohen 2000] describe an implementation which doesn’t re-
quires programmable hardware but needs several passes.

The drawbacks of horizon mapping are quite obvious: for every
bump map two more maps (probably of the same resolution) are
needed tripling the amount of texture memory normally required by
bump mapping. Additional problems may arise if horizon mapping
is applied to a curved surface. The curvature actually changes the
horizon. Because the polygons making up the surface are somewhat
approximating the curvature this may still work but artifacts can
appear especially at the seams between the polygons. A solution for
this would be to generate a horizon map per object instead of just
per bump map (this object has to have an uniform u, v mapping).
This may very well raise the memory consumption to a level which
isn’t acceptable any more for a real world application.



Figure 2: A bump map, the north horizon map and the north basis
texture as proposed by [Sloan and Cohen 2000].

Figure 3: The results of horizon mapping, left: bump mapped only,
right: with self shadowing [Sloan and Cohen 2000].

3 Parallax Mapping

The last two techniques discussed can simulate shading and shad-
owing of ’virtual’ detail on a flat polygon in a convincing way. But
that’s only the case as long as the detail isn’t raising too far from the
plane of the polygon. Figure 4 shows what happens if you paint a
pyramid and a sphere into a bump map and view this rendered from
a steep angle (top left and top right).

Figure 4: A pyramid and a sphere painted onto a surface using a
bump map, top left: viewed from top this somewhat works, top
right: from the side the flat nature of the texture is unveiled, bottom:
how the image should look, rendered using actual geometry.

The result isn’t very convincing (or not convincing at all) because
there is one very important effect still missing, motion parallax.
What the parallax effect refers to is: take two points in space,
viewed from a certain direction and then move the observer. What
happens is that those two points apparently shift relative to each
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Figure 5: The approximation error, resulting in the points X and X’
when we actually looking for A and A> [Welsh 2004].

other and relative to a background. So when viewing the sphere
and pyramid from a steeper angle then from the top what should
happen is shown in the bottom picture of Figure 4, part of the im-
age should shift due to the change in perspective. The good news is
we can actually recreate this effect in a shader.

The first people who proposed a real time texture technique for
geometry rendering based on the motion parallax effect were
[Kaneko et al. 2001]. They name image based rendering as an inspi-
ration. In this field rendering is based on a set of two dimensional
images instead of three dimensional geometry. In IBR it is com-
mon to distort the images so other viewpoints then in the original
photographs can be rendered (for example generating a seamless
panoramic 360 degree view from a set of still images). Kaneko et
al. now distort a texture at rendering time according to perspective.
Actually they change the texture coordinates on a per pixel basis
instead of distorting the texture image itself.

The basic principle is this: when one compares the top right and the
bottom picture in Figure 4 it becomes clear that the parts of the tex-
ture which are elevated from the surface of the plane move farther
away from the viewer (like the top of the sphere). Parts which are
lower then the plane would move closer to the viewer. It is impor-
tant to note that Kaneko et al. suggest that their parallax mapping
approach is only used for surfaces relatively small in the rendered
image or for billboard-type objects because it has some inaccura-
cies and therefore has problems with very steep detail structures or
viewing angles.

The heart of their algorithm is how they calculate the shifted texture
coordinates. In Figure 5 one can see the surface normal n and the
surface point to eye vector e. The curve represents the virtual de-
tail on the flat polygons surface we want to render, it is commonly
defined by the values in a grayscale height map. In the diagram the
eye vector e hits the polygon at point B’. That’s also where the cur-
rent texel would be read from. But what we actually want is to see
point A because that’s what the eye vector would intersect. Now to
see point A all we have to do is change the texture coordinates from
B’ to A’.

We call the depth of our virtual surface depth(u, v), this is the height
of the curve at coordinates u, v. The angel between e and the surface
normal n we call 6. Now we have a right angled triangle where the
angle at B’ and the length of the side B’ to B are already given. The
side B’ to A’ which we are looking for can be calculated by:



tanBxdepth(B') ?2)

This is the offset we have to add to the current texture coordinate u.
But in this calculation we have made one important approximation.
We don’t have the height at A’ yet because that’s the point we are
looking for, so instead we used the height at B’. In other words
instead of using the triangle B’, A’, A as would be correct we had
to use the triangle B’, B, X’. Else we wouldn’t have enough sides
or angles to calculate B’ to A’. This results in only a small error as
long as the difference between the two heights is relatively small.
The lower diagram in Figure 5 shows how the approximation error
grows as the as the viewing angle becomes steeper. Here we once
again have the point A’ we are looking for but using 8 and depth(B’)
we arrive at point X.

This is the one approximation this algorithm has to make. This is
also the reason why it works best with relatively smooth surfaces
were the height values don’t change too quickly.

