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Abstract

Fluid dynamics is a well discussed topic in nature science and has
many applications in the fields of computer graphics. A detailed
overview of the grid based solutions for physically based fluid dy-
namics used by computational simulations is given in the following
report. One of the most important way to describe fluid like dynam-
ics in a natural way is with Navier and Strokes equations. Joe Stam
gives a very good overview in the paper ”Stable Fluids” [Stam
1999]. He describes a numerical solution of the Navier-Strokes
equations which is used in many approaches based on computa-
tional fluid dynamics. The reader will get an understanding about
the physics, the mathematics and algorithms which are used in this
field of research. The physical descriptions will be used as support-
ing medium as one can find in the referenced papers and will not
give a sufficient explanation to the used formulas and terms. The
referenced authors also advice readers of their works to use books
and papers written by physicians for a deeper understanding.

Keywords: computational fluid dynamics, partial differential
equation, Navier-Strokes equations.

1 Introduction

Fluid dynamics is a physical term used to describe the motion and
interaction of gas or liquid substances with natural environments
especially forces. There are many physically based descriptions
in terms of partial differential equations for this phenomenons but
not all of them are usefull for computational simulations. One of
the biggest problems is to find numerical stable solutions which
are based on this physical descriptions even if they are simplified
by making idealised presumptions. Whereas numerical stability is
one of the most important part for any computational simulation
especially if accuracy counts.

The classical solution for such a solution is to use numerical inte-
gration like Euler integration or better versions based on Euler for
the numerical solution of the analytic formula. Using Euler inte-
gration will give you a great overview of how a solution could look
like but with the cost of numerical stablility and accuracy. It is
often used in grid based solution which uses nice looking approxi-
mations of fluid dynamics and is prefered in approaches which uses
key frame and rigid body animation. The online Siggraph course
[Witkin and Baraff 1997] shows how to use numerical integration
in combination with key frame and rigid body animation.
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1.1 Related Work

This techniqual review is mostly influenced by the work of [Stam
1999] because his ”Stable Fluids” method shows a techique to solve
the Navier-Strokes equations in a numerical stable way. It is the
most important technique used in computational fluid dynamics
(CFD). The basics to this stable solution is given by [Foster and
Metaxas 1996] and [Foster and Metaxas 1997b]. Their work is also
often referenced and gives a more fundamental solution where nu-
merical stability is not the priority but a physically based solution
with the Navier-Strokes equations. There are also several works
about CFD which are not based on this kind of physical descrip-
tion. Because of the importance of this technique for grid based
solutions this review concentrates at solutions which are based on
the Navier-Strokes equations.

1.2 Navier-Strokes Equations

Claude-Louis Navier and George Gabriel Stokes invented in the
19th century a physically based mathematical discription for sim-
ulating fluids in motion. Especially their definitions and formulas
for incompressible fluid gives the direction for the field or research
which is called computational fluid dynamics. The following equa-
tions shows the Navier-Strokes equation for incompressible fluids.
It allows to simulate the flow of fluid over a time step and is very
usefull for any numerical solution.

∂u
∂ t

= −(u•∇)u
︸ ︷︷ ︸

advection

− 1
ρ

∇p
︸ ︷︷ ︸

pressure

+ ν∇2u
︸ ︷︷ ︸

di f f usion

+ f
︸︷︷︸

external f orce

(1)

This equation shows a partial differential equation in its vector form
which allows to calculate the changing of the velocity field over a
time step∂u

∂ t . Whereasu stands for the velocity fieldu ( x, t) with
the spatial coordinatesx = (x, y). The term p desceribes the pres-
sure field p(x , t) and t is the time term. The constant value rho
(ρ) is the density of the fluid. The fluid denisty is a constant be-
cause we want to have a homogeneous fluid, which assures together
with the compressibility assumption, that the density is constant in
time and space. The constant value nu (ν) stands for the kinematic
viscosity. The termf = ( fx, fy) in case of a two dimensions orf
= ( fx, fy, fz) in case of a three dimensional flow represents external
forces which are interacting with the flow of the fluid. The only
assumption made for this formula is that it has to be incompressible
[Harris 2004]. Which actually means that masses should always
be conserved. There are other restrictions like boundary conditions
which will be discussed in section 2. The terms in equation (1) have
an important physical meaning therefore they need to be explained
in detail which is done in section I.3 ”Physical Description”.

The following equation is a condition to the first equation (1) and
proves that the divergence of the vector field (which is actually a
scalar field) has to be zero which implies divergence free fields.
This condition ensures that the fluid is imcompressibile and mass
conserving. It is also called continuity equation.

∇•u = 0 (2)

The vectoru stands for the velocity field and nabla (∇) for the gra-
dient operator. According to this condition any mass which enters



a fluid will leave the fluid and doesn’t get lost or even more. In
section I.3.1 ”Incompressible Fluid” there is a more detailed de-
scription of what this physically means.

There is also a similar description for the particle densitiy field
which could be interpreted as the masses which are moved by the
velocity field over a time step (∂d

∂ t ).

∂d
∂ t

= −(u•∇)d
︸ ︷︷ ︸

advection

+ κ∇2d
︸ ︷︷ ︸

di f f usion

− α∇d
︸︷︷︸

dissipation

+ s
︸︷︷︸

externalsource

(3)

The advection and diffusion (κ is the diffusion constant) term can
be solved in the same way as in equation 1. Even the external source
term can be solved like the external force term. The difference is in
the third term which is called dissipation. The dissipation rateα is
a constant value and gives the rate at which the masses dissipate or
scatter inside the flow. This term could be disregarded by setting the
dissipation rate to zero (α = 0), which leads to a simpler equation
for the density field.

