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Rational curves

Tensor product surfaces

Triangular surfaces
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Parametric Curves

X(u)

c: c(u)=| y(u) |; uD[a,b]::I OIR
Z(u)

- X(u), y(u), Z(u) aredifferenti ablefunctionsin u

- Tangent vector : t(u)=dic(u)

u

- cregularinc(uy) < t(u,)#o

- cregular = ccanbeparametrizedin away that all curve
points areregular.
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Parametric Surfaces

x(u,v)
s: s(u,v):[y(u,v)]; (u,v)D[a,b]X[c,d]:l xJ OIR?

z(u,v)
- X(u,Vv), Y(u,v), Z(u,v) aredifferentiablefunctionsin uand v
- Tangentplane:ty(l,m) = s(u,,V,) +15,(UpV,) +Ms(Uy,V,)
- Normal vector :n(u,,V, ) = S,(Uy,V, ) XS,(Ug:V, )
- sregularins(u,,Vy) = N(Uy,Vv,)#0
- sregular < scanbeparametrizedinaway that al surface

pointsareregular.
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Bézier Curves: The de
Casteljau Algorithm

Given n+1poaintsb,,...b, O IE® and anarbitrary t0 IR
Set
b’ = (L) b+ th’? with b? = b,.
Then by isacurve point on the corresponding Bézier curve.
The points by " and b} determine the tangent line of the curveat point b}.

b3
Thede Casteljau scheme
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Bézier Curves and Bernstein
Polynomials

Bézier curve with respect to Bézier pointsb;,i =0,...,n:

b) = b8

Bernstein polynomias:

BI() =(T] a-ymt
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Properties of Bézier Curves

Affine invariance

Convex hull property
Endpoint interpolation

Linear precision

Variation diminishing property

Disadvantages
Only pseudo local control
High degree
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Important Algorithms for Bézier
Curves

Degree elevation
m to increase flexibility

Subdivision N
m to increase flexibility | i)
= to approximate the curve \ .

The subdivision is a byproduct of the de
Casteljau algorithm
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Evaluation/Approximation of
Bézier Curves

The de Casteljau algorithm is numerical
stabil, but inefficient for evaluation

Horner scheme like evaluation is more
efficient

b(t) = (...(((g]sbo +[2th,)5+[2}%2)5+...)5+[:]t"b" with s=1t

Repeated subdivision gives in a fast way
a good approximation of the curve
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B-Spline Curves

B-spline curves
are piecewise polynomial curves of degree k-1

have a degree (almost) independent of the
number of control points

allow local control over the shape of a curve
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B-Spline Curves: Definition

Given:
-n+1control pointsd, OIE® i =0,...,n
- knot vector U = (u,...,U,,, )

B-splinecurve:
n
s(u) = 3N (), uD[ug, U,
i=0

with the B - spline basisfunctions N (u) of order k.
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B-Spline Basis Functions

1 ul[u,u,
k=1 N'(u)= [ub)
0 sonst
k>1: NEU)= 27 Ner) + e T gl
Ui —Y; Uiy —Uiyg
Propertiesof thebasisfunctions:
- partitionof unity: " Nf(u)=1 me\ ;’ I%:
i=0 1 1 I
- positivity: Nf(u)=0 . 2
H— |

-local support: Nfu)=0 if ud[u,,u,,)
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Properties of B-Spline Curves

Affine invariance

Strong convex hull property

Variation diminishing property

Local support

Knot points of multiplicity k are coincident with
one of the control points.

A B-spline curve of order k which has only knots
of multiplicity k is a Bézier curve
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Evaluating B-Spline Curves:
The de Boor Algorithm

Given
n+1control pointsd,,...d, O 1E?, aknot vectar U =(Uy,....U, ) dy
andanarbitrary t0 [uy, U, ). d
- dy d;
d; d3
d = (Ta)dS+ a d? @ &
t-y d

with d? == d, and o/ = . @
4

uhk’f -4
The de Boor scheme

Thend};* isthepoint for x(t,), t, C[t,,, t,..,] on thecorresponding
B-splinecurve.