3.1 Parallax Mapping with Offset Limiting

There’s one further problem with this original approach described
in the last chapter. With the viewing angle becoming steeper tan(6)
becomes infinitely large and so does the texture offset, the result
being that the texture deforms into a unrecognizable mess of pixels.
So what we want to do is cap our expression tan 6 x depth(B’) at
some value. The following tweak has been introduced by [Welsh
2004]. Instead of tan 0 x depth(B’) we can also write:

Y vdepth(B) 3)
e.z

where e is the viewing angle. Welsh now conveniently selects
depth(B’) as the length limit, this can be done by simply dropping
the division by e.z from the equation, resulting in:

e.xyxdepth(B") 4

The length of the offset is now limited by the height (or depth, how-
ever one views it) at point B. While this not only limits but also
changes the values of the expression one should remember that par-
allax mapping itself is a approximation so this shouldn’t be a prob-
lem. We have not only solved the problem of (e.xy / e.z) becoming
too large but also simplified the code in the pixel shader by drop-
ping a costly division. With this small change parallax mapping is
finally a technique useable in practice.
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Figure 6: Limiting the offset by the height at B’ [Welsh 2004].

Figure 7: The mythical stone wall rendered with the performance
wise very cheap technique of parallax mapping, the perceived depth
of the stone wall is greatly enhanced [Welsh 2004].

3.2 Improving on Parallax Mapping

While parallax mapping for its simplicity provides surprisingly
good results every approximation technique has its limits. So what
if your application needs high frequency height fields or surfaces
viewed extremely close from steep angles? Moreover there are
two important visual cues the technique in the last chapter still can-
not provide, self occlusion and rendering a correct silhouette (one
which includes the surface detail). Self occlusion means that parts
of a surface which rise from it should occlude parts lying behind
them. This is shown in the bottom picture of Figure 4. The back-
side of the sphere is not only distorted due to perspective but not
rendered at all, something which basic parallax mapping can’t do.
How much changing the silhouette to reflect the surface detail can
add to realism is shown in Figure 8.

Figure 8: Rendering a correct silhouette adds quite a lot to realism
[Policarpo et al. 2005].

To arrive at a technique which can finally do all those things, pro-
vide the illusion of depth, self occlusion, self-shadowing and ideally
draw a correct silhouette a flurry of techniques and variations have
been proposed. One of the earlier ones was relief texture mapping
[Oliveira et al. 2000], which uses software-based image-warping,
which means every texture has to be pre-warped in software using a
raycasting based algorithm before it can be rendered. This approach
shows correct depth with self occlusion but was only demonstrated
in a software implementation. It is a two step approach, its biggest
drawback probably is that it has not been extended beyond flat sur-
faces (to arbitrary polygonal surfaces) and it’s requirement of pre-



warping textures. While it served as an inspiration for other tech-
niques it’s not really used today in its original form.

[Policarpo et al. 2005] build upon relief texture mapping to come
up with something they simply call relief mapping. It is capable of
rendering correct self-occlusions, shadows, interpenetrations, and
per-pixel lighting. The basic idea behind it is, to find out which
point of the height map containing the surface detail would be visi-
ble at the current pixel being rendered, instead of using some huge
lookup table or prewarped data, just calculate it directly in real time.
This is done by tracing a ray along the view vector starting from
the plane of the polygon until it intersects with the height field.
While this may sound prohibitively expensive at first Policarp et
al. demonstrated that their algorithm runs at real time framerates.
As a downside their implementation produces some flattening, re-
quires several very costly dependent texture reads and is by itself
not capable of rendering silhouettes.

Other approaches are based on ray tracing [Patterson et al. 1991;
Pharr and Hanrahan 1996; Heidrich and Seidel 1998; Smits et al.
2000]. They are computationally very expensive and therefore not
suitable for real-time applications. The same goes for 3D inverse
image warping [Schaufler and Priglinger 1999]. It was also sug-
gested to render surface detail by stacking layers of 2D textures
onto a polygon. This 3D texture mapping [Meyer and Neyret 1998;
Kautz and Seidel 2001] requires huge amounts of memory and has a
severe performance hit it may also introduce objectionable artifacts
depending on the viewing direction.

There are also several techniques based on precalculating exten-
sive datasets from a heightmap which end up storing some kind of
lookup table or function into a 3D texture requiring huge amount of
memory even for a single moderately big texture. While rendering
performance and quality based on this precalcualted data is often
quite good in an ideal world what we want is a technique which
doesn’t require more then the original heightmap itself, just like the
relief mapping by Policarpo et al.

3.3 Relief Mapping

In real time graphics the most successful algorithms are often those
which do not require any kind of precalculated data. From the ap-
proaches listed in the previous paragraphs this would be relief map-
ping by Policarpo et al. Another one we haven’t mentioned yet is
described in [Tatarchuk 2006] which the author calls parallax oc-
clusion mapping. Both are actually quite similar in principle but
have some important differences in their implementations.

They are both based on the idea to render the unevenness stored in
the height map threw per pixel ray tracing at run time. Basically
for every pixel rendered you cast a ray along the view vector from
the camera through the current pixel and intersect it with the height
map positioned below the surface of the polygon. This is shown in
Figure 9.