∂d
∂ t

= −(u•∇)d
︸ ︷︷ ︸

advection

+ κ∇2d
︸ ︷︷ ︸

di f f usion

+ s
︸︷︷︸

externalsource

(4)

This form is now nearly equal to the velocity field description and
can be solved in exactly the same way. The decision whether a
solution needs a dissipation rate or not depends on what natural
phenomenon will be simulated.

If we define a fluid simulation in a two dimensional environment
than the equation (1) is the general vector oriented form of actually
two equations (three in the case of a three dimensional environ-
ment). That means if we want a description of the Navier-Strokes
equations with its scalar components in two dimensions we get the
following equations:

∂u
∂ t

= −(u•∇)u− 1
ρ

∇p+ν∇2u+ fx, (5)

∂v
∂ t

= −(u•∇)v− 1
ρ

∇p+ν∇2v+ fy, (6)

As a result we get a system of n+1 equations with n+1 unknown
values whereas n stands for the dimension of the vector field where
the flow (velocity field) exists. In this case a system of the two
equations (5) and (6) plus the conditional equation (2) with three
unknown values u, v and p. The term∇p is the gradient,∇ • u
is the divergence andu •∇ is the advection operator. The term
∇2p stands for the laplacian operator which is the short form for
∇2p = ∇•∇. The sign• shows the operator for the inner product.
In section (2) about the finite difference equation the used operators
will be described in more detail.

1.3 Physical Description

1.3.1 Incompressible Fluid

As mentioned before the condition that the fluid has to be incom-
pressible actually means that masses have to be conserved and is
mathematically described by equation (2). What this means in na-
ture can be explained with easy to understand words. Whenever a
substance flows into a region of the fluid then this condition assures
that the substance exits the region with the same mass. Furthermore
this masses do not vanish or even get more. In terms of solids this
means whenever particles enter a fluid they will leave it and don’t

get lost or more particles. To make a long story short whatever
flows into comes out of the fluid.

Restrictions This restriction also means that phenomenons
where two fluid like substances (two phase flow) intermixture and
chemically become one can’t be simulated with this approach. It
just allows to simulate how substances interacts with fluids. As a
consequence surface tension, interface tension and effects which
are based on it are also not in this concept. Where interface ten-
sion is the surface tension between liquids. Anyway [Foster and
Metaxas 1997a] shows a method which allows to approximate the
behaviour of surface tension within incompressible fluids.

1.3.2 Terms

For a deeper understanding of what the four terms on the right side
of the Navier-Stroke equation are meaning there is another descrip-
tion which can be found in many papers especially those which
are based at the work of [Stam 1999]. Especially [Harris 2004]
describes the terms of the Navier-Strokes equation in a very under-
standing way.

Advection The first term on the right side of the equation (1) is
called the advection term. Small particles, for example dust parti-
cles in air, are transported along the given velocity field of the flow.
This velocity field also carries itself within every time step. This
self carrying is called advection or self advection and shows the
motion by the velocity of the fluid flow.

Pressure The second term on the right side of the equation (1)
is called the pressure term. Pressure is force per unit area which
means that each particle and the fluid itself is accelerated by it. This
is easy to understand if Newton’s second lawF = ma is considered.
Pressure is the cause for acceleration in the fluid flow.

Diffusion The third term on the right side of the equation (1) is
called the diffusion term. Moving fluid is not a uniform process
which means that regions inside the flow are moving faster than
others. Imagine ink that drops into a bowl filled with water. The
dispersion of the ink is not an uniform process in fact the distri-
bution of the dye will show swirling effects. This phenomenon is
called diffusion and exists because of the viscosity of fluid. Viscos-
ity is a physical description of how resistive is the fluid at a specific
point or region to be moved. This resistance influences the velocity
which will be seen as vortex or swirl in the fluid.

1.3.3 External Forces

The fourth term on the right side of the equation (1) is called the ex-
ternal forces term. The Navier-Strokes equations takes into account
that there can be forces which influences the flow but exists outside
of it. That means if for example wind or gravity should influence the
flow in a specific simulation it can easy be handled by adding this
force to the other three parts of the equation. Adding an external
force means accelerating the flow. The force term is of great im-
portance because it allows to simulate natural phenomenons which
influence the fluid. The following terms are the cause for many of
this phenomenons.



Newtonian Gravity Gravity is an important and easy to simu-
late natural effect which occures in any physical environment where
masses are taken into account. The following equation shows the
vector form of Newton’s law of universal gravitation [Wikipedia
2007a].

f = −g
m1m2

r2 r12 (7)

Where f is the force applied on an object 2 due to d1, g is the grav-
itational constant, r is the euclidean distance between object 1 and
2, m1 andm2 are the masses of object 1 and 2 andr12 is the unit
vector from object 1 to object2. Without taking gravity into account
the particles are in free fly which actually means that they will never
fall to the ground even not if there is no movement. Gravity is the
cause of accelerating a mass in the direction of the mass it is con-
nected.

Buoyancy and Convection Buoyancy is a force that causes
convection in gravity fields and is one of the major modes of heat
and mass transfer within fluids. It allows to simulate various effects
like heat and smoke which are based on convection.