Thepointsd};; andd’,? determinethetangentlineof thecurveat point b;". ? ] %
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Direct Evaluation of B-Spline

Curves

Find the knot span [u;,u,,,) in which the
parameter value t lies

Compute all non zero basis functions

Multiply the values of the nonzero basis
functions with the corresponding control
points
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Special B-Spline Curves

open:

Up = oo T Uy SUpyy <o <UL == U

closed:

d,,=dg,..,d,, :=d_, und

U = (Ugyeeees Upagesees Unao)
uniform:

U =(Uy, Uy +d,....,u, +(n+k)d)

K. Buhler, T. TheuBl, E.Groller 16/28 *

Important Algorithms for B-
Spline Curves

Knot insertion =
m to increase flexibility ;‘ ij
m to compute derivatives
m to split curves (subdivision algorithms) Z @3
m to evaluate the curve (see de Boor

algorithm)

m to approximate the curve

Degree elevation @lvf
m to adapt curve degrees
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Rational Curves

Rational curve: Example: conicsection

x(u)
cu)=—— y(u) |, udIOIR
Homogeneous representation : o= 1 (a(-u?)

W) “1+¢?( b2u
x(u)

c,(u)= . udIOIR 1+u?
{C) )
W) cuW=]a-u?)

b2u
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Rational Bézier Curves

A rational Bézier curveis defined as
2, WbiB(u)

PIRT-HC)
Thew >0,i=0,...,n arecaled weights.

b(u) = , udIOIR

Homogeneous representation :
by (U) =Y by B'(u), uOlOIR
with the homogeneous Bézier points

e
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Rational Bézier Curves:
Properties and Algorithms

Properties:
m the same properties like polynomial curve, and
m projective invariance
m the weights are an additional design parameter
Algorithms

m All algorithms of polynomial Bézier curves can
be applied without any change to the
homogeneous representation of rational Bézier
curves.
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Non Uniform Rational B-Splines

A NURBS curve with respect tothecontrol pointsd,, i =0,...,n
and the knot vectorU =(u,,...,u,,, ) isdefined as

n Kk
oW N ()
o wNA)
Thew >0,i=0,...,n arecalled weights.

n(u)= uO[b, Uy.,) OIR

Homogeneous representation :
W =31 Ny, NEQ), ubfug,U,,) OIR
with the homogeneous Bézier points

v {un)
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NURBS: Properties and Algorithms

Properties:
m the same properties like polynomial curve, and
m projective invariance
m changing the weight w; affects only the interval
(Ui, Ui
Algorithms

m All algorithms of B-spline curves can be
applied without any change to the
homogeneous representation of NURBS
curves.
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Tensorproduct surfaces

"A surface is the locus of a curve that is moving
through space and thereby changing the

shape"
Given acurve

f(u) =2"10.F,(u), udl OIR
moving tt‘;control points yields
c(v) =§m:aJGJ (v), vOJOIR
Combini ng;-oboth yields a tensor product surface

s(u,v) :iia,ll:,(u)Gl(v), (uv)OdIxJOIR

i=0 j=0
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Tensorproduct Bézier Surfaces

A tensorproduct Bézier surfaceisgiven by

b(u,v):iibij B"(WB"(v), (uv)OIxJOIR

i=0 j=0
The Bézier pointsb;; form thecontrol net of thesurface.

K. Buhler, T. TheuBl, E.Groller 24128 *




Tensor Product Bézier Surfaces
Properties and Algorithms

Properties:
P o U =g sUpic ),V = (Vgreees Vi )
analogue to that of Bézier curves isgiven by
Algorithms: . AU =33 d NN W), (V) DUy, Uy) ¥[Ver Vi) O IR
Apply algorithms for curves in two steps: "0 170
The control pointsd;; form the control net of thesurface.
m Apply to
b (v) = ;bu BI'(v), 1=0,.., Propertiesand Algorithmsare analogue to the description for
- Apply to Bézier tensor product surfaces.
b(u,v) = > b;(v)B"(u) 3 3
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Tensorproduct B-Spline Surfaces

A tensorproduct B - spline surface with respect to the knot vectors

Bézier Triangles

A triangul ar Bézier patchisdefined by
x(u,v) = Zb\jk Bj (u, v, w)

i+j+k=1
i,.k>0

The u,v,ware baryzentric coordinates of
the triangular parameter domain.

Generalized Bernstein polynomials:
nl
itjlkt

u'viw

B (u,v,w) =
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Bézier Triangles: Properties
and Algorithms

Properties:
mthe same as in the univariate case
Algorithms:
m De Casteljau:

It 1-1 1-1
buk = Ubnuk +Vb|]+1k + Wbuk»l

m Subdivision
m Degree elevation
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