The difficulty with this approach lies in the fact that we can only
sample the height field along the ray at a finite number of intervals.
So you will run into all the problems associated with sampling a
dataset at a lower resolution then the original data, like aliasing. To
improve the quality of the sampling process and still keep the num-
ber of samples at a minimum Policarpo et al. use a binary search.
In detail what they do is first find the view vector from the current
point on the polygon to the camera. The current pixel is the point A
and the intersection of the view vector with the bottom of the height
map is B. Their depth values are 0.0 at the surface of the polygon,
the maximum depth value is 1.0. Now the starting points for the bi-
nary search are A and B. The first sample is taken at the midpoint, in

Figure 9: Using a binary search to intersect a ray with a height-field
[Policarpo et al. 2005].

Figure 9 this is the circle marked ”1”. If the stored depth is smaller
then the computed one, this point lies inside the height-field. The
search always continues with one endpoint inside and another one
outside the height-field. So the next sample is taken at 2", which
lies outside the surface. Policarpo et al. have found that eight steps
are enough to produce very satisfactory results. This number equals
28 = 256 equally spaced subdivisions of the full depth range of the
height-field.
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Figure 10: Why a binary search may terminate at the wrong point
of intersection [Policarpo et al. 2005].

Performing a binary search yields good results with a relatively low
number of iterations, but one point to consider is that it’s not very
friendly to the architecture of today’s graphics hardware. The po-
sition of the next sample is calculated based on the depth from the
last sample. This is a so called dependent texture read, it cannot
be processed by the hardware in parallel with the next few texture
reads and therefore creates quite a performance hit. While this may
change or be less severe on future generations of hardware there’s
also one conceptual problem with performing only a binary search.
If the view ray intersect the height-field in more than one point,
the binary search will terminate randomly at one of the intersec-
tions, not necessarily at the first one. This is illustrated in Figure
12. To overcome this problem Policarpo et al. start with a linear
search. They step along the interval AB until the first point inside
the surface is found. On graphics hardware capable of dynamic
flow control (shader model 3.0 or higher) the number of steps taken
is a function of the angle between the view vector and the normal
of the polygon. As this angle becomes greater the length of AB in-
creases so one has to divide the line into more intervals. Policarpo



et al. cap the number of steps at 32. When the first point inside the
surface is found the binary search starts with the last point outside
the surface and the current one. As this interval is way smaller then
the full length of AB a smaller number of binary subdivisions is
sufficient.

Figure 11: Relief mapping achieves a quality which clearly sur-
passes the one of parallax mapping [Policarpo et al. 2005].

Because with this approach we essentially have a small ray tracer
another standard problem of CG is quite easy to solve, calculating
self shadowing. We can do this by casting a ray from the intersec-
tion point obtained by the binary search towards the light source
and test whether it intersects the height-field. Note that this time
determining the exact point of intersection is not required.

3.4 Parallax Occlusion Mapping

Like mentioned before the binary search used in relief mapping cre-
ates a quite severe performance hit. Still at grazing angles it would
produce aliasing artifacts, to get rid of them Policarpo et al. use a
depth bias, but this solution flattens the surface detail at steep view-
ing angles. Also with a very high-frequency depth map the hard
shadows calculated by a single raycast may show aliasing artifacts.
In [Tatarchuk 2006] the author presents a technique which seems
to solve all those issues. While he calls it differently it is mainly a
variation and tweak of the original relief mapping approach.
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Figure 12: First a linear search at fixed intervals is done, when a hit
is found the exact hit location is approximated [Tatarchuk 2006].

The starting point for calculating the displaced texture coordinates
is also a linear search. The interval size along the view ray is again
a function of the angle between the view ray and the polygons nor-
mal. Tatarchuk uses a minimum and maximum bound for the num-

ber of intervals 8. The main difference in his approach is, once
the first sample lies inside the surface instead of starting a binary
search he approximates the curvature of the surface with one quite
inexpensive calculation. He takes the current height sampled and
the previous one and connects them with a line segment, if the in-
tervals are small enough this will resemble the actual surface curva-
ture quite closely. He then intersects this line segment with the view
ray. This can be seen in Figure 12. Comparison shots in [Tatarchuk
2006] show that this results in the same quality as a binary search
with applied depth bias, with the significant advantage that no flat-
tening occurs.
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Figure 13: Top: relief mapping with binary search and depth bias
shows some flattening; bottom: parallax occlusion mapping with
linear search only, the same quality is achieved without any flatten-
ing [Tatarchuk 2006].
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Figure 14: Sampling the height-field profile along the light ray di-
rection [Tatarchuk 2006].

Another optimization is applied to shadows rendering. Only doing a
intersection-no-intersection test would yield hard shadows. Instead
Tatarchuk samples eight heights along the light vector, as illustrated
in Figure 15. He then weights those samples according to their
distance from hl (the point of intersection). After subtracting hl



from the other samples the highest sample is used to calculate the
amount of shadowing. Because the result is a value between 0.0
and 1.0 this technique renders smooth soft shadows. Performance
can be increased by only doing this calculations for pixels facing
the light source.

Figure 15: Top: the hard shadows produced by relief mapping, bot-
tom: soft shadows in parallax occlusion mapping. The self occlu-
sion in both images would not be achievable with parallax mapping.
[Tatarchuk 2006].