Convection currents are caused by the changes in den-
sity accociated with temperature changes. [Harris 2004]

This physical transfer is an important part in any fluid because it
makes the flow faster where the temperature is high and slower
where the temperature is low.

Smoke and Heat effects are based on convection. To simulate
this effects [Harris 2004] or more detailed [Ronald Fedkiw and
Jensen 2001] introduces a simple mathematical description by us-
ing buoyancy force. For effects like fire which are based on heat the
following equation leads to a solution.

fbuoy = σ(T −T0)ĵ (8)

Where the constant valueσ is a scale factor, T is a scalar field for
the temperatur,T0 the amient temperatur andĵ is a vector which
points in the upward direction. Wherever a temperatur is different
from the given ambient temperaturT0 the buoyoncy force will be
added to the velocity field of the flow as an external force. This
equation can be enhanced for simulating smoke effects by using the
following form.

fbuoy = (−κd+σ(T −T0))ĵ (9)

The only difference to the equation above is the constantκ which
is a scale factor for the smoke paricle mass and the scalar fieldd
which gives the smoke density. This solution can also be used for
simulating clouds.

Hardening and Melting Melting is a physical process which
transforms solids into fluids after the solid is heated over its melt-
ing point which is given by the material properties of the solid.
Hardening is the inverse process of melting. [Mark Carlson and
Turk 2002] show a way to simulate this effect. Therefore a refor-
mulation of the diffusion term is necessary which additionally has
to solve the melting part.

Wind is moved air which is itself a gas and can therefore be eval-
uated by the Navier-Strokes equation. Using the Navier-Strokes
equation may be an overkill and often just a common direction and

the constant pressure of the wind is enough for a simulation. Imag-
ine a simulation where wind is used to move clouds in a given di-
rection. Anyway if a more complex movement of fluid by wind
force is needed, an appropriate description of the force has to be
used. [Treuille and Stam 2003] gives a way to simulate wind forces
which can be controlled during the whole simulation process.

2 Numerical Stable Fluid

Formulating the partial differential equation explicitly and using fi-
nite difference equations is probably the easiest way to find a nu-
merical solution which can be used for a computational simulation.
This is not always the best strategy because this solutions often lack
of numerical stability. Numerical instability leads to inaccuracy in
the calculations and therefore the whole simulation provides wrong
results. This is a tricky problem because the results look right at the
beginning of a simulation and probably they are but after a while the
results get wronger and wronger. Therefore numerical stability is a
crucial condition for any physically based simulation. [Stam 1999]
introduces in his work about ”Stable Fluids” a numerical stable so-
lution which is based on the Helmholtz-Hodge decomposition. The
Helmholtz-Hodge decomposition shows that any vector field can be
decomposed into the following form:

Figure 1: Any divergent vector field can be decomposed into a di-
vergence free vector field and a gradient field. [Stam 2003]

w = u +∇q (10)

Whereasw is the given vector field which should be decomposed
into another divergence free vector fieldu and a scalar field q. The
nabla (∇) term stands for the gradient operator and defines together
with the scalar fieldq a gradient field. The vector fieldu is a diver-
gence free field which is validated by the equation∇• u = 0. This
Helmholtz-Hodge decomposition can be interpreted physically in
that form that any vector fieldw is the sum of a mass conserving
(divergence free) vector fieldu and a gradient field∇q. With this
equation a projection operatorP could be defined as following:

P( w ) = P( u )+P(∇q) (11)

with the characteristicsP(w) = P(u) = u andP(∇q) = 0. This pro-
jection is an operator which projects any vector fieldw into the
divergence free vector fieldu. What is required is the divergence
free vector field part therefore equation (10) has to be transformed:

u = P ( w ) = w−∇q (12)

This projection operator can now be used to find one single equa-
tion for a numerical solution by applying it to the Navier-Strokes
equation (2). Which leads us to the following equation:

∂u
∂ t

= P(−(u•∇)u− 1
ρ

∇p+ν∇2u+ f) (13)



Figure 2: Any divergence free vector field is given by the difference
between a divergent vector field and a gradient field. [Stam 2003]

This equation is the basis [Stam 1999] used for his numerical so-
lution. An advantage of this transformation is that we can skip
the pressure term because of the Helmholtz-Hodge decomposi-
tion which requires a divergence free velocity field (∇p = 0) and
so the whole pressure term becomes zero because of the feature
P(∇q) = 0. Thus equation (7) can be written in the from:

∂u
∂ t

= P(−(u•∇)u+ν∇2u+ f) (14)

and together with equation (3) we have all formulas we need for a
solution. Now the equation can be solved within four steps. Where
the starting point is the evaluation ofw0 = u(x, t) which means that
we need the result of the previous time step to calculate the actual
time step (point in time). According to the comments from [Stam
1999] and [Andersson 2004] there is a symbolic description of this
solution which can be seen as concatenation of the following four
steps.

w0(x)
add f orce−→ w1(x)

advect−→ w2(x)
di f f use−→ w3(x)

pro ject−→ w4(x) (15)

Each step needs a velocity field as input and delivers a divergent
velocity field as output. This means that the velocity field is not
divergence free before the last step, which is why a projection step
has to be executed at the end.

Add Force w0(x) −→ w1(x) ⇐⇒ w1(x) = w0(x)+∆tf(x, t)
The first step is to add the external force to our solution which
means that we have to evaluate the following equation with the
given time step∆t:

w1(x) = w0(x)+∆tf(x, t) (16)

Which can be realized with an explicit numerical integration tech-
nique like Euler integration. If the simulation depends on more than
one force than this can be done by summing this forces and that add
it to the initial velocity field.

Advection w1(x) −→ w2(x) ⇐⇒ w2(x) = w1(p(x,−∆t))
The second step encapsulates the advection term and has to solve
the expression−(u•∇)u. This step is one of the hardest problem in
this kind of solution because of its non linear nature and the lack of
numerical stable methods. The varying solutions for this problem
differ especially in this step. [Stam 1999] used a numerical stable
techique called method of characteristics which can be used to solve
partial differential equations. The following equation evaluates a
fluid particle in the velocity field at a spatial point to a given time
step by following the streamline from the previous time step to the
actual time step.

Figure 3: shows the evaluation of a fluid particlep(x,s) along a
stream line of the velocity field from the previous time step∆t at
the pointp(x,−∆t) to the actual pointx. [Stam 1999]

w2(x) = w1(p(x,−∆t)) (17)

A numerical realisation of this method can be done by using linear
interpolation and a computational system for particle tracing. There
is also a lot more to say about the used mathematics and why this is
a valid solution which can be found in the work of [Stam 1999].

Diffusion w2(x) −→ w3(x) ⇐⇒ (I−ν∆t∇2)w3(x) = w2(x)
The third step solves the diffuse termν∇2u. [Stam 1999] gives
the advice to use a numerical stable method as described in the
following equation:

(I−ν∆t∇2)w3(x) = w2(x) (18)

WhereI is the identity operator. This leads to a sparse linear system
Ax = b for the unknown velocity fieldw3. Which can be solved in
a numerical stable way by using an iterative implicit scheme called
Gauss-Seidel relaxation [Black and Moore 2003].

Projection w3(x) −→ w4(x) ⇐⇒ w4(x) = w3(x)−∇q
The last step projects the velocity field to make it divergence free.
Therefore, a poisson equation (∇2x = b) as a result of transforma-
tion of the equationw = u +∇q into the form

w4(x) = w3(x)−∇q (19)

has to be solved. This poisson equation can be achieved by mul-
tiplying both sides of the equation (5) with the nabla (∇) operator
(∇2q = ∇ •w3) under the conditionP(∇q) = 0 as it is given by
equation (7). A numerical solution of this equations can be realised
with the method of characteristics which leads to a linear system of
the formAx = b as it is used in step two. WhereA is a Matrix which
is given by the laplacian operator∇2 andb is a vector of constant
values. The vectorx is used to solve the velocity field u and the
pressure field q. [Harris 2004] uses Jacobi iteration to solve this
Poisson equation which is stable and easy to implement but meth-
ods like conjugate gradient or multigrid methods achieve the same
goal with linear complexity.

As a result we get a divergence free velocity field as it is postu-
lated by Navier-Strokes equation (1). For a proof and more detailed
descriptions take a look at the work of [Stam 1999], [Foster and
Metaxas 1996] and [Harris 2004].



Dissipation As mentioned before equation (4) could be solved
like the numerical solution for the advection, diffusion and force
above. If the application needs the dissipation of the masses then
there is also a numerical solution for that problem:

(1+∆tα)d(x, t +∆t) = d(x, t) (20)

2.1 Comparison

[Foster and Metaxas 1996] use an explcitly formulated solution
of the Navier-Strokes equations which is discretised by using finite
difference equations and numerical integration. Their approach is
not numerical stable but can be implemented straightforward.

In choosing an explicit formulation we have made a
tradeoff between ease of implementation and the maxi-
mum stable time step for numerical integration. [Foster
and Metaxas 1996]

[Stam 1999] describes that his numericaly stable solver has the
problem that the rate at which the fluid will be dampened is too
high. A solution of the problem is a constant update of the velocity
field by an external force which forces vibrations.

2.2 General Algorithm

This numerical solution of the Navier-Stokes equations leads to an
algorithmic description as it can be found in [Stam 1999].

Algorithm 1 Fluid Velocity Field

Require: velocity fieldw0
Ensure: divergence free velocity field∇•w4 = 0

1: w1 = force(w0) {w1(x) = w0(x)+∆tf(x, t)}
2: w2 = advect(w1) {w2(x) = w1(p(x,−∆t))}
3: w3 = diffuse(w2) {(I−ν∆t∇2)w3(x) = w2(x)}
4: w4 = project(w3) {w4(x) = w3(x)−∇q}

This can easy be simplified in a less memory consuming version by
using just two velocity field variables w andw0. Therefore before
each step the variables have to be swaped. Algorithmic descrip-
tions mostly differ in the execution order of the force step, the ad-
vect step and the diffuse step concerning which numerical solution
will be used for an implementation. This algorithm shows how to
calculate the velocity field computational but not particles which
are carried by this fluid flow. For a visualisation of particles like
dye smoke or other phenomenons an enhanced version of this al-
gorithm is needed. This enhanced algorithm needs to define and
calculate a density field. The density values represent the particles
which are moved by the velocity field. How this density field is
calculated depends on what will be shown and furthermore on the
implementation. Realisation of those density fields are described
in the implementation section. [Stam 2003] shows a general ver-
sion for realtime purposes of such an algorithm where densities are
moved within a velocity field.