In comparison we can see that the last techniques described here
all try to solve the same problem. Parallax mapping (with offset
limiting) offers great performance which is almost identical with
standard bump mapping. It can produce suprisingly good results
as can be seen in Figure 7. Still it may suffer from severe artifacts
with highly detailed height maps and when used with certain view-
ing angles. Moreover it simply can’t do self occlusion and doesn’t
provide an easy way for self shadowing, both techniques can make
a severe difference in quality. Relief mapping and parallax occlu-
sion mapping on the other hand offer all those things and achieve
an extremely high level of quality but have far greater performance
requirements.

3.5 Rendering Silhouettes

Like mentioned before as nice as those techniques based on per
pixel ray tracing look, for a human observer there’s still something
missing. Figure 8 shows how much realism can be gained by cor-
rectly deforming the silhouette of an object.

In [Oliveira et al. 2006] the authors calculate a quadric surface for
each vertex. They fit the quadric z = ax? + by? to each vertex, the
details how the coefficients a, b are obtained can be found in the

paper. Now when rendering at fragment level this quadric is used
to check if the current viewing ray misses the surface or not.

Figure 16: Rays returning to depth 0.0 while sampled are not ren-
dered to create a correct silhouette [Oliveira et al. 2006].

This hit or miss test is done by calculating the distance of the view-
ing ray to the surface. In Figure 16 there are two red viewing rays
shown. The surface of the polygonal mesh is the upper curve. From
this curve the depth increases until it reaches 1.0 at the bottom of
the height field. Now if one calculates the distance from the view-
ing ray to the upper curve at multiple samples a hit is found if the
ray reaches a distance of 1.0. If the ray returns to a depth of 0.0 we
have a miss and this pixel is not rendered. The distance is calulcated
using the formula:

PQuistance = P. — (a(P:)? +b(P,)?) )

This is the z distance of the current point P along the viewing ray
from the quadric surface ax? + by?. It should be noted that this
distance is only mathematically correct for surfaces with negative
curvature as in Figure 16. For surfaces with positive curvature the z
distance is only an approximation. However the authors have found
that while there are differences between the exact and the approxi-
mated solution, the approximation only looks slightly different and
most importantly it doesn’t cause any artifacts or swimming and
simply doesn’t look wrong.

4 Shadow Mapping

This chapter describes what is probably the most widely used tech-
nique for generating shadows in computer graphics, shadow map-
ping. First the basic algorithm [Williams 1978] is described, fol-
lowed by a discussion why its original implementation in a lot
of cases doesn’t provide acceptable quality. The remainder and
biggest part of this chapter will then present several improvements
and variations on shadow mapping proposed in recent years.

The basic idea behind shadow mapping is to test if the pixel cur-
rently being rendered is visible by the light source. If it is not it
clearly has to be in shadow. This is done by first rendering the
scene from the viewpoint of the light source, In this step only the
depth values need to be rendered and stored in a depth map. Then
when rendering the scene from the observers viewing position each
pixel is transformed into light space, it’s projected onto the shadow



map. Now we can compare its depth in the shadow map to its dis-
tance from the light. If it is farther from the light the pixel is in
shadow.

As with most techniques based on a discrete buffer, shadow maps
suffer from aliasing. The aliasing takes two forms, perspective and
projective. The former one being the most common. It is caused
by the projection of the shadow map which is done from the lights
point of view. This means that most texels in the shadow map cover
the region close to the light and in world space they get increasingly
big the farther away they are from the light. Now when we render
the scene from the observers viewpoint we would need the highest
resolution near the observer and not near the light. This means
that close to the camera the shadows are often made out of clearly
visible big blocks of darker pixels (Figure 17).

Figure 17: Shadow maps suffer from perspective aliasing.

Projective aliasing occurs on surfaces which are parallel or almost
parallel to light rays. In this case the shadow map texels become
extremely stretched over a big area. This leads to severe artifacts
if the viewing direction is close to being perpendicular to the light
rays because we practically see the stretched shadow texels from
the "top’.

A commonly used technique to reduce all kinds of aliasing prob-
lems with shadow maps is percentage closer filtering (PCF). The
idea is to filter the binary values of ’in shadow’ or ’not in shadow’
of the pixels surrounding the current one. This is done by calculat-
ing a percentage value of how many of those pixels are in shadow,
giving more weight to the closer pixels. This value is then used to
blend between ’completely lit” and ’in shadow’. A very nice side
effect of this approach is that because of the filtering it generates
soft shadows.

While this helps with aliasing it doesn’t solve the problem itself.
To finally improve shadow mapping to a point where it is an artifact
free technique with constant good quality results a number of ap-
proaches have been proposed, of those three of the most promising
are described in more detail in the following subchapters.