Algorithm 2 Fluid Density Field
Require: density fieldd0, velocity fieldw
Ensure: moved density fieldd3

1: d1 = force(d0) {d1(x) = d0(x)+∆ts(x, t)}
2: d2 = advect(d1,w) {d2(x) = d1(p(x,−∆t))}
3: d3 = diffuse(d2,w) {(I−κ∆t∇2)d3(x) = d2(x)}
4: d4 = dissipate(d3) {(1+∆tα)d4(x, t +∆t) = d3(x, t)}

As mentioned before algorithm 1 and algorithm 2 are nearly the
same which automatically leads to a simplified implementation.
Techniques for an evaluation of the force, advect and diffuse steps
are explained in the section 3 ”Grid Based Solutions”.

Algorithm 3 Fluid Simulator
Require: velocity fieldw, density fieldd
Ensure: divergence free velocity field∇ •w = 0, moved density

field d
1: while simulatingdo
2: Get force and source emitter from user interaction
3: Swap(w0, w) {swapping velocityw0 with velocity w from

previous time step}
4: Swap(d0, d), {swapping velocityd0 with velocity d from

previous time step}
5: w = Fluid Velocity Field (w0) {evaluate actual velocity field

w using Algorithm 1}
6: d = Fluid Density Field (w0, d0) {evaluate actual density

field d using Algorithm 2}
7: Draw Density Field (d) d {visualise the actual density field

d using a rendering routine}
8: end while

Code line 2 means that the user can interact with the fluid by select-
ing a spatial location of the grid. This input will be used as particle
emitter given by the source term in equation 3 which allows a visu-
alisation of the fluid by moving densities with the flow. It can also
be used to change the flow itself by applying a force (force term
equation 1).

2.3 Boundary Condition

The decission which boundary condition one can use for your ap-
plication are crucial for the accuracy. There are two possible types
of conditions

1. periodic boundary condition and

2. fixed boundary condition.

The usage of this types of conditions for grid based solutions (sec-
tion 3) will be explained here.

2.3.1 Periodic

If a specific simulation can be formulated as periodic function then
this problem can be treated as a periodic boundary condition prob-
lem. A realisation can be to define a box where the velocity field
exists and then repeat this box within its periodicity.

One possible way is to use a Fourier domain and solve the prob-
lem with the fast Fourier transformation (FFT) [Stam 1999]. This
allows a simplification of the used mathematics in the following
way. The gradient operator in the Fourier domain is equivalent to
the multiplication by the imaginary part ik (i =

√
−1). When this

gradient operator displacement is substituted by the gradient oper-
ator∇ in the previously used formulas the diffusion term simplifies
to

I −ν∆t∇2 ⇐⇒ 1+ν∆tk2 (21)

and the projection term to

P(w) ⇐⇒ P̂(ŵ(k)) = ŵ(k)− 1
k2 (k • ŵ(k))k (22)



Figure 4: shows periodic tilling of a generated box (left) on a plane
(right). [Stam 2001]

wherek = |k|. Following the declarations of the Fourier domain the
diffusion term can be interpreted as a low pass filter. The projection
operatorP̂ maps the vector field ˆw(k) to that plane which is normal
to the wave number k [Stam 1999]. The following algorithmic de-
scription shows such a fluid field simulation with periodic boundary
conditions.

Algorithm 4 FFT Fluid Velocity Field Simulator
Require: velocity fieldw0
Ensure: divergence free velocity field∇•w5 = 0

1: w1 = force(w0) { w1 = w0 +∆t f }
2: w2 = advect(w1) { w2 = w1(p(x,−∆t) }
3: ŵ2 = transform(w2) { ŵ2 = FFT (w2) }
4: ŵ3 = diffuse(ŵ2) { ŵ3 = ŵ2(k)/(1+ν∆tk2) }

5: ŵ4 = project(ŵ3) { ŵ4 = P̂(ŵ3) }
6: w5 = transform(ŵ4) { w5 = FFT−1(ŵ4) }

Given that the Fourier transformation is of complexityN logN the
whole solution is of that complexity. An implementation of this
technique can be used for texture generations.

2.3.2 Fixed

If a simulation of a fluid field bounded by a box is needed then there
have to be found fixed boundary conditions for the borders of the
box.

• Clamping: The simplest sort of boundary condition is to
clamp the fluid at its borders which means that no fluid ex-
its the box at its borders.

• Continuing: An enhanced version uses bounding conditions
that let the fluid flow along the borders instead of just clamp-
ing it.

• Repeating: Another version could be that the fluid which
leaves the border at one side will exit at the other side. This
simply means that the fluid is repeated inside the box.

• Wind Tunnel: If we want to define our flow inside a wind
tunnel then there could be a fluid emitter on one border side
and a clamping strategy on all other boders.

This list could be repeated in many ways because boundary con-
ditions are very application dependent as the example of the wind
tunnel shows. Therefore a more mathematically based differentia-
tion of the boundary condition problem is usefull. The following

two types of boundary condition are defined for special types of
partial differential equations like the Navier-Strokes equations.

• Dirichlet Boundary Condition: Clamping actually means that
the implementation follows a Dirichlet boundary condition.
This condition says that the flow only exists within a given
region and not outside of it.

• Neumann Boundary Condition: Continuing follows the Neu-
mann boundary condition which says that there has to be a
predefined value of the first derivation for any border cell. For
example the velocity becomes zero at the border which means
that the flow dissapears when it reaches the grid borders. An-
other continuing strategy is to set the horizontal components
of the velocity field zero where the flow meets the vertical
borders. At the horizontal borders the vertical velocity com-
ponent values are also set to zero. An implementation of this
bounding condition shows the fluid flowing along the borders
as it is used by [Stam 2003].