4.1 Perspective Shadow Maps

We have seen that the main reason for aliasing is that the resolu-
tion of the shadow map is not distributed in an optimal way. We
would need the highest resolution near the camera and decreasing
resolution with the distance to the camera growing. This lead to

the idea described in [Stamminger and Drettakis 2002]. What the
authors propose is to change the distribution of shadow map pixels
by applying a perspective transform before rendering the shadow
map. To be more specific they apply the same perspective trans-
form which is used for the current camera image. This works be-
cause what the perspective transform does is enlarging objects near
the camera and decreasing the size of objects farther away.
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Figure 18: Perspective shadow mapping applies the perspective
projection of the eye-view transform before rendering the shadow
map [Stamminger and Drettakis 2002].

As shown in Figure 18 this increases the part of the shadow map
covering the region near the camera and therefore increases the
resolution in this area. To optimize the resolution of the shadows
it’s also important to focus the shadow map on the objects casting
shadows which are actually within the viewing frustum. Figure 19
shows how this can be done. The first step is to construct a con-
vex hull M enclosing all rays from points within the view frustum
to the light source. M is guaranteed to include all objects casting
shadows visible to the observer, but it probably includes more then
is actually needed. As there can’t be any shadows outside the lights
frustum L we can intersect L with M. Finally we intersect the result
with the bounding box of the whole scene S, generating the final
volume N.
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Figure 19: Focusing the shadow map on the relevant area N [Stam-
minger and Drettakis 2002].

Now while the basic idea behind this approach is relatively simple,
applying the perspective projection in practice leads to a number
of problems and special cases. Most of them are related to direc-
tional and point light sources. The perspective projection may ac-
tually change the type of a light from a directional to a point light
or vice-versa. Figure 18 and 19 show the possible cases for what
is originally a directional light source. In Figure 20 one can see
on the left that a directional light shining from the front becomes a
point light shining from the same direction, whereas a directional
light from behind becomes a ’inverted’ point light. This means that
all light rays converge towards a single point. If the world space
light is parallel to the viewing direction it is mapped to a point light
just in front of the viewer. The last case is shown in Figure 18. A
directional light parallel to the image plane is the only case where



no change happens. While the world space directional lights are lo-
cated at infinity the post-perspective space point lights are located
at a finite position, the so called infinity plane at z = (f + n) / (f - n).

QAN <MK <

Figure 20: One set of the special cases perspective shadow mapping
creates: three cases where directional lights become point lights in
post-perspective space [Stamminger and Drettakis 2002].

Similar transformations happen for point lights. Point lights on a
plane which is perpendicular to the view direction and goes through
the view point become directional. In all other cases they remain
point lights but may become inverted.

Another problem arises when shadow casting geometry which has
to be included in the shadow map is behind the camera plane. This
geometry would be projected to beyond the infinity plane. To solve
this Stamminger uses a virtual camera shift which moves the cam-
era backwards so that all geometry casting shadows into the view-
ing frustum is in front of the camera. This is only done for rendering
the shadow map, not for rendering the image.

As one can see perspective shadow mapping suffers from a num-
ber of special cases which make an implementation quite involved.
Moreover it gives the best results in only two specific cases. A di-
rectional light parallel to the image plane as shown in Figure 18 or
a point light which lies on the camera plane. The latter case also
being the optimal case for standard shadow mapping (like a miners
lamp positioned just above the camera). In the other cases when the
post-perspective light is a point light the quality greatly depends of
the depth range of the light. If it is positioned on the infinity plane
opposite the camera as in the right case in Figure 20 the results are
the same as for standard uniform shadow maps. As this is the worst
case for standard shadow maps, we can conclude that the best and
worst cases for uniform and for perspective shadow mapping fall
together and there’s no improvement in neither of them.

We have seen that the perspective aliasing in shadow mapping can
be reduced if not completely overcome by a reparameterization of
the shadow map. The route taken in [Stamminger and Drettakis
2002] to use the perspective projection of the observer sounds logi-
cal but leads to a number of problems and it’s improvement in qual-
ity is quite inconsistent. Luckily this is not the only reparameteri-
zation one can choose, an insight which lead to several variations
of perspective shadow mapping being proposed one of those is pre-
sented in the next chapter.

4.2 Light Space Perspective Shadow Maps

The work by [Stamminger and Drettakis 2002] has introduced the
idea that we can better distribute the resolution of a shadow map

according to the perspectively transformed view of the observer. In
an ideal world what we want is for every pixel in the shadow map,
regardless of how far away it is from the observer, to have the same
size in the final projected image. Perspective shadow mapping tries
to minimize the magnification of shadow pixels near the camera.
But as the distance to the observers camera grows it loses resolution
even faster then uniform shadow mapping. Obviously what we need
is something in the middle.

As mentioned before an important insight is that we are not con-
fined to using the cameras projective transform as a reparameteri-
zation. We can rather choose any other perspective projection. Our
goal is to change the distribution of shadow map pixels, so why not
use a projection which effects mainly the shadow map plane while
leaving the other axes relatively unchanged.

This is the idea presented in [Wimmer et al. 2004]. The au-
thors suggest using a perspective transform based on the axes of
light space, they therefore call this technique light space perspec-
tive shadow mapping (LiSPSM). This approach avoids the problem
of geometry behind the camera being projected behind the infinity
plane and probably most importantly it treats all lights as paral-
lel light sources, instead of a number of special cases of light type
conversions. The algorithm behind LiSPSM works as follows. First
we focus the shadow map on the area containing all objects casting
shadows into the view frame as has been explained in more detail
in the last chapter. This is the volume B in Figure 21. Next we en-
close B by a perspective frustum P which view vector is parallel to
the shadow plane. The distance between the perspective reference
point p and the near plane of the frustum P is the free parameter n. It
determines the strength of the perspective warping effect. The pro-
jection P is then applied during rendering of the shadow map and
for calculating the projected shadow map coordinates during scene
rendering. For point lights we have to apply the perspective trans-
form associated with the light before the frustum P is calculated.
The combined transform doesn’t have any singularities because the
objects in the volume B are all in front of the light. Later the point
light can then be treated as a directional light.

Figure 21: The perspective frustum used for LiSPSM [Wimmer
et al. 2004].

In more detail the perspective transform P is constructed by first
defining the y-axis as pointing in the same direction as the light
vector I. The z-axis is perpendicular to the light vector and lies in
the plane defined by the vectors I and v (the observers view vector).
This means that the frustum P points in the observers view direction
only rotated so that it’s *parallel’ to the shadow map plane. The
axis x is chosen so that it forms an orthogonal coordinate system
with the other two axes. The y-coordinate of p is calculated as the
middle between the minimum and maximum y-coordinates of the
body B. The x-coordinate is taken from the transformed viewpoints
x-coordinate. Finally the near and far plane of p are moved as close
to the volume B as possible.



Figure 22: Comparison of the perspective aliasing error for differ-
ent shadow mapping techniques [Wimmer et al. 2004].

To decide whether LiSPSM does indeed feature a better parame-
terization then perspective shadow mapping the authors conducted
an extensive analysis of perspective aliasing errors. They compare
uniform, perspective and light space perspective shadow mapping
in an ideal and in a worst case scenario. Their probably most impor-
tant find can be seen in Figure 22. It plots the perspective aliasing
error for uniform shadow mapping (green), perspective (blue) and
light space perspective (red). Ideally you want the factor dp/ds to be
as close to one as possible over the whole z-range. All other values
mean some amount of aliasing. As can be seen uniform mapping
produces quite a big error near the camera which grows again with
greater z values. Surprisingly perspective shadow mapping shows
areally big error for everything which is not close to the camera, it
trades resolution in a drastic way. LiSPSM shows a slightly bigger
error close to the observer but it also doesn’t grow nearly as much
in the distance.

As a conclusion we can say that LiSPSM offers several improve-
ments over perspective shadow maps. It eliminates practically all
special cases and singularities, it distributes the perspective aliasing
error more evenly and it should therefore be easier to implement.

4.3 Parallel Split Plane Shadow Maps

Another result of [Wimmer et al. 2004] we haven’t mentioned yet
is that the theoretical optimal parameterization for a shadow map
is logarithmic. This would result in a constant factor dp/ds over
the whole depth range. Now to render such a parameterization we
would need a logarithmic projection, sadly this is not supported by
any current graphics hardware. Even worse there’s another prob-
lem with PSMs and LISPSMs and similar techniques which try to
solve aliasing by redistributing the resolution of a single shadow
map. Their parameterizations have to be adjusted every frame so in
actual implementations they may suffer from f 'swimming’ at the
shadow borders. Moreover they all have some worst cases where
their quality is not better then uniform shadow mapping.

The difficulties with warping a single shadow map and hardware
lacking support for logarithmic projections led researchers to the
idea of splitting the view frustum up into several shadow maps
[Zhang et al. 2006]. The reparameterization can then be done by
shifting the planes where the frustum is split. This avoids all prob-
lems with projection singularities or swimming artifacts. It should
however be noted that this is a very fillrate intensive technique and
therefore best suited for scenes with a single light source like large
outdoor areas, which on the other hand is a scenario where most

other shadow mapping techniques fail. A short overview of the al-
gorithm looks as follows:

e divide the view frustum into multiple layers, the separations
between them are the name giving parallel split planes

e split the light frustum into smaller ones, each one covering a
single split layer of the view frustum and all objects casting
shadows into it

e render a texture for each split layer

e render the scene with shadows, this may have to be done in
multiple passes depending on the graphics hardware

Selecting the right split plane distances in the first step is central for
the final shadow quality. The authors have analyzed three possible
configurations. They show that dividing the view frame into splits
which have the same size in world space provides the theoretically
worst aliasing distribution. A logarithmic split scheme on the other
hand would be optimal in theory. The problem is that this assumes
that the shadow map is perfectly mapped to the view frame split
and no resolution is wasted on objects which do not cast visible
shadows. As this is not achievable in most situations a logarithmic
scheme would produce split parts near the viewer which are too
small and result in oversampling, and undersampling in split parts
further away. They therefore choose what they call a practical split
scheme defined as the average of a logarithmic and uniform scheme.
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Figure 23: Three different depth splitting schemes: uniform, loga-
rithmic and practical [Zhang et al. 2006].