For a realisation of the fixed boundary condition in a simulation, all
steps (advection, diffusion, force and projection) has to be extended
with functionality that implements the bounding of the fluid flow
within the given borders after the evaluation. Border cells do not
only appear on the hull of the grid. They can also appear inside
the grid for example as a wall or any other solid. Whenever the
fluid interacts with this solid the given border condition is taken
into account.

The following algorithmic [Harris 2004] description shows a way
to implement a fluid field simulator in realtime with fixed bound-
ary conditions using a texture rendering technique. [Harris 2004]
implementation of the fixed boundary condition is to left borders of
the grid free and fill this borders with the values of the neighbouring
cells.

Algorithm 5 Box Fluid Velocity Field Simulator
Require: velocity fieldw0
Ensure: divergence free velocity field∇•w4 = 0

1: w1 = advect(w0) {w1(x) = w0(p(x,−∆t))}
2: w2 = diffuse(w1) {(I−ν∆t∇2)w2(x) = w1(x)}
3: w3 = force(w2) {w3(x) = w2(x)+∆tf(x, t)}
4: project(w3) {The projection step is divided into the two follow-

ing steps}
5: project−→p0 = compute pressure (w3) {p0 = ∇q}
6: project−→w4 = subtract pressure gradient (w3,p0 {w4(x) =

w3(x)−p0)}

Another algorithmic description is given by [Stam 2003] where he
uses his idea [Stam 1999] for interactive and realtime purposes. Al-
gorithm 3 stays the same but there is a slight difference in algorithm
1 and 2. The additional projection step after the advection step leads
to a more accurate evaluation because the diffusion step gets a ve-
locity field with conserved masses (divergence free). There is also
a difference in the order of execution of the diffusion and advetion
step. [Stam 2003] describes that a fixed continuing boundary con-
dition strategy is used in his implementation but any other could be
used.



Algorithm 6 Fluid Velocity Field 2

Require: velocity fieldw0
Ensure: divergence free velocity field∇•w4 = 0

1: w1 = force(w0) {w1(x) = w0(x)+∆tf(x, t)}
2: w2 = diffuse(w1) {(I−ν∆t∇2)w2(x) = w1}(x)
3: w3 = project(w2) {w3(x) = w2(x)−∇q}
4: w4 = advect(w3) {w4(x) = w3(p(x,−∆t))}
5: w5 = project(w4) {w5(x) = w4(x)−∇q}

Algorithm has to be changed by exchanging the advection and dif-
fusion steps.

Algorithm 7 Fluid Density Field 2
Require: density fieldd0, velocity fieldw
Ensure: moved density fieldd3

1: d1 = force(d0) {d1(x) = d0(x)+∆ts(x, t)}
2: d2 = diffuse(dw1,w) {(I−κ∆t∇2)d3(x) = d2(x)}
3: d3 = advect(d2,w) {d2(x) = d1(p(x,−∆t))}

3 Grid Based Solution

The following section shows how to use the Navier Strokes equa-
tions (1) and (2) for grid based soluions. Grids are widly used and
well understood in computer graphics. Therefore this review gives
just a short introduction with a more detailed explanation of how to
use the stable fluid technique in conjunction with grids.

3.1 Grid Spacing

Grids are spatial data structures which divides a given space into
cells. The cell spacing has to be predefined for any given direction.
So that it is clear which length, width and depth each cell has. This
leads to a spatial partitioning which can be used for discretised nu-
merical solutions. Mostly this grid cells possess information like
density values at the cross over points. Density values inside the
cell can be calculated by interpolation techniques. Based on this
spatial partitioning data structure there are many algorithms which
simulate behaviour and visual appearance of the density value field.
Another method is to store the values in the cell centers as it is
given in textures. A combination of this two methods can be used
for three dimensional grids. Where each of the six cell faces can
be used to store the velocitiy in the center and the cross over points
can be used to store density values (Figure 5).

Two dimensional grid based solutions are often used for texture
rendering techniques and three dimensional solutions are prefered
in volume rendering techniques.

3.2 Finite Difference Equation

For implementations, any numerical solution which is based on
partial differential equations has to be discretised which can be
achieved by translating it into a finite difference equation. For the
gradient, divergence and laplacian operators there exists finite dif-
ference forms which can be found in [Harris 2004] and [Carlson
2004] or any book about numerical mathematics. The following
termsδx andδy will be used as grid spacing and the indices i and j
as grid positions.

Figure 5: shows one grid cell where velocity values are stored at
the cell surfaces and densities at the cross over points. [Foster and
Fedkiw 2001]

Gradient A two dimensional gradient operator is mathematically
defined as∇p = ( ∂ p

∂x , ∂ p
∂y ) . The gradient of a scalar field p is a

vector field and the component values of the vector is given by the
partial derivation of the scalar field p. The magnitude which means
the length of the vector can physically be seen as the velocity which
points into the direction of the gradient vector. The finite difference
form of the gradient for a two dimensional cartesian grid can be
written as:

∇p = (
∂ p
∂x

,
∂ p
∂y

) = (
pi+1, j − pi−1, j

2δx
,

pi, j+1− pi, j−1

2δy
) (23)

Divergence A two dimensional divergence operator is mathe-
matically defined as∇ • u = ∂u

∂x + ∂u
∂y . In physics the divergence

gives the rate at which a given density exits a given region of space
[Harris 2004]. The finite difference form of the divergence for a
two dimensional cartesian grid could be written as:

∇•u =
∂u
∂x

+
∂u
∂y

=
ui+1, j −ui−1, j

2δx
+

ui, j+1−ui, j−1

2δy
(24)

Laplacian operator A two dimensional laplacian operator is

mathematically defined as∇2p = ∂ 2p
∂x2 + ∂ 2p

∂y2 . The finite difference
form of the laplacian for a two dimensional cartesian grid could be
written as:

∇2p =
∂ 2p

∂x2 +
∂ 2p

∂y2 =
pi+1, j −2pi, j + pi−1, j

(δx)2 +
pi, j+1−2pi, j + pi, j−1

(δy)2

(25)
This expression can be shortened to

∇2p =
∂ 2p

∂x2 +
∂ 2p

∂y2 =
pi+1, j + pi−1, j + pi, j+1 + pi, j−1 +4pi, j

(δx)2

(26)
, if the grid cells are square, which means that the step size in x and
y direction is equalδx = δy.

Poisson equation are of the form∇2x = b. If b in the Pois-
son equation is zero then this equation is called Laplace’s equation



∇2x = 0. The Laplace equation is the origin of the Laplacian oper-
ator. In the case of a squared two dimensional grid [Harris 2004]
shows a solution of the Poission equation∇2x = b with an itera-
tive method called Jacobi iteration. Therefore the following finite
difference equation will be used:

x(k+1)
i, j =

x(k)
i−1, j + x(k)

i+1, j + x(k)
i, j−1 + x(k)

i, j+1 +αbi, j

β
(27)

whereα andβ are constant values. For the calculation of the pres-
sure field the constant values areα = −(δx)2 andβ = 4 where the
value x stands for the pressure p andb = ∇ •w. To solve the dif-

fusion equation the valuesα =
(δx)2

νδ t andβ = 4+ α can be used
where x and b stands for the velocityu.

There are also three dimensional finite difference forms for this op-
erators which can be found in [Carlson 2004] and [Ronald Fed-
kiw and Jensen 2001]. In addition there exists better approximation
strategies for the numerical solutions which can cost more execu-
tion time but are smoother or more accurate.

3.3 Common Grids

Common grids are defined as arrays which accomodates any finite
difference equation because of their similar indexing. This leads to
a implementation which is straightforward. In the following para-
graphs the used Navier-Strokes terms are discussed on such grids.

Fluid Simulation [Stam 2003] gives a self-explanatory descrip-
tion of a grid based implementation which will be used in this and
the following three paragraphs. Each of the steps given by algo-
rithm 6 have to be evaluated and the resulting velocity field is stored
into an array which is defined as grid. After the calculation of the
fluid all substances which are moved within the flow have to be
simulated.

Figure 6: shows the three update stages of the density field solver.
[Stam 2003]

3.3.1 Add Forces

First the forces have to be added to the inital grid of the density
field. Sources are given by predefined emitters or by user inter-
action which fills a source array with the same dimensions as the
density grid. The implementation is simple because the values just
have to be added to the density grid by evaluating the actual time
step multiplied by the source array (x[i] = ∆t ∗ s[i]).

3.3.2 Diffusion

At the diffusion stage velocity and density values are moved by the
given turbulence of the velocity field. Thus the density values have
to be dispersed (spreaded) within the given rate of diffusion. This
means that the density values of the grid cells have to be moved to

the neighbouring grid cells by the given diffusion of the velocity
field.

Figure 7: shows the exchange of velocity and density values with
the neighbouring cells. [Stam 2001]

3.3.3 Advection

At the advection stage substances which are placed into the fluid
where transported along the velocity field. This means that the den-
sity values where moved along the given streamlines of the actual
time step. For a realisation the density value of a grid position is
copied to the grid position which is evaluated by the advection term.

Figure 8: shows particles moved along the velocity field. [Stam
2001]

3.4 Hierarchical Grids

Grids can also be seen as hierarchical datastructure as it is given
by trees. Hierarchical datastructures have the advantage that they
subdivide the given space in form of a tree. Which leads to faster
searching and manipulation strategies and furthermore to an accel-
eration of the whole solution.

Octree and Quadtree One of those hierarchical datastructure
is called Octree for three dimensional and Quadtree for two dimen-
sional grids. The octree is a data structure called tree with which
the given space is subdivided by bounding boxes. At any tree level
a bounding box carries itself bounding boxes or leave nodes which
are cells of the grid. Especially searching of a gird cell is speeded
up because traversation of the tree nodes has a run time ofn logn.
This technique is therefore a very usefull strategy to accelerate any
grid based solution. Especially those using collisions of solids with
the fluid as the following picture shows [Frank Lossaso and Fedkiw
2004].

[Frank Lossaso and Fedkiw 2004] use a special mathematical de-
scription of the Navier-Stokes equation for the octree data structure
which is slighty different to the mentioned solution.



Figure 9: shows smoke colliding with a sphere. [Frank Lossaso
and Fedkiw 2004]

3.5 Grid Sampling

One of the main problems when working with grids is the used
resolution. The resolution of the grid is given by the number of
cells which are used for the partitioning of a domain. Subdividing
a space into pieces is a discretisation process which leads to dis-
ontinuity. Whenever grids are used for simulations the sampling
rate at which the used discretised formulas are evaluated is impor-
tant for the accuracy of the calculations. The evaluated values are
stored within cells and the reconstruction of the values depends on
the grid spacing because it defines how many values can be stored.
If the spacing is too large the simulation suffer from numerical in-
accuracy and if it is too small the whole simulation takes too long
for a result.