In the next step just as with PSMs we have to focus the shadow
maps on the relevant areas. Here we have another advantage of
PSPSMs. Normally we would have to approximate the focus area
for the whole view frustum at once, and this being an approximation
would include quite big areas where there actually may not be a
single object casting a shadow. Now that we have divided the view
frustum into several splits we can do the focusing separately and in
the end for many cases the union of the light frustums should be
smaller than with one big approximation. This can be achieved by
instead of using each view frustum split V; as a whole we construct
a bounding box axis aligned in light space around all objects in V;
called B;. Those are the areas each light frustum has to focus on.

Splitting the view and the light frustum we have assumed that
the light source is directional. To handle point lights just as with
LiSPSM we apply the light’s projective transform to the scene be-
fore rendering the shadow map and when looking up the current
pixel in the shadow map during normal scene rendering.

For each split part V; we have to render a shadow map 7;. In an
implementation it works well to create each shadow map with the
same resolution. This has the advantage that a feature of mod-
ern graphics hardware called multiple render targets (MRT) can be
used. Instead of rendering each map in a separate pass it makes
rendering them all in a single pass possible.
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Figure 24: For the split sections view frustums axis aligned bound-
ing boxes are created in light’s space [Zhang et al. 2006].

After the shadow maps have been generated we have to use them
for shadow generation during rendering of the scene. As with uni-
form shadow mapping each pixel has to be transformed into light
space with the difference that we first have to decide into which
light frustum it falls, which then determines which shadow map 7;
will be used for this pixel. Depending on the capabilities of the
graphics hardware this may mean that we have to render the whole
scene in multiple passes, one for each view frustum split. Better
performance can be achieved if the hardware’s shader capabilities
allow it to dynamically sample only the one shadow map required
for the current pixel. For hardware not supporting dynamic branch-
ing it may be possible to sample all shadow maps for every frag-
ment and then only use the results from the appropriate one. It
should be noted that with the usually done filtering of the shadows,
sampling all maps may lead to unacceptable performance. The pro-
jected depth of each split plane during rendering can be calculated
by plugging the view space depth into the projection formula of the
used graphics APL

Performance results obtained by the authors show that with this
technique highly interactive frame rates can be achieved. They rec-
ommend using three split parts for a good compromise between
performance and quality. Their technique has for example been re-
cently adopted quite successfully by several pc game developers for
generating outdoor shadows.

4.4 Variance Shadow Maps

All those techniques we have mentioned until now can do a lot to
reduce aliasing artifacts caused by perspective projection. Still it
remains that shadow maps by default generate hard shadows with
jagged edges. The premiere approach to combat this has already
been mentioned shortly, percentage closer filtering (PCF).

The key insight here is that it wouldn’t help to filter the depth val-
ues in the shadow map. If you have a single occluder casting a
shadow on a planar surface and when rendering the scene use bilin-
ear filtering on the shadow map, this would simply increase the area
shadowed, it would still result in hard edged shadows. So what PCF
does is it filters the results of the depth comparisons instead of the
depth values themselfes. For example for a 3x3 PCF filter kernel
you would do nine depth comparisons, then multiply each result by
a weight and then add them all up to get a percentage how much the
current pixel is in shadow.

The biggest problem with this approach is that to get good results
one has to use a lot of samples per pixels. The best quality can
be achieved by bilinear filtering the current PCF result (Figure 26,
the third image from the left). As this again multiplies the number
of samples required and adds the computational burden of bilinear
filtering this is not really an option for most real time applications.

Figure 25: Comparison of an increasing number of depth splits,
using 1,2 and 3 shadow maps. At the bottom of the images the
shadow maps and the depth division scheme of the view frustum
can be seen.
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Figure 26: Comparison of different shadow mapping filtering meth-
ods, from left to right: no filtering, 5x5 PCF, 5x5 bilinear PCF and
variance shadow maps with 5x5 separable gaussian blur [Donnelly
and Lauritzen 2006].

What we would need is a technique which can make use of the
mipmap, anisotropic and bilinear filter methods modern graphics
hardware already provides. That’s where the method proposed in
[Donnelly and Lauritzen 2006] comes into play. What they do is
instead of storing the depth of a single point at each pixel they store
a distribution of depths at each texel. To keep the data required to
a minimum they only store an approximation of this distribution,
the first and second moments. Those are the mean and the mean
squared depth. What this distribution can be used for, is finding the
answer to one simple question: How many of the texels surrounding
the current shadow map texel have a equal or greater depth then
the pixel we are currently drawing. Those texels are lit. So we
can use the result to do percentage closer filtering. The important
difference with variance shadow maps is we only have to look up
the single current shadow map texel and can use the stored mean
and variance to do the filtering. With standard PCF we would have
to look up several of the surround texels as well. Basically with the
addition of storing the variance we are including knowledge about
the surrounding texels.

What happens if we filter such a shadow map is that the first and
second mean get averaged. Mathematically this is an approxima-
tion of the average of the distributions. This average can then be
used to compute an upper bound for how much of the distribution
is equally or more distant then the surface we are currently drawing.
Because everything that is more distant is lit this tells us how much
light is reaching the surface.

Note that when we generate a variance shadow map we only store
the depth and the squared depth of the current texel just as with
standard shadow maps. One could say we are storing distributions
with a single value. Only after filtering the shadow map it contains
averaged distributions over several depth values. Without filtering
we would get the same results as with standard shadow maps.

The great thing about being allowed to filter the depth values is
that we can now use all the filter options for the shadow map the
hardware provides like mipmapping and anisotropic filtering. Even
more important we can pre-filter the shadow map for example with
a 5x5 gaussian blur. The results which can be obtained by that
are shown the righter most image in Figure 26. Note that to get
a comparable result, with bilinear PCF we would have to sacrifice
way more precious processing power.

So we can use a variance shadow map not only to query whether a
pixel is in shadow or not but also if it is on the edge of the shadow

how much light is reaching it. The mathematical reasoning why
that works goes like this: In the shadow map we are storing the
first and the second moments M| and M;. The first moment is the
average depth, the second moment is the average of the squared
depths. M| can be used to do the standard depth comparison as with
normal shadow mapping. Let’s call the depth of the current pixel
t. If t < M the pixel is lit and we can draw it with full lighting.
Otherwise it is shadowed and we now use M| and M, to calculate
how many of the surrounding pixel may still be lit arriving at a
value with which we can scale the light intensity. Basically what
we need to know is: in the distribution of depth values surrounding
the current shadow map texel how many of them have an equal
or greater depth then t (and are therefore unshadowed). First we
calculate the mean u and the variance ¢ of the distribution given
by M 1 and Mz:

u=M (0)
=M, —M? (M

The variance can be seen as a value representing the width of a
distribution. It tells us how far away the highest and lowest values
in the distribution are from the mean. With variance shadow maps
it tells us how far the greatest and smallest depth values are from
the average depth value over a certain filter region. Now with this
two values we can use a theorem from statistics called Chebychev’s
inequality to calculate an upper bound on how many of the texels
depth values are ;= t:

o

P(x>:t) < m

®)

The probability P(x (= t) for a texel’s depth x to be ;= t is exactly
the value we need to do percentage closer filtering. Note that in
the middle of the shadow this probability would be close to O be-
cause none of the surrounding texels are lit. Only on the edge of the
shadow this value will start to grow. When looking at the inequal-
ity it becomes clear that this happens because the average depth u
stored at this area in the shadow map is getting closer and closer to
the current g)ixels’ depth t, until they are the same in the lit areas
and (r — )= becomes zero. So the whole inequality moves toward
1 (6/0), which means that the probability for a pixel being lit is 100

Now like already stated the inequality only gives an upper bound
there’s no guarantee that this is the exact value P(x ;=t). In [Don-
nelly and Lauritzen 2006] however it is shown that for the simple
case of a single occluder casting a shadow on a planar surface the
inequality actually becomes an equality and therefore gives the ex-
act value. While not every case is that simple in practice this ap-
proximation looks good enough. A more detailed breakdown of the
steps required for rendering variance shadow maps is:

e render the scene from the lights’ point of view into a texture
outputting the depth and squared depth ideally to a multi com-
ponent floating point texture, scale those values so they are in
the range of [-1,1] to avoid overflowing the numeric bound-
aries of the floating point numbers and to get the highest pre-
cision

e prefilter the variance shadow map using a two pass gaussian
blur

e generate mipmaps for the shadow map

e Render the scene from the observer’s point of view. For each
pixel compare the current depth t with u from the shadow
map. If it is smaller then u the pixel is fully lit. Else calculate



Figure 27: PSPSM are used in combination with variance shadow
maps in the PC game ’Crysis’ for rendering completely dynamic
high quality soft shadows.

the variance ¢ and use Chebychev’s inequality to calculate
the factor with which to scale the light intensity.

The great thing about variance shadow maps is that they can be
used in combination with all the reparametrization techniques we
have mentioned before. They do the same thing PCF does but offer
a better quality performance ratio. The result achieved by a recent
PC game using variance shadow maps in combination with PSPSM
can be seen in Figure 27.

5 Conclusion

This paper covered two very important areas in real time computer
graphics, rendering of surface detail without additional geometry
and shadow rendering. In both fields the most recent developments
have finally gotten them to a stage where they can be regarded as
highly robust completely automatic algorithms with a performance
suitable for real time rendering.

Shadow mapping is a technique developed in the seventies but has
always suffered from severe aliasing artifacts. In offline rendering
those could be overcome by using extremely high shadow map res-
olutions and by adjusting the parameters for shadow rendering by
hand frame by frame. For real time graphics both of those methods
are not an option. We have seen that by dividing the view frustum
into multiple depth layers as done in parallel split plane shadow
mapping and filtering the results with variance shadow mapping
results of a very high quality with high frame rates can finally be
achieved. Those can be improved even further by using one of the
described reparameterization schemes like PSM or LiSPSM.
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