Vorticity Confinement A specific problem when using coarse
grids is that rotational parts of the flow will be dampened out. This
rotational parts causes vortex and swirling effects in the simulation
of liquids. Therefore the vorticity has to be estimated by solving
the equation:

ω = ∇×u (28)

whereu is the velocity field andω is the resulting vorticity vector.
The sign× stands for the cross product operator. Then the vorticity
vector field is given by the following normalisation process:

ψ =
η
|η | (29)

whereη = ∇|ω| andψ is the resulting vector field. The force can
now be calculated by:

f = ε(ψ ×ω)δx. (30)

, where theε is a constant which allows scaling of the force and
δx gives the grid spacing. This approach can now be used by eval-
uating the vorticity confinement computationally and add it to the
current velocity during the force step. Further descriptions of this
technique can be found in [Harris 2004] and [Ronald Fedkiw and
Jensen 2001].

Adaptive Time Step One crucial point in using grids with dis-
crete approximations of fluid simulations is to find an appropri-
ate time step∆t for the update process. This requirement can
be achievd by the Courant-Friedrichs-Lewy (CFL) condition 1>

max(u δ t
δx ,v δ t

δy ) [Carlson 2004]. Where u and v are the scalar value
components of the velocity vector and x, y are the step length and
step width of the grid. This condition is also valid for three dimen-
sional purposes (1> max(u δ t

δx ,v δ t
δy ,w δ t

δ z )).

This condition states that the time step must be small
enough to make sure information does not travel across
more than one cell at a time. [Carlson 2004]

This technique is usefull for any solution which is numerically in-
stable as it is given by [Carlson 2004] or [Foster and Metaxas
1996].

4 Rendering

Rendering of grid based solutions is a widly discussed topic in com-
puter graphics scene. There are many rendering techniques which
can be used. A few of them are described in the following para-
graphs.

Texture Rendering Two dimensional grids and textures are
quite the same. Fluid simulators in two dimensions often store their
values direct on texture units of the graphics hardware. This strat-
egy has many advantages. To render a texture is one of the most
basic features of any graphic card which leads to a huge accela-
ration boost in comparison with other rendering strategies. This
rendering strategy is predestinated for realtime purposes. There are
restrictions when using texture based rendering for fluid simula-
tions which leads to simplifications and further to a lack of accuracy
[Harris 2004].

Figure 10: shows fluid rendered to texture and mapped onto vase.
[Stam 2001]

Height Field Rendering There are also much simpler tech-
niques like height field rendering. This technique just needs a two
dimensional grid and an array in which the height values are stor-
aged for each of the two dimensional grid positions. The imple-
mentation is now quite simple because the three dimensional spa-
tial coordinates for the surface are given by the two dimensional
grid and the height field values. This rendering strategy can be used
for a visualisation of liquids like water.

Surface Rendering Another method to visualise a three dimen-
sional fluid is to use an isosurface [Wikipedia 2007b]. An Iso-
surface connects scalar values with similar characteristic (pressure,
temperature, velocity, density) within a volume. This can be used
for reconstructing surfaces in a volumetric grid. For this purpose
the marching cube algorithm is used [Lorensen and Cline 1987].
This algorithm generates triangle models of the isosurface by iter-
atively visiting each grid cell. Any of the volumetric grid cell is a



Figure 11: shows water rendered with height field rendering.
[Frank Lossaso and Fedkiw 2004]

cube and also called voxel. The eight voxel corners are now used
to reconstruct the surface patch cutting the cube. This is done by
using surface shapes for any of the 28 = 256 occuring cases where
a surface can intersect a cube. The result is a reconstruction of the
surface given by the volume.

Figure 12: shows water rendered via isosurface. [Foster and Fed-
kiw 2001]

Volume Rendering The two dimensional grid solution can easy
be enhanced to a three dimensional grid based solution, because the
mentioned solutions are not restricted on two dimensions. Three di-
mensional solutions can be used with volume rendering techniques
as it is described in the work of [Levoy 1988]. Volume Rendering
techniques allows to show semi transparent fluid. This means natu-
ral phenomenons like smoke, fire or other gases can be visualised as
volume and not just their surface. Therefore many fluid simulations
are using this strategy for their renderings.

[Ronald Fedkiw and Jensen 2001] shows a way to enhance the
work of [Stam 1999] with visual output.

Figure 13: is created with MAYA Fluid Effects and shows volume
rendered nebula and fire. [Stam 2001]

Figure 14: shows volume rendered mapped smoke using photon
mapping as lighting technique. [Ronald Fedkiw and Jensen 2001]

5 Conclusion

The physically based Navier-Strokes equations allows a very real-
istic simulation of natural phenomenons. This solution can easily
be implemented for realtime purposes with the cost of accuracy be-
cause of the use of small resolution and simplifaction in the physical
descriptions. The lack of accuracy in realtime applications is there-
fore the biggest con. Anyway the approach can be implemented
numerical stable and it can be extended with other physical descrip-
tions. Maya has implemented the numerical stable fluid simulation
approach given by [Stam 1999] in their application MAYA Fluid
Effects (Figure 13).

6 Web Information

The full source code of Joe Stam’s implementation is available
at the following web page: http://www.acm.org/jgt/papers/Stam01.
An exemplary application based on this approach is available at the
web page: www.plasmapong.com.